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PREFACE 


The present work is a translation of the eighth German, edition. 
The notation for vectors has been modified, so as to bring it into 
line with that customary in English books, A new feature is the 
collection of problems and solutions. Special thanks are due to the 
translator for the capable and careful way in which he has carried 
out his task. 

R. BECKER. 

Berlin, May, 1932. 



The English publishers wish to express their thanks to the authorities 
of the University of London for permission to use their examination papers 
in the collection of examples • 



PREFACE 

TO THE EIGHTH GERMAN EDITION 


The work entitled An Introduction to Maxwell's Theory , by A. 
Foppl, appeared in 1894. Ten years later, the second edition, recast 
and thoroughly revised, was published as the first volume of Max 
Abraham’s Theory of Electricity . For a whole generation of physicists 
after that date, “ Abraham-Foppl ” was more widely used than any 
other textbook introductory to electrical theory. The fact that as 
many as seven editions appeared in Abraham’s lifetime is convincing 
evidence of the estimation in which the work was held by teachers 
and students. 

In the new edition, I have felt bound to preserve the essential 
features of a book so obviously suited to its purpose, and many passages 
have been taken over unchanged. At the same time, some fairly exten- 
sive alterations have been made in particular sections, always in the 
direction of laying greater emphasis on the concrete physical content 
of the theory, and less on its purely formal aspects. To assist the student 
towards a vivid comprehension of the text, the number of diagrams 
has been increased more than fivefold. 

New sections have been added dealing with electrostriction, and 
with the thermodynamics of the field. The theory of the skin effect 
has been amplified, and the theory of waves in wires has been extended 
to the case when resistance is taken into account. In the exposition 
of the theory of alternating currents, advantage has been taken of the 
vector diagram used by electrical engineers. The treatment of electric 
currents as a cyclic system has been omitted altogether. The sub- 
stance of the last two sections of the previous edition — on ferro- 
magnetism and induction phenomena in moving bodies — has been 
incorporated in other sections. 

In the choice of units I have followed Abraham’s last edition in 
every detail. The system used throughout is the Gaussian system, 
in which the energy density in a vacuum is equal to 

(e 2 + H 2 ) ergs/cm. 3 , 

vU 1* 


<e484) 



viii PREFACE TO THE EIGHTH GERMAN EDITION 

and the dielectric constant and permeability of a vacuum are each 
taken as unity. It does not seem possible at present to set up a system 
of units which will satisfy the electrical engineer and the physicist 
alike. With regard to Maxwell’s theory, the difference between the 
physicist and the electrician is not a matter of notation merely, but of 
principle. The technical view adheres much more strictly than current 
physics does to the original form of the Faraday-Maxwell theory. 
The engineer looks upon the vectors E and D — even in a vacuum — 
as magnitudes of quite different kinds, related to one another more 
or less like tension and extension in the theory of elasticity. From 
this point of view it must of course seem a very questionable procedure, 
in an exposition of fundamental principles, to put the factor of pro- 
portionality K, in the equation D = KE, equal to 1 for empty space, 
thus artificially attributing to D and E the same dimensions. On the 
other hand, the distinction in principle between D and E, which is 
closely connected with the mechanical theory of the aether, has been 
absolutely abandoned in modem physics, the electromagnetic con- 
ditions at any point in empty space being now regarded as completely 
defined when we are given one electric vector E and one magnetic 
vector B (or H). The numerical identity of E and D (for empty space) 
in the Gaussian system of units is not, for the physicist, the result 
of an arbitrary definition, but the expression of the fact that E and D 
are actually the same thing. The introduction by the engineer of a 
dielectric constant and permeability not equal to 1 in a vacuum seems 
to the physicist to be merely an artifice, by means of which formulae 
are reduced to a shape which is convenient for practical calculations. 

For purposes of reference, a list of important formulae is given in 
an appendix. 

R. BECKER. 


Berlin, February , 1930. 
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INTRODUCTION 


The theory of electric and magnetic phenomena, as it existed 
before Maxwell, was based on the conception of action at a distance 
between bodies which are electrified, magnetized, or traversed by 
electric currents. The only physicist who took a different view was 
Faraday. But he was not enough of a mathematician to express his 
ideas in the complete and self-consistent form which would have 
raised them to the rank of a theory. His method of regarding and 
describing electrical phenomena was, it is true, a mathematical one, 
but he did not express himself in terms of the ordinary symbolism 
of mathematics. This was first done by Maxwell, who translated 
Faraday’s ideas into strict mathematical form, and thus built up a 
theory which differed essentially from the theory of action at a distance 
even in its foundations, and still more in its higher developments. 

The discoveries of Heinrich Hertz supplied the proof that electro- 
magnetic processes do actually take place in dielectrics, and in par- 
ticular in free space, and the fundamental ideas of Maxwell’s theory 
have now been accepted by all physicists. 

What are the essential characteristics which distinguish Maxwell’s 
theory of field action from the theories of action at a distance? 

The essential ideas underlying Maxwell’s theory which we shall 
have to consider are these: 

1. The idea that all electric and magnetic action of one body 
on another separated from it is transmitted through the intervening 
space, whether that be empty or occupied by matter. 

2. That the seat of electric or magnetic energy is to be found not 
only in the body which is electrified or magnetized, or which is traversed 
by a current, but also, and to a far greater extent, in the surrounding 
field. 

3. That the electric current in an unclosed conducting circuit is 
closed, or made complete, by a supplementary “ displacement 
current ” in the dielectric, and that this displacement current is 
connected with the magnetic field strength in the same way as the 
conduction current. 

xiii 
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4. That the flux of magnetic induction has no sources, or, in other 
words, that “ true ” magnetism is never found. 

5. That light waves are electromagnetic waves. 

Maxwell himself stated his equations in terms of quaternions, 
but only rather incidentally; in essence, his exposition is based on 
Cartesian methods. With the latter, however, it is difficult to grasp 
the connexion of the formulae as a whole. It is much easier to do so 
when the vector calculus is employed. The trouble it costs to make 
oneself familiar with vector methods is amply repaid by the advan- 
tages gained. The use of vectors is in fact indispensable, if what we 
aim at is to secure as faithful a reproduction as possible of Faraday’s 
idea of the flux of force. The theory of vectors and vector fields is 
therefore placed at the head of the present work. The notation is 
that now used by nearly all writers who are doing original work in 
electrodynamics. In the following chapters, the method of vectors, 
which is useful in rigid dynamics and in hydrodynamics as well as in 
electricity, will be employed throughout. 
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VECTORS AND VECTOR FIELDS 


CHAPTER I 

Vectors 


1. Definition of a Vector. 

The equations of physics are ultimately relations between quantities 
which are immediately measurable. What a measurement tells is the 
number of times a given unit is contained in the quantity measured. 
The unit may be chosen arbitrarily (e.g. a metre, a second, a degree 
Centigrade), or it may be reduced to other units, previously defined, 
with which it is connected by an equation. The formula for the unit, 
obtained by solving this equation, represents the “ dimensions ” of 
the unit with respect to the other units. The so-called “ absolute ” 
system of measurement employs the three fundamental units of length, 
mass, and time; but no matter what units are chosen to serve as the 
foundation of the absolute system, the two sides of any equation in 
physics must “ balance ”, i.e. they must agree with each other not 
only numerically but also in dimensions. In fact, if there were any 
disparity in the dimensions, a change in the fundamental units would 
destroy the numerical equality of the two sides of the equation. The 
fact that the dimensions must balance is taken advantage of in physical 
calculations as a first check upon the accuracy of an equation. 

Physical quantities of the simplest type are completely defined 
by the assignment of a single number, along with a known unit. Such 
quantities are called scalars; mass and temperature are examples. 

But there are other physical quantities, which do not belong to the 
class of scalars. Thus, in order to specify the final position of a point 
which is displaced from a given initial position, three numbers are 
required, say, for example, the Cartesian co-ordinates of the final 
point with respect to axes through the initial point. In this case we 
might, without introducing any new kind of quantity, work throughout 
with scalars, viz. the component displacements. But if we did so we 
should in the first place be neglecting the fact that, physically speaking, 

i 
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a displacement is a single idea; and, secondly, we should be importing 
a foreign element into the question, viz. the co-ordinate system, which 
has nothing to do with the displacement itself. We shall therefore 
introduce displacements as quantities of a new type, and establish 
a system of rules for their use. Only when we come to evaluate formulae 
numerically will it be necessary to bring in a definite co-ordinate system. 

Rectilinear displacements of a point, and all physical quantities 
which can be represented by such displacements (in the same way 
as the values of a scalar can be represented by the points of a straight 
line), and which also obey the same law of addition as the corresponding 
displacements, are called vectors . 

A rigorous test for determining whether a quantity is a vector 
or not will be given in § 3 (p. 6). 


2. Addition and Subtraction of Vectors. 

In the definition of a vector just given, vector addition has been 
reduced to composition of rectilinear displacements. Take now two 
vectors A* and B of the same dimensions and type; in order to add 
them, consider a movable point situated to begin with 
at 1 (fig. 1). Let this point be given, first, the dis- 
placement (1, 2), representing the vector A in magni- 
tude, direction, and sense; then the displacement (2, 3), 
agreeing in length, direction, 
and sense f with the vector 
B; the result is equivalent 
to a displacement of the 
movable point from 1 to 3. 

This rectilinear displace- 
ment which takes the point 
directly from 1 to 3 is 
called the resultant or geometric sum of the two displacements (1, 2) 
and (2, 3). It represents a vector C which, in accordance with the 
definition of § 1, we call the resultant or sum of the vectors A and B: 



Fig. i 



C — A + B (1) 

If the displacement B is made first, and then the displacement A 
(fig. 2), the movable point describes the path (143), which with (123) 
makes up a parallelogram; accordingly the resultant of the dis- 
placements B and A, like that of A and B, is represented by the 
diagonal (1, 3) of that parallelogram. Hence vector addition obeys 
ms commutative law : the geometric sum of two vectors is independent 
of the order of addition : 

A+B=B+A (2) 

•Heavy type wiU be used throughout to indicate vectors, 
t In future, the word direction will be used so as to include sense, [Tr.] 
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This parallelogram law of addition (fig. 2) is characteristic of the 
quantities called vectors. Quantities exist with which wo can associate 
the properties of magnitude and direction, but which follow another 
law of composition. For example, we know from kinematics that 
infinitely small rotations of a rigid system about a fixed point can 
be represented by vectors, since their composition obeys the parallelo- 
gram law. On the other hand finite rotations are compounded in a 
more complicated way, and therefore are not vectors. It is proved 
in statics that forces acting on a particle follow the parallelogram 
law of addition; such forces are therefore vectors. 

If we consider the displacements derived by addition from three 
vectors A, B, and C, we see that the following law holds, called the 
associative law of vector addition: 

(A+B)+C=A+(B+ C) (3) 

In fig. 3 the sum of three vectors is found by completing the quadri- 
lateral, which has the individual vectors and their sum for its sides; 
and similarly the sum of n vectors is 
formed by means of the so-called vector 
polygon; this has n + 1 sides, namely 
the n vectors which are to be added, 
and their resultant. 

We may now ask the question: 

What meaning is to be attached to the 
geometric difference of two vectors A 
and B? The answer is that we define the difference in such a way 
that the relation , 

B — B = 0 (4) 

holds for vectors, just as the similar relation holds for scalars. The 
vector — B therefore corresponds to a displacement which annuls the 
displacement B, i.e. brings the movable point back to its original 
position. Thus — B is a vector of the same magnitude as B, but in 
the opposite direction. By the geometric difference of the vectors 
A and B we mean the geometric sum of A and — B, so that we define 
vector subtraction as follows: 

A vector B is subtracted from a vector A by adding to ha vector of the 
same magnitude as B, but in the opposite direction. 

In the parallelogram of fig. 2, the diagonal (13) represents the 
geometric sum A + B, the diagonal (42) the geometric difference 

A — B. 

The rules for the addition and subtraction of vectors which 
have now been laid down agree formally with the laws of ordinary 
algebra. 
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3. Unit Vectors and Fundamental Vectors. Components. 

By the product A of a scalar a and a vector a, 

A = aa = aa, ( 5 ) 

we understand a vector whose magnitude is equal to the product of 
the magnitudes of the scalar a and the vector a, 

| A | = | a | . | a |, ( 5 a) 

and which has the same direction as a, or the opposite direction, 
according as the scalar a is positive or negative. 

The multiplication of vectors by scalars obeys the rules of the 
algebra of scalar quantities. The commutative law has already been 
explicitly stated in ( 5 ); and the distributive law also holds, i.e. 

(a + j8)a = aa + / 3 a, a(a + b) = aa + ab. . . ( 56 ) 


All vectors A which have the same direction can be connected with 
a vector s, also in that direction, and of magnitude 1: 

A= | A | s (6) 

A vector s, of magnitude 1, is called a unit vector. We shall adopt 
the convention of associating the dimensions (§1) of a vector with its 
magnitude; the unit vector s in (6) must therefore be given the 
dimensions of a pure number. Unit vectors afford a convenient means 
o£ specifying the direction of a vector, or of a number of parallel 
vectors.* Let there now be given a fixed unit vector s, and an arbitrary 
vector a, which makes with s the angle <j>. The quantity 

a a =|a|cos<£ ( 7 ) 


is called the component of a relative to the unit vector s, or the component 
of a in the direction s; it is equal to the length of the projection of a 

on the line of the unit vector s, taken 
with the positive or negative sign ac- 
cording as the projection agrees in sense 
with s or not. 

The component of a vector is a scalar 
quantity ; if we wish to express the pro- 
jection of a on the line of the unit 
vector s in a form which indicates its 
direction also, we have to multiply the 
component of a in the direction s by the unit vector s itself: hence 
the projection as a vector is represented (fig. 4) by 

| a | COS9S . s. 

* The word direction is sometimes used as equivalent to unit vector. [Tr.] 
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Consider next the sum of three vectors A, B, C: 

A + B + C. 

As may be seen from fig. 5, the component of this sum in the 
direction s is 

^3 + Bs + 0 8 , 

i.e. the algebraic sum of tho components of tho vectors A, B, C in the 
direction s. This result can be extended to any number of vectors, 
so that we have the theorem: the component of the geometric sum of 
any number of vectors in 
a given direction is equal 
to the algebraic sum of the 
corresponding components 
of the vectors taken sepa- 
rately. 

Vectors of arbitrary direction and magnitude can be specified by 
their components in fixed directions. For this purpose we require 
three directions (or unit vectors) not lying in one plane. We choose 
three mutually perpendicular unit 
vectors i, j, k as “ fundamental 
vectors their directions may be 
taken as those of the axes of a 
Cartesian co-ordinate system. 

As we know, systems of axes 
x, y, z are of two kinds, which are 
distinguished as right-handed and 
left-handed; all right-handed systems 
can be brought into coincidence with 
one another, and all left-handed 
systems with onfc another, but not 
a right-handed system with a left- 
handed system. By reflection in 
one of the co-ordinate planes a 
right - handed system becomes a 
left-handed system, and inversely. 

Also, by reflection in the origin of 
co-ordinates (reversal of the directions of all three axes), a right- 
handed system becomes a left - handed system, and inversely. 
Following Maxwell, we shall in this book always employ the right- 
handed system. 

Such a system is shown in fig. 6. Tho x- 9 y- 9 z-axes, which are 
also the lines of the fundamental vectors i, j, k, are related to each 
other in such a way that a rotation from the ^-direction to the y - 
direction, combined with a forward motion in the z-direction, is similar 
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to the motion of a right-handed screw; so that the x-, y-, si- 
directions of a right-handed system can be indicated respectively by 
the thumb, forefinger, and middle finger of the right hand. 

Let the components of the vector a relative to the fundamental 
vectors i, j, k, i.c. in the directions of the axes x, y, z, be 

dy } Of V 

Then the projections of the vector a on the axes are given in magnitude 
and direction by 

a x i, a v i, a z k . 

Su mm ation of these three vectors brings us back, as we see from fig. 6, 
to the vector a itself; we have therefore 

a = a x i + a v j + a z k (8) 

Suppose now that the vector a is given, in magnitude and direction; 
then its components are uniquely defined by the equations 

<*« = | a I cos(a, x), a v = | a | cos(a, y), a z = j a | cos(a, z). (8 a) 

Conversely, when the three components are assigned, the vector a 
is uniquely specified as the diagonal of the rectangular parallelepiped, 
whose edges arc the vectors a x i, a y j, a z k. Its magnitude is 

1 a | = V ( a a 2 + a y 2 + a *)> .... (86) 

and its direction is given by the three cosines, which can be found from 
(8a) and (86). 

From the three components of a vector relative to the fundamental 
vectors i, j, k we can calculate its component relative to any unit vector 
s, when we know the angles which s makes with the fundamental 
vectors. According to equation (8), and the theorem illustrated in 
fig. 5, we have to express the vector a as the sum of three partial vectors 
parallel to i, j, k, and then take the algebraic sum of the components 
of these three partial vectors in the direction s. We thus find 

a s = cos(s, x) + cos(s, y ) + a z cos(s, z). . . (9) 

This law for the calculation of the component of a vector relative to 
an arbitrary axis is distinctive of vectors. The law expresses the fact 
that to every direction in space there corresponds a certain scalar 
quantity, namely the component of the vector a in that direction; 
and that this scalar is a homogeneous linear function of the cosines 
defining the direction. Conversely, equation (9) gives a general test 
for determi ning whether a physical quantity is a vector or not: by 
means of a vector , with every direction in space there is associated a 
scalar “ component which is a homogeneous linear function of the 
components (i.e. the direction cosines) of the unit vector in that direction. 
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4. The Inner or Scalar Product. 

Let F be a force acting at a certain point. If the point moves with, 
velocity v, then the work done by the force per unit time is a s calar 
quantity; its value is given by the product of the magnitudes of the 
vectors F and v and the cosine of the angle between them. We write 
this product in the form 

Fv = | F | . | v | . cos(F, v) (10) 

and call it the scalar product, or (after Grassmann) the inner product, 
of the two vectors; and the names and notation are used similarly 
with any pair of vectors. 

The cosine of the angle between the directions of the two vectors 
becomes +1 when the directions are the same, —1 when they are 
opposite, and 0 when they are at right angles. Applying this to the 
fundamental vectors i, j, k, we find 

ij = jk = ki =4: 0, but ii = jj = kk = 1. . . (11) 

As is immediately obvious from the definition (10), the scalar product 
remains unchanged when we change the order of the factors. Thus 
inner multiplication of two vectors obeys the commutative law. The 
scalar product of two vectors F and v may also be regarded as the 
algebraic product of the magnitude of one of them (say v) by the 
component of the other (F) in the direction of the first. This inter- 
pretation leads immediately to the distributive law of scalar multiplica- 
tim, 

v 2 F* = S vF A (12) 

h=l /;« 1 

In fact, according to a theorem proved at fig. 5 (p. 5), the component 
in any direction of the geometric sum of the vectors F h is equal to 
the algebraic sum of the components of the vectors F A in that direction. 
If, as above, we regard the vectors F A as forces, v as a velocity, then 
the statement in (12) is: the work done by the resultant force is equal 
to the algebraic sum of the amounts of work done by the individual 
forces. 

Since the commutative and associative laws hold, it follows that 
inner multiplication of vectors is carried out by the rules of ordinary 
algebra. Thus c.g. we have 

(a -j- b) (c + d) = ae + be + ad + bd. . . (13) 

If we express the two factors A and B of a scalar product by the funda- 
mental vectors i, j, k, wo find 

AB= (A x i+A v j + A,k) {B „ i + B y j + B z k) 
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If we multiply out the right-hand side according to ordinary algebraic 
rules and take account of (11), we find 

AB = AfB y -f* A Z B Z > . . . . (14) 

a formula which, from the definition of the scalar product and equation 
(8a), is equivalent to the known formula of analytical geometry 

cos (AB) = cos (A, x) cos (B, x) + cos (A, y) cos (B, y ) + cos (A, z) cos (B, z). 

5. The Outer Product or Vector Product. 

Two vectors A and B (in that order) define a parallelogram and 
a currency (i.e. a definite sense in which the perimeter of the parallelo- 
gram is described). The area of the 
parallelogram is 

S = | A | . | B | . sim( A, B). 

An entity of this type we shall call a 
“ directed area This is defined to 
be a plane area with a currency. Two 
directed areas are said to be equal when 
their planes are parallel, their currencies 
the same, and their absolute values 
equal. The directed area defined by 
the parallelogram which has the two 
vectors A and B as consecutive sides, 
as in fig. 7, is called the outer product of the two vectors A and B; 
it is denoted by the symbol [AB]. With any given directed area we 
can associate a definite vector C, and conversely; viz. we take C at 
right angles to the directed area, and in such a sense that advance in 
the direction of C, and turning in the sense of description of the directed 
area, constitute together a right-handed screw motion; the length of 
C is equal to the absolute value of the directed area. In the special 
case of the directed area specified as above by the vectors A and B, 
the vector C thus defined is called the vector product of A and B, 
for which we shall write 

C = [AB] (15) 

For calculation with directed areas we now lay down the following 
definition: the sum of a number of directed areas is to mean that directed 
area which is associated with the vector obtained by adding the vectors 
associated with the given directed areas. 

The appropriateness of this definition can be seen by considering the com- 
ponent C 8 of the vector C in any direction s, which makes with C tho angle <t>. 
In fact, if we project the directed area itself on a plane S perpendicular to s, 

* Ger. “ Plangrosse 
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be area of the projection has the same numerical value as C s , viz. | C | . | cos<£ |. 
Ve can also arrange matters so that the projection has the same sign as C 8 . 
Ve do this by assigning to the plane S the currency which, with s, corresponds 
o a right-handed screw, and then regarding the projection upon S as positive 
r negative according as the currency of the projection is the same as that of S 
r not. The component of a directed area, relative to a plane possessing currency, 

3 therefore equal to the component of the vector associated with the directed 
rea, along the (right-handed screw) normal to the plane. 

From the above definition it follows that the commutative law does 
Lot hold for a vector product. We have in fact 

[AB] + [BA] = 0 (16) 

)n the other hand the distributive law is still valid: 

[(A + B)D]=[AD] + [BD] (17) 

Fo prove this equation, we note that a vector product [AD] is not 
altered if we replace the vector A by its projection A' on a plane 
>erpendicular to D. If this is done with the three vectors A + B, 
!l, B, and if the figure thus produced in a plane perpendicular to D 
Las its linear dimensions enlarged in the ratio | D | : 1, and is turned 
hrough a right angle, then the vectors A', B', A' + B' become the 
sectors [AD], [BD], and [(A + B)D]. 

In particular, for the unit vectors i, j, k, wc have 

[ij] = k = — [ji]; [jk]= i= — [kj]; [ki] = j = — [ik]n 

and [ii] = [jj] = [kk] = 0. / ( ) 

!f we use these results to multiply out the vector product 
[AB] = [(A x i -f- A v j + A z k) (B x i + B y j + B z k)], 

ve obtain the formula 

[AB]= i(A v B z - A z B y ) + i(A z B x -A x B z ) + k(A m B„- A y B x ) ), (19) 


>r, in the compact determinant form, 


[AB] = A x A y A z . . (20) r X 

B x By B z / F 

in example of the outer product of two vectors o L 

s the moment of a force P. Let 0 (fig. 8) r Fig< 8 p 

>e the point with respect to which (or about 
vhich) moments are taken; and from 0 let the radius vector r bo 
Irawn to the point P, at which the force F acts. Then the moment 
rector, i.e. the moment of the force P with respect to 0, is 
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Another example comes from the kinematics of a rigid body. Let the 
rigid body have one point 0 fixed, and let it rotate about the axis 
ON (fig. 9). Along this axis mark off the 
segment OU, of a length to indicate the 
magnitude of the angular velocity, and in the 
direction having the usual right-handed screw 
relation to the direction of rotation. We 
thus associate with the motion of rotation a 
definite vector u. Further, if r is the radius 
vector from 0 to any point P of the rigid 
body, and v is the velocity of P, then clearly 

v = [ur]. . . . ( 21 a) 

In fact, the point P moves at right angles 
to the plane through r and u; and the arrow, 
which indicates the direction of v, points also 
in the direction of the vector product. Again, 
Fig. 9 the magnitude of v is found by dropping a 

perpendicular from P to the axis, and multi- 
plying its length by the angular velocity. This gives precisely the 
absolute value 

| u 1 . | r | . sin(u, r) 

of the vector product; the result stated above is therefore proved. 

6. Products of Three Vectors. 

We shall always use square brackets to denote vector products, 
and shall therefore employ round brackets when we wish to separate 
a scalar product of two vectors from other vectors. Three vectors can 
be multiplied together in three different ways. 

(а) Product 0 / a vector and the scalar 'product of two other vectors: 
A(BC). Here (BC) is a scalar, so that A(BC) is a vector parallel to 
A; and clearly it is a totally different vector from, say, (AB)C. 

(б) Scalar product of a vector and the vector product of two other 
vectors: A[BC]. Here we have the important relation 

A[BC] = B[CA]= C[AB] (S2) 

In fact, by the elementary rule (volume = base X height) each of 
these expressions represents the volume of the parallelepiped whose 
edges are A, B, C. Moreover, all three expressions give this volume 
with the positive sign, if the vectors A, B, C in that order form a right- 
handed system. 

The expression for the products in terms of the components of the 
vectors A, B, C is, by (14) and (20), 
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A x Ay A z 

A[BC] = B[CA] = C[AB] - B x B y B s . . (23) 

O. Of o z 

(c) Vector product of a vector and the vector product of two other 
vectors : [A[BC]] = F. 

The vector F lies in the plane which is defined by the vectors B 
and C, and is perpendicular to the projection of A on this plane. Tor 
the vector [BC] is perpendicular to the plane referred to, and F is 
perpendicular to A and to [BC]. 

The ^-component of the vector F is, according to (20), 

F x = A V (B X C V - B y G x ) - A Z (B Z C X - B X C Z ); 

this may be written 

F x'= Bx(A x C x + AyC y + A Z G Z ) — G X {A X B X -f- A y B y + A Z B Z ), 
or, from (14), 

F x =B x (A0)-C x [AB); 

corresponding equations hold for the other components, and we have 
therefore the single vector equation 

[A[BC]] = B(AC) - C(AB) (24) 

A product of the third kind is by this relation reduced to two products 
of the first kind. Using the same notation, we also find easily 

[A[BC]]+[B[CA]] + [C[AB]] = 0, . . . (25) 

on expanding the terms as in (24). 

As one more example of this type, wo may calculate the scalar 
product of two vector products [AB] . [CD]. 

This is a product of the second kind, in which the first vector is re- 
placed by the product of two others; we apply the rule (23), and obtain 

[AB] . [CD] = C[D[AB]]. 

But since, by rule (24), we have 

[D[AB]] = A(BD) - B(AD), 

it follows that 

[AB] . [CD] = (AC) (BD) - (BC) (AD). . . (26) 

7. Differentiation of Vectors with Respect to the Time. 

The differential coefficient — or derivative — of a vector a with respect 
to a scalar variable t (say the time) is defined as a limit by the equation 

da _ 1im a (t + At) — a (Q 
dt At-o At 


( 27 ) 
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Since division by a scalar leaves vectorial properties as they were, 
the derivative of a vector with respect to a scalar variable is itself 
a vector. If, for example, r is the radius vector from a fixed point 0 
to a moving point P, then 


v = 


d r 

dt 


( 28 ) 


gives the velocity vector of the point P. 

Since the derivatives of vectors with respect to a scalar variable 
are deduced by a limiting process from subtraction of vectors and 
division by scalars, which are operations subject to the rules of ordinary 
algebra, it follows that the rules of the differential calculus can be 
extended at once to the differentiation of a s um of vectors: 

d{A + B) _dA dB. 

dt ~dt + Tt W 


or of the product of a scalar and a vector: 


da a 
dt 


da 


da 


dt & + a dt’ 


( 30 ) 


or of the inner product of two vectors: 


d( AB) 
dt 



A similar rule holds also for the differentiation of an outer product; 
but in this case care must be taken to write the factors in the correct 
order: 

!w -£»]+[*&» ■ • • • to 

since interchange of the factors changes the sign of a vector product. 
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Vector Fields 

1. Illustration from Hydrodynamics. 

In the first chapter we have developed the idea of a vector, and the 
rules of vector algebra, with particular reference to the mechanics 
of a material particle. The velocity of a particle is represented by a 
single vector. In the present chapter we turn to the problem of analysing 
the state of motion of a fluid filling space. In this case the velocities 
of different particles are in general independent of one another, and 
every point has its own special velocity vector. The moving continuous 
fluid represents, we Bay, a vector field. 

We speak in mathematical physics of the field of a physical quantity, 
when we consider the quantity from the point of view of its dependence 
upon position in a region of space; it is assumed that in general (i.e. 
with the exception of particular surfaces, lines, and points) its values 
are continuous. A field may be either a scalar field (e.g. a temperature 
field) or a vector field (e.g. a gravitational field). 

The study of fluid motion contributed greatly to the development 
of the theory of vector fields. Helmholtz’s fundamental researches 
on vortex motion were specially valuable, and were the foundation 
upon which Maxwell built when he undertook to set Faraday’s con- 
ception of the field on a mathematical basis. To Maxwell, indeed, 
hydrodynamical analogies were more than mere mathematical pic- 
tures; hydrodynamical ideas with regard to the mechanism of the field 
guided him in his task of working out a theory of the electromagnetic 
field as depending upon action transmitted through a medium. 

We are therefore following the course of historical development 
when in this chapter we expound the mathematical theory of vector 
fields in the light of the hydrodynamical picture. In our previous 
work with any single vector we have associated a displacement; 
similarly now we replace the vector whose field we are investigating 
by the velocity vector of a fluid filling space. In this hydrodynamical 
representation, it is true, if we do not wish to restrict ourselves to 
specialized fields we must sometimes suppose the fluid to have properties 
diverging somewhat from those of actual fluids. There can be no 
objection to this, since it is only a mathematical analogy which is in 
question. 



14 


VECTORS AND VECTOR FIELDS 


2. Tbe Irrotational Field. The Gradient and the Line Integral. 

From any scalar field we can derive a vector field as follows. With 
every point (z, y, z) of space let a scalar <f> be associated in such a way 
that <f>(x, y, z) is a continuous and differentiable function of position. 
In this scalar field we place a small vector ds, and consider the increase 
of the function <j> for the change of position ds. If dx, dy, dz are the 
components of ds, and ds its length, the required increase is 

d^gds+gdy+gd*. .... (1) 

Since ^ = cos(s, x), & c., it follows that the rate of increase of <f> per 
unit length in the direction ds is 

^ cos(s, x) + cos (s, y) + ^ cos (s, z). . (la) 

In view of (9), p. 6, this result may be read: The required rate of 
increase in the direction ds is equal to the component of the vector 
d<f>/dx, d<l>ldy, d</>/d z in the direction ds. We call this vector the gradient 
of the scalar <f> at the point (a;, y, z), and write 

v = grad^ = i|+j| + kf. ... (2) 

Tie vector grad<£ is perpendicular to tie level surface = const. 
For, by (1), the scalar product (grad <£, ds) is zero, if tie vector ds lies 
in tie surface 4> = const. Tie direction of grad <j> coincides with tie 
direction of steepest ascent of the scalar <£. Its magnitude is given by 

| grad ^ 1 =^(!) + (^) + 0 • 

By means of (2) we have therefore derived a vector field v(x, y, z) 
from the scalar field <f>(x, y, z). 

A conception which is fundamental for the whole of mathematical 
physics is the line integral in a vector field: we join any two points, 
1 and 2, of a vector field by an arbitrary curve, which we regard as 
composed of individual line elements ds (in the direction from 1 to 2). 
At each point of the curve we form the scalar product 

(vds) = v s ds, 

where v is the given vector field, and sum for every ds. On passing to 
the limit ds -> 0, we obtain the line integral 

vds = f* v a ds (3) 

In general, of course, its value varies with the path of integration. 
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In the special case before us, where the vector v is the gradient of a 
scalar, the line integral (3) is independent of the path joining the points 
1 and 2. 

In fact, d ± 

v s ds = -ff-d$ 

ds 

is the increment of the scalar <f> for the path element ds; in the line 
integral (3) all these infinitesimal contributions are added together 
and give the total increment of 

f\da = <f> 2 -<f, 1 (3a) 

The line integral of a gradient has therefore the same value for two 
paths having the same initial point and the same final point, so that 
the line integral of a gradient vanishes for any dosed path: 

(f)vds = j) ~ ds = 0 (36) 

The fluid motion which represents the field of the vector v will be 
called irrotational if the line integral of v over any closed path va nish es, 
and the field represented will also in this case be called an irrotational 
field. The above theorem can now be expressed in the form: the field 
of the gradient of a scalar <f> is always an irrotational field. 

In a field of force the line integral of the force vector gives the 
work done. The condition that the line integral along every closed 
curve should be zero, is here equivalent to the following: it is impossible 
to obtain an unlimited amount of work by guiding a particle indefinitely 
often round a closed path. We have proved that this condition is 
fulfilled when the force vector is the gradient of a scalar. 

The converse theorem is also true: an irrotational vector field can 
always be regarded as the field of the gradient of a scalar. In fact, if we 
assign the arbitrary value <£p to the scalar at the point 0, the value 
of the scalar at any point P is defined as 

4(P) = </>o + J* v »& s > (4) 

where, in virtue of (36), the path of integration from 0 to P is entirely 
arbitrary. Hence, by giving the final point P of this path the small 
displacement ds, we obtain 

dcf>z=vds, or v s ~ 

ds 

The irrotational vector field is therefore actually the gradient of the 
scalar defined by (4). 
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If the field we are considering is a field of force, then (— <f>) is called 
the potential, or preferably the scalar potential. The existence of a 
potential is the necessary and sufficient condition that it should not 
be possible to obtain an unlimi ted amount of work from the field 
of force by the method mentioned above. It was from the jrrotational 
field associated with gravitation that the idea of the potential first arose. 

The equation of motion of a material particle in a field of force F, 
viz. 

mv — F, 

gives, after scalar multiplication by v, 

| a**) -<»»)-(»$• 

Hence (imv 2 ) 2 — s (6) 

If F = —grad <£, the integral on the right is independent of the path 
and equal to <f> ± — <£ 2 , and we have the result: the increase of kinetic 
energy is equal to the fall of potential. 

The idea of potential has been extended to hydrodynamics, where 
the scalar (— <£) associated with every irrotational motion is called 
the velocity potential. 

3. The Strength of a Distribution of Sources, Gauss’s Theorem, and 
Divergence. 

The ideal fluid on which our hydrodynamical picture is based will 
in what follows be supposed to be incompressible. This introduces 
a limitation upon the fluid’s freedom of motion, since, in a region 
which is completely filled, just as much fluid on the whole must enter 
any closed surface as leaves it. Only special kinds of vector fields 
could be represented by motion of this type. 

In order to remove this limitation, we shall make the additional 
supposition that at certain points fluid is continually being generated, 
and at others destroyed. Points of the first sort will be called sources, 
points of the second sort sink s , or negative sources; but we shall 
leave ourselves the option of using the word source in a more general 
sense, as including both positive and negative sources. We are now in 
a position, by ass umin g a suitable source system, to represent an 
arbitrary vector field by a steady motion of an incompressible fluid. 

We assume the sources to be continuously distributed in space. 
The problem then arises of finding a measure for the strength of the 
source system. 

For this purpose, we imagine a definite volume V to be marked off, 
and we measure the volume of fluid which leaves V per unit time. 
Since we are assuming the fluid to be incompressible and the motion 
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steady, this volume of fluid must represent the total strength of all 
the sources contained within V. 

Now the quantity of fluid which in time dt flows in the direction 
of the (outward or inward) normal across a surface element of area 
dS is 

dS . v n dt = dS | v | . cos(v, n ) . dt, 

for this is the volume of a cylinder of base dS and height v n dt. The 
volume of fluid which on the whole flows out of the region F per second 
is therefore given by the integral taken over the surface S bounding F, 

J J v n dS —ff{% cos [n, x ) -j- v u cos(w, y) + v z cos (n, 2 )} dS. (6) 


z 

A 


Fig. x 





Here dS is an element of the surface bounding F, and n is the outward 
drawn normal. We now convert the integral 

J Jv x cos (n, x)dS 

into a. volume integral. For this purpose we suppose F divided up 
into little prisms of rectangular section parallel to the a;-axis. One 
of these prisms is shown in fig. 1. It has the cross-section dydz, and 
cuts out two elements dS' and dS" of the surface S. The contribution 
of these two elements to the surface integral is 

v x cos(«/, x ) dS' + v x " cos (n", x) dS". 

Let x' and a;" be the aj-co-ordinates of the ends of the prism, and 
suppose x" > x'. Then clearly we have 

cos(n", x )dS" = dydz 

and cos(»i', x)dS' = —dydz, 


(*« 4 ) 


a 
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so that the contribution of the prism becomes 

dydz . (v„\— v„) — dydzj^ dx. 

If we now sum over all the prisms into which we supposed F to be 
divided, we obtain 

J Jv a cos(n, x) AS = J J J ^dxdydz. ... (7) 

Carrying out the corresponding transformation for the other two parts 
of the right side of (6), we obtain the important result called Gauss's 
theorem: 

//. ••«-///, (!'+ !+!■)«»*■ • (8) 

We now define the divergence of our field at any point as the outward 
flow per unit volume from a volume element including the point in 
question, or 

aiv, = ]x(?//’’” i 4 • • • • • < 9 > 


For its value we find at once from (8) 
divv 


(tea , , %% 

dx'' dy' dz‘ 


(9a) 


If v(x, y, z) is to represent a motion without sources, then v must 
everywhere satisfy the differential equation 


divv = 


fc. fc, |_. = 0. 

dx dy dz 


4. Green’s Theorem. 

The possibility of converting a volume integral into a surface integral 
by Gauss’s theorem, 

/X VndS=fff 7 aivvdV, 

allows us to make some important transformations. 

In the first place, let v be the product of a scalar ip and a second 
vector A, 

v = i/iA. 

Then divv= t£divA + ^ A + 

or divv = i/idivA + (grad ip, A), 
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and accordingly, by (8), 

J J i[iA n dS =J J J {i/rdiv A+ (grad i/i, A)}dF. . (10) 


If further the vector A can be represented as the gradient of a scalar 
(f> (A = grad <£), then A n = d<j>jdn and 




The sum of the second derivatives of a function isf expressed by the 
notation A<ji, where the symbol A is called Laplace's operator : 


v 8x 2 + a«/ a + 02 2 1 


. • • (ii) 


Hence, when we make the substitution A = grad j), equation (10) 
takes the form 


II^ dS== III^ ,A< l 3+ ^ grad grad (12) 


The result holds for any two functions of position ifs and </> which within 
V are finite, continuous, and twice differentiable. 

If from (12) we subtract the equation obtained by interchanging 
ft and <f>, we find 

■ (13) 


Both (12) and (13) are referred to as Green’s theorem. In electro- 
dynamics, we shall have to make use of them very frequently.* 


5. Point Sources. 

Hitherto we have always assumed that the sources are distributed 
continuously, and that the divergence is finite. In point of fact these 
conditions are fulfilled in all natural vector fields. Cases occur, 
however, where the distribution of sources approximates to a dis- 
continuous form, the sources becoming condensed practically into 
points, lines, and surfaces. Since discontinuous distributions are 
sometimes easier to handle mathematically than continuous ones, 
we, so to speak, idealize the problem proposed by dealing with a 
nearly equivalent discontinuous distribution. In doing so, however, 
if we would make sure of escaping fallacies, we must not lose sight 
of the fact that we have introduced assumptions not strictly in accord 
with reality. 

* In (12) and (13) note that n is the normal to S drawn outwards from V (or rather, 
drawn from within V towards S ). 
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In this section we shall discuss the irrotational motion generated 
by point sources. We start from the case of a single point source in 
a fluid filling the whole of space. From symmetry, the incompressible 
fluid issuing from the point source spreads out uniformly in all direc- 
tions. The flow will be radial, and the same quantity of fluid will 
cross all the spherical surfaces which have the point source for their 
centre. This defines the strength of the source if, as hitherto, we measure 
that strength by the volume of fluid issuing from the source per unit 
time. From now on, however, we shall define the strength of a source 
in terms of the mass of an ideal fluid whose density, which is still 
at our disposal, is put equal to l/4w. This is done in order that the 
formulae may bring out clearly the analogy between the field of a 
moving fluid, and an electric field of force referred to absolute electro- 
static units. Thus a source is to have the strength 1, if in one second 
it generates 4 w cubic centimetres of the incompressible fluid. The 
mass of fluid crossing per second the surface of a sphere of radius r 
with centre at the source is therefore equal to the strength e: 

6== hff Vnds=r% ' > (14) 

conversely the radial velocity is given in terms of the strength by 



it varies as the inverse square of the distance from the point source. 
It becomes infinite at the source itself. 

The motion is irrotational, the vector v being expressible as the 
negative gradient of a potential: 

v = —grad <f>, ? (15) 

Suppose next that we have a series of point sources, h in number, 
of strengths e h3 the fields of winch are superimposed; then 

we can define the resultant field either by geometric addition of the 
vectors v x , . . v A , or more simply by algebraic addition of the 
scalar potentials (j> v . . <f> h : 

v = S v t - = —grad <j>, <j> = S . . . (16) 

f-1 %mm 1 T t 

Fora closed surface, within which there is a number of point sources, 
the volume of fluid which crosses the surface outwards is equal to irr 
times the algebraic sum of the strengths of the sources enclosed by 
the surface. 
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If X{, y { , z { are the co-ordinates of the ith source, then the value 
of the potential <f> at the point (x, y, z) is, by (16), 

«£(&, y, z) = S - - — 5 . (17) 

,•-.1 V(x— Xtf +(y — y { f + (z — a,) 8 

It is easily proved that this function, everywhere except at the sources, 
satisfies Laplace’s equation for irrotational motion with no sources, 



For a surface S surrounding h point sources c A ), we have 

//• n dS=iTr{e l + e i + . . . + e h ). • • ( 18 ) 

To prove this, apply Gauss’s theorem to a region hounded by the 
surface 8 and by small spheres S v S%, . . ., 8 h described about the 
sources as centres. In the region thus marked off, divv is everywhere 
zero, so that 

J L Vnds + iX VndS i + • • • + /X VndSh = °- 


Here n is always to be taken outwards from the space we are dealing 
with, so that (14) gives 

f j v n dS 1 = — 4tt%, 


and so on. The theorem (18) is therefore proved. 

As an application of (17) consider the 'potential of a system of sources 
situated at distances which are all finite , but great in comparison with the 
distances of the sources from one another. To find this potential, take 
the origin of co-ordinates in the neighbourhood of the source system, 
and expand the expression (17) in powers of x i9 y i9 and z i9 which are 
now small compared to x , y, z; we therefore put 




+ 



where the index 0 means that the values of the quantities in question 
are to be taken in each case for x { = yt = z t = 0. Now 


0 1 X—Xj 

dx i V{x—x { ) 2 +(y—y i f+ (z-Zif ~ (V {x-x t )*+ (y— «/ £ ) 2 + (z-z £ ) 2 ) 3 ’ 


rdjn _ £< x 
L 3 a 3 f J 0 — r a ‘ r ’ 


(r = Vx 2 +y* + Z 2 ), 


bo that 
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and we obtain 

4 >{X, Se,®, + V - Ze iVi + 5 Ze,z J + 

is therefore characterize^by^ 0115 ^ beliaviour of our source system 


(1) its total strength, e = Ee* 

(2) tte m = sv, (the components of ,1*1 m 

Wl1011 we °*“ ae "moment of the sconce 

We have thus 

4> = i + (“£), 

r T y3 T..., 

the point (^jf® ** Vector m the radius rector r to 

^=f + M.cosg , 

*■ r a + (19) 

*"•****“«> ^*a p^o^Sttelgare” ° f ““““ ““ at 

consider *• shall 

7 * 13 2ero ’ and tHat for the simplest case. 


6- Double Sources. 

tEfiSJ fa^2^i + (l‘S a t0 ~S Ut * V ^ 

Then (%.T ! ) to the aom “ (+«> 




e (r+ r_) = ea = m 


Fig:. 2 


£/S 5T, 01 ?” “S' 81 ® 11 «»« 

2f. „ “ t ’° P°“» somces. lion 

trJ'F** ' SS°ften‘pT POi “J P 46 K*en&! 

' ^ ** - 
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at P as the source +e does at P'. The potential at P due to the two 
sources together is therefore 

#P) = <MP)-<MP')- 

But, by the definition of a gradient, this is the same as 

<f> = —(a, grad <£+) = (— ea, grad 1/r). 

The 8-component of grad 1/r is 

d_ 1 _ 1 x 

dx -f- y 2 + z 2 ) r 2 r' 

We accordingly obtain for the potential of the doublet 

^ = -(m,gradl/r) = i(mr)=i|m|.cosd, . (20) 


in agreement with the second approximation in the general formula (19). 

In particular, if the doublet is situated at the origin of co-ordinates 
and m is in the positive direction of the axis of z, (20) becomes 

. »wz ... . 

V, Z) — ( x a_|_ 2/ 2 +z 2)3 ( 20 °) 

Field gradient and source gradient. If x, y, z are the co-ordinates of a 
point P in the field, and £, r,, £ those of the source s, we must always, 
when a pplying the operation “ grad ” to a function of the distance 
r = V(x — £) 2 + (y — rj ) 2 + (z — ■ £) a between the two points, notice 
carefully whether the differentiation is with respect to the co-ordinates 
of the source or to those of the point in the field. To prevent errors, 
it is often useful to indicate explicitly by means of a suffix (/ or s) 
which differentiation is meant. Thus the components in the two cases 
are: 

, 1 . a . 1 a i ai 

& f r • dx ? dy ? Wz ? 

, i a i a i a i 

^ ad V • ? dr, ? d£ r 


Obviously we have always grad/ - = —grad, 


When deducing (20) we differentiated with respect to the co- 
ordinates of the field point P; to emphasize this, we may now con- 
veniently write 


= — grad/ ^ = (m, grad, . . (20') 
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7. Determination of an Irrotational Vector Field when its Sources 
are Given. 

In § 5 the only motion discussed is that due to point sources. 
Besides these separate sources of strengths e 1} e 2 , . . ., we shall now 
admit sources which are continuously distributed in space. For this 
purpose we introduce a function of position p(x, y, z) defined by the 
equation 

4 np = div (21) 

It follows that pdV is the mass of fluid (of density 1/477-) which leaves 
the volume element dV per second. To the velocity potential 

r* 

due to the point sources e { we must add a part representing the effect 
of the sources pdV which are distributed throughout the space con- 
sidered. The aggregate potential may then be conjectured to be 

2+ ///*£• M 

or, in more explicit form, 

chlx, y, z) = 2 % 

i V(x— X ,-) a +{y — y ( f + (z — Zif 

+ fff 7 (22 a) 

We shall now deduce this formula rigorously. First, however, we shall 
make certain that an irrotational motion is uniquely defined by its 
sources. To this end we again state the problem whose solution we 
conjecture to be given by the expression (22a). 

We wish to find a vector field v having the following properties: 

(а) v is to be irrotational, i.e. there must be a function <f> such 

that v = —grad </>. 

(б) v, as well as its potential <j> 9 is everywhere fini te and con- 

tinuous, except at certain particular points (point sources). 
At any point' source, however, the difference 



is to be finite and continuous {r i = distance from the point 
source), and e* is then called the strength of the source. 

(c) Everywhere but at the point sources 

4:77 p = div v = — A (f> 
is to be a prescribed function of position. 
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(d) All sources are to be at a finite distance; in other words, 
it shall be possible to assign a finite length l so that, outside 
a sphere of given centre and radius l, there are no point 
sources and p is everywhere zero. 

"We begin with the proof of uniqueness. If possible, let v x and v 2 
be two vector fields which satisfy all the conditions (a) to (d), and which 
can be derived from the potentials <f> x and <f> 2 respectively. Apply 
Green’s theorem (12) to the difference 

<£i — = X> 

replacing both ip and <f> in (12) by x- Thus 

/ f x to, dS== fff{ xAx + (grad s rad x)} dV > 

where we let the boundary tend to infinity. The left side vanishes 
in the limit, since by condition (d) x tends to 0 like 1/12 at least, and 
dx/dn like l/R 2 at least, whereas the surface area JjcJS becomes infinite 
only as IP. On the right side Ax is everywhere zero, for v x and v 2 
have the same sources, so that v x — v 2 is certainly free from sources. 
We therefore obtain, for the vector w = v x — v 2 = grad x> the result 

III |w|Mr=o, 

which can only be true if the vector w vanishes everywhere. The 
two solutions v x and v 2 accordingly coincide, i.e. the problem stated 
can have but one solution at most. A vector field which is irrotational 
and free from sources throughout , and which vanishes at infinity , must 
therefore vanish everywhere . 

To find the solution explicitly, we now apply Green’s theorem to 
our problem, in the form (13): 

IK* =///» ^ 

where for <£ we take the potential function 
required, and put 

T r 

r standing for distance from the point P at 
which the value of <j> is sought. As the 
boundary of the integration space we choose: 

(1) a closed surface tending to infinity, 

(2) small spherical surfaces round the point 
sources e v . . ., e h and the field point P 
(fig. 3). Prom the considerations just cited it follows that the 
external surface in the limit contributes nothing to the left side 

(E 484) 2* 



Fi£. 3 
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of (13). The sphere round the first source contributes 

//(O-MSK 

for, according to condition (o), in the neighbourhood of the source 
may be put in the form <f> = ejr + a finite part, and the finite part 
can contribute nothing when the sphere contracts to a point. The 
term (%/r) . dtp/dn contributes nothing either, for the surface area 
vanishes as r 2 in the limit . Also i fi may be taken as constant, and equal 
to 1 fr v the reciprocal of the distance of P from the source. 

There accordingly remains as the contribution from the first source 



and similar ly for the other sources. Nest, the spherical surface round 
P contributes 

I IQ S -♦•*)*• 

A calculation similar to that given for the sources shows that in the 
limit when the volume of the sphere vanishes this becomes 

On the right side of (13) we are given A j> = — 47 rp, and A^ is zero 
everywhere. Hence we have 

s fca_4„l(r)-_ fff&IT 

as the equation giving the potential this agrees exactly with 
the value conjectured above at equation (22), p. 2 4. 


B. Surface Distributions of Sources. Simple and Double Strata. 



Fiff.4 


Up to this point we have made the 
stipulation that the potential <j> and the 
vector v=— grad <£, apart from indi- 
vidual points (sources), are everywhere 
to be finite and continuous functions of 
position. We shall now, as a preliminary 
to the discussion of surfaces of discon- 
tinuity, consider the problem of a circular 
disk throughout the volume of which 
there is a uniform distribution of 


sources, the radius of the disk being 
a and its thickness 77 . We confine ourselves to the calculation of the 
potential on the axis of the disk, which we take as axis of z (fig. 4). 
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If p is the constant strength per unit volume of the disk, then a circular 
ring of radius r and width dr produces at the point (0, 0, z) the potential 

7)p . 2v rdr 

Vr a + 2 a ' 

The potential of the whole disk is therefore 

= 2t njp 2n7]p [V a 2 + z 2 — Vi 5 ] ■ (23) 




Here we have assumed that rj is small compared to z. We now pass 
to the limit rj = 0, p = <x> , in such a way that the surface density 

co = rjp 


remains constant. Along with the potential 

</ ){z ) = 2 7toj[V a 2 + z 2 — Vz 2 ] ... (23a) 


we consider also the current velocity v (v x and v y must from symmetry 
vanish on the 2 -axis), 


= — 2irwf- 




What we are chiefly interested in is the behaviour of our solutions 
when wo pass from one side of the disk to the other (figs. 5, 5a). 

For large values of z the potential <f> has the value ctma 2 / 1 z j. At 
the disk itself, cf> is continuous, having on both sides the value 27rcoa; 
on the contrary, v z is positive on the ^-positive side, but negative on 
the 2 -negative side. For z = 0, we obtain, according as we approach 
2=0 through positive or negative values of z, 

V +Q = 2tT(0, V_q = —27TCO. 


Generalizing this result, we are led to the theorem: When we cross 
a surface layer of sources (a simjple stratum) of strength co per unit area 
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[the surface divergence), the potential 6 changes continuously, hut the 

normal component of its gradient, i.e. = — v„, changes abruptly by 
the amount imu. ° n 

The proof of the theorem is as follows. Let aa arbitrary surface 
S be given, on which the surface density w is a given continuous 
function of position. Suppose that we pass through the surface (in 
the direction of the normal) at the point P. If we cut out of the surface 
a small circular disk round P as centre, we can divide the action of 
the whole surface into two parts; first, the action of the disk — as 
shown above, this produces a sudden change of amount 4wco in v„, 
but no sudden change in <f> itself; secondly, the action of the rest of 
the surface— this, being due to sources all at a finite distance from 
P, cannot produce discontinuities of any kind. 



Fig. 6 



Fig. 6a 


„ ftS n ° w proc ® ed *0 coasid er two parallel circular disks at a distance 
Ld ^ e ^ ual and °PP°site surface densities 

the noten+inl z on ax * s ’ disk produces 

5S tial #*) fa 7 (23a), the -« disk the potential -6(z + v ). 
Hence the result on the whole (provided v is small relative to z) is 


and 






: 27 Tcorj 


V (a 2 + Z 2 ) *’ 


(23c) 


W ^ 40 I to zm. in uu* . way 

T = QJY] 

by“tu s * e i tS to'rr'" 1 f <huiie 
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When we cross a double stratum, of moment r, the potential <f> changes 

suddenly by inr, but the normal component = — v„ undergoes no 
sudden change. ° n 

With the help of these results we can now 
see at once what effect is produced on an v/' 

irrotational fluid motion by assigned sudden 1 

changes of <f> and v n at a given surface S. 1 / 

We distinguish the two sides of the given / 2 

surface by suffixes 1 and 2; n x and n 2 are the ? 

outward normals of the regions bounded by A 

the surface, or, in other words, the normals 

drawn from the interiors towards the surface Fig. 7. 

(cf. fig. 7). 

The discontinuity in the normal component of v is then v ni + v n ,. 
Let now the discontinuities of v„ and be assigned as functions of 
position on the bounding surface S or, as we may write it, S 12 : 

= -(», + «„,)} (24) 

^r=9i — <f>2- J 

From the results already found we miglit anticipate that an element 
dS 12 of the surface acts on a point P(cc, y , z) outside the surface (1) like 
a source of strength codS 12 on account of the discontinuity in v n , 
(2) like a double stratum of moment rndS 12 on account of the dis- 
continuity in 0. Here n is that normal unit vector which points from 
the lower to the higher potential (the direction n in fig. 7 corresponds 
to the case fa > fa). Wo therefore expect, from (15) and (20), that 
the contribution of dS 12 to the potential at a point P is (cf. p. 23) 

- (jndS n . grad/i), 

and therefore that the total potential due to our surface of discon- 
tinuity is 

4> —f f ~ dS ia —J ( n ^ 12 - • • (25) 

We shall now verify this formula by means of Green’s theorem 

We again denote by r the distance from the field point P, and put 

f- 1 . 

r r 
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Let <j> be the required, potential possessing the properties of dis- 
continuity at the surface S 12 which are assigned by (24). Everywhere 
else we are to have A<£ = 0. 

As the boundary of the integration space we now take: (1) an 
external surface, which (as in § 7, p. 25) we send to infinity and which 
contributes nothing to the surface integral; (2) a sphere round the 
field point P (the surface S 3 in fig. 8) which, as shown in § 7, contributes 
to the surface integral 

&P).I.4^ = M(P); 


(3) a surface or surfaces S v S 2 enveloping S 12 and excluding it from 
the integration space. In the region thus bounded, <j> and ip are every- 
where finite and continuous, and satisfy the equations A<£ == 0> 
Ai/r = 0, so that the right-hand side in Green’s equation is zero. 
There therefore remains only 


^ =//,(*%- * t) iS > +//..(* sH sD ^ 



Next, on the right side, take together each pair of 
elements dS 1 and dS 2 which face each other (fig. 8). 
Taking the normal direction n of the given surface 
to coincide with we have % = — n, n 2 = n. Thus 

dtp 8 /1\ _ dip _0_ /1\ 

StIj dfi \ r) ’ dn 2 cn \ r) ' 


On taking 8 t and S 2 together, we obtain an integral over the surface 
of discontinuity: 


If in this we put 

*= 1 ’ ^=(^grad^) = -(n,gra d ^), 

and also introduce, in place an d of <p x — <£ 2 > the discon- 

tinuities assigned by (24), we obtain exactly formula (25). 


9. The Uniform Double Stratum. 

A double stratum of moment t produces according to (25) the 
potential 

<£=/ JV^ngrad^dS^. 
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This expression admits of an important transformation. If r is the 
vector drawn from the field point to the element dS 12 , then 



so that 


(n.grad, 


(nr) _ cos(n, r) 

*3 #2 * 


The potential therefore becomes 

* — //■ 


_cos(n, r)^ 


cos(n r)dg 13 = ^ 
r 2 


is the solid angle under which the surface element dS 12 would be seen 
by an observer at the field point. We thus obtain 

— ffrdCl ; (26) 

where <2£2 is to be taken positive or negative according as the observer 
at the field point has the positive or negative side of the surface 
element next to him (fig. 9). 




Fig. 9 Fig. io 

When t is constant over the surface, the double stratum is said 
to be uniform. In this case (26) assumes the simple form 

<j) = rQ. 

The potential of a uniform double stratum of moment r is equal to the 
product of r and the solid angle £2 under which the curve bounding the 
double stratum is seen from the field point (fig. 10). 

If we contract the boundary curve to a point, we obtain a closed 
double stratum. For this, £2 becomes zero at a point outside the 
surface, but 2tt for a point within it. Hence if a uniform double stratum 
is closed (with its positive side outwards), <f> = 0 at all exterior points, 
but <j> — —47 rr a.t all interior points. 



32 


VECTORS AND VECTOR FIELDS 


The current v = — grad <f> produced by a uniform double stratum 
is found from the following consideration. If S<£ is the change m <p 
for a displacement Sa, then (v . 8a) = —B<f> = — t SQ. Here oii is 
the change in the solid angle due to the displacement of the field point 
by 8a. Clearly we would obtain the same change SQ if we kept tne 
field point fixed and displaced the double stratum by —8a. In _ ttus 
displacement a line element da of the boundary curve sweeps out tne 
element of area —[8a . <2s], which is seen from the field point under 
the solid angle 

__ (r[8a . da]) ([da . r]8a) 

r 3 r s 

From this 8C1 is obtained by integration over the boundary curve. 
Thus r , *i 


for every direction 8a; therefore 




(26a) 


10. Curl, and Stokes’s Theorem. 

At p. 15 we called a vector field irrotational, if for every closed 
path the line integral 

£ v a ds • • ' 

vanishes. The necessary and sufficient condition for this was found 
to be that v must be expressible in the form (—grad <j>), i.e. that a 
scalar <f> must exist such that 



dy Vv 



But from these relations it follows at once that for an 
vector v the three quantities 



dv t 

CV v ' 


dy 

dz 


dv x _ 

dv. 


dz 

dx 


dv v 

£ 

CD 

W Z = 

cx 

dy 


irrotational 


(28) 


must be everywhere zero. This suggests that the three quantities 
w x , w v , w z should be taken as a measure of the intensity of rotation 
in the vector field. 
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Wo shall eventually (see p. 35, at equation (30)) prove that the 
quantities w x , w v , w z defined in (28) represent the components of 
an actual vector (cf. p. 6), which we shall denote by the symbol curl v. 
We therefore (in the first instance purely formally) write equation (28) 
in the form 

w = curl v, (28a) 

or 




dys 


In order to bring out the connexion 
between the line integral (27) and the 
new quantity w, we begin with the case 
(fig. 11) of an area in the plane of xy , 
round which we make a circuit in the 
positive sense, i.e. in such a sense that 
the circuit has the right-handed screw 
relation to advance along the positive 
direction of the 3-axis. For this circuit 
we calculate the line integral 



j)v s ds = (v w dx + v v dy). 


In calculating the first term J v x dx, we take together the two elements 

of the curve corresponding to the same dx (for y' and y'\ where y' > y' f ). 
Here dx is positive for the smaller value y" of y. The contribution from 

these two elements to Jv x dx is therefore 

-dx {v x (y') - v x {y")} = -dx .J* j? d y. 

Hence altogether 

§vjx = -fj %-jjdxdy. 


the iutegral on the right being taken over the whole area. Treating 
the term J v„dy in a similar way, we therefore find 

The integrand on the right is precisely the quantity w z introduced 
in (28). If we choose 8 so small that w z may be regarded as constant 
within S, then 

<£v z ds=z w, S; 



8 i VECTORS AND VECTOR FIELDS 


or — somewhat more exactly— 


Wz 



( 29 ) 


Thus iu order to define the quantity w z at any point of the field we 
can either calculate the derivatives appearing in (28) or — and this 

is a more suggestive method — we can form the integral j)V s ds round 

an area S including the point in question, so that the right-handed 
screw normal is parallel to 0 z, and divide the integral by the area; 
w z is then, by (29), the limit to which the quotient tends for S tending 
to zero. Similarly we can of course obtain w x and w y by taking the 
directed normals to the chosen areas parallel to Ox and 0 y. 

We now inquire: how may the quantity 

. lim i (f v s ds 

s- 0 ° J 


be represented if we take the normal n to S in any arbitrary direction, 
say with direction cosines cos(n, x ), cos(n, y), cos(n, z)? Take the origin 
of co-ordinates near the element of area, so that in a region containing 
the element S we can represent the vector v by the first few terms of 
a Taylor expansion, 


v w = 


*+&).•+($).»+(&) 


2 . 

0 


with corresponding expressions for v„ and v z . When we insert these 
values in 

j) v a ds = j) [v a dx 4- v y dy 4- v z dz), 


the terms in v Xt and (dv x jdx) Q vanish, since the integrals 
v x ,fdx and 


are clearly zero. There only remains then 

§ = 

But the integrals which. appear on the right are simply the projections 
of the given area S on the three co-ordinate planes. In fact, taking 
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account of the algebraic signs of the integrals as depending on the 
currencies of the paths, we have 


. . (30) 


S cos(n, z) = 

S cos(n, y)= <j) zdx — — £ xdz , 

S cos(m, x) = j) ydz — — 

The result is therefore 

+ oos(u ,*)(%- If) 

+ co.(n, S )(^-|-)J 

Until we had proved this equation we had no right to call the 
quantities w x , w y> w z introduced in (28) the components of a vector. 
But we can now do so, for (30) states that for a small area S, oriented 
in any way and having the right-handed screw normal n, we have 

j)v s ds = S .w n — S ,\w \ .cos(n, w). . . (30 a) 

In words: “the line integral £v 3 ds is equal to the product of the area 

enclosed and the component of the vector curl v in the direction of 
the normal to that area 

This theorem contains at the same time a definition of curl v which 
is independent of co-ordinates. 

Stokes’s Theorem . — Equations (29) to (30a) hold rigorously only in 
the limit S = 0. With their help, however, we can at once deduce 
a general theorem for a line integral taken 
along an arbitrary closed curve. For this 
purpose consider a surface bounded by the 
given curve s, but otherwise quite arbitrary. 

By the currency assigned to s, every element 
of this surface has associated with it a normal 
direction definitely fixed by the right-handed 
screw rule. We divide up this surface into 
elements of area dS v dS 2 , dS z , &c., all small 
(fig. 12). If for all such elements separately 

we now form the integrals fv 3 ds, and add these elementary contour 
integrals, the contributions arising from the common boundary of any 


d , s i dS 2 



Fig. 12 


two elements (e.g. dS x and dS 2 ) exactly cancel each other, since they 
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always occur in pairs, and that with opposite signs. Thus after addi- 
tion there is left only the integral over the original bounding contour 

$ B v ° ds== f^ ds +f ds ?‘ ds + --- ■ 

We can now apply our equation (30a) to every separate surface element. 
We thus obtain Stokes’s theorem 

j)v e ds=J fw n dS; w = curl v. . . . (31) 

It is to be noted that the surface S was taken quite arbitrarily through 
the given space curve. If then we take two different surfaces S x and S% 
through the given curve, we must by (31) have 

J J w n dS t = * J J w n dS z . 

But the two surfaces together define a region of space, of which they 
form the complete boundary. If in the last equation we reverse the 
direction of the normal to one of the surfaces (say S 2 ), then 

J J'W n <LSi+ j jw n &S 2 = 0 , 

and this is the total flux of the vector v out of the space bounded by 
the two surfaces together (fig. 13). We see therefore that the vector 
w = curl v is always solenoidal , i.e. the relation 

div curl v = 0 (32) 

holds in all cases; as may also be proved at once 
from (28). 

We shall now calculate the vector curl curl v, of 
which use will be made later. Its cc-component is 
obviously 

(dvy _ 1 ('K _ 

dy\dx ty) dz\dz dx) 



so that in vector notation we have 

curl curl v = grad div v — Av ( 33 ) 

Further, we have of course always 

curl grad <£ = 0 (34) 

We shall also use later the relation 

div [AB] = cur l A) — (A curl B), . . . (35) 

which is true for any two rectors A and B, as may easily be verified 
by writing it out in terms c °-° r dinates. 
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11. Calculation of a Vector Field from its Sources and Vortices. 

We saw in § 7 (p. 24) how an irrotational vector field can be cal- 
culated by a general process when its sources are given. In this section 
we shall deal with the general problem of calculating a vector field 
whose sources and vortices * are prescribed. As before, we assume 
that all sources and vortices are at a finite distance. The problem 
therefore is, to define a vector field v so that, simultaneously, 

div v = 4 irp (36a) 

curl v = 4vc, (366) 

the scalar p and the vector c being given for every point of space. 
Here c cannot be assigned quite arbitrarily; in fact, in view of (32) 
we must have 

div c = 0 (36c) 

everywhere. That at most only one solution can exist of equations 
(36a, 6) follows from the theorem proved in § 7 (p. 25) to the efEect 
that a vector field which is everywhere irrotational and solenoidal 
must vanish. For the difference of two solutions must necessarily 
satisfy the equations div v = 0 and curl v = 0 throughout the field. 

We proceed to investigate the solution of our problem. For thi3 
purpose we split up the vector v of which we are in search into two 


parts v x and v P , 

v = v x + v 2 , (36 d) 

and try to satisfy (36a, 6) by assuming 

curl v x = 0, div v x = . . . (36e) 

curl v 2 = 4vc, div v 2 = 0 (36/) 


We thus split up the required vector field v into an irrotational field v x 
having the prescribed sources, and a solenoidal field v 2 having the pre- 
scribed vortices. 

This splitting up can certainly only be done in one way. For the 
irrotational part v x is, by § 7, uniquely defined by the condition (36e). 
We can even give its value explicitly; Vj is derivable from a potential 
<j>, with - - - - 3T7 

▼i= — grad <[>, where <f>= j J ■ • (%) 

We are now left only with the problem of defining the solenoidal 
field v 2 in accordance with (36/). But the solenoidal property allows 
us to express v 2 as the curl of another vector A, 

v 2 = curl A (36A) 

♦ Ger., Quellen und Wirbeln. 
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The vector A so defined is called the vector potential of v 2 . And just 
as the first equation (36$) only defines within an arbitrary constant, 
so we can add to the vector potential A an arbitrary irrotational 
vector, without (36A) being thereby altered. We shall take advantage 
of this part of A which we can still choose arbitrarily, to subject A to 
the restrictive condition, 

div A = 0 (36i) 


In terms of A (36 f) becomes 

curl curl A = 4rr0. 

Hence by formula (33), taking account of (36i), we have 

AA = — 4ttc, (36&) 

an equation exactly analogous to Laplace’s equation for the scalar 
potential 

A <£ = — 4irp, 

the solution of which has already been given in (36$). The analogy 
enables us to write down the solution of (367c) at once. It is 

A -///!? m 

We have accordingly solved the problem with which we started. The 
result runs 

v = — grad cf> -f- curl A, 

♦-///*£ A = ///5f 

It only remains to assure ourselves that the vector field given by (362) 
is actually solenoidal, as is required by (367). Now in the first place 
(36Z) obviously gives (cf. p. 23) 

317 A —///(• iM, J) If —///(. gr»d, 1) dK 

U “ 0 ’ ■ (c grad. )) = div ()) — * div c. 

But by (36o) c must always be given as a solenoidal vector, so that we 
find 

A “ - /// ^ (')iF _ - /// «JS. 

Now the whole vortex system is interior to $; consequently c n = 0 
at every point of S. The vector A is therefore actually solenoidal. 
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If in equation (10), p. 19, we take grad i/r = v x , A = v 2 , and apply 
the equation to the whole field, the surface integral vanishes in the 
limit when the surface is pushed to infinity. Hence 

fff (v x . v 2 ) = 0, (36?») 

We have therefore the theorem: 

The volume integral, taken over the whole system, of the scalar product 
of an irrotational and a solenoidal vector is always mo. 

12. Time Rate of Change of the Flux through a Moving Element of 
Area. 

Let A be an arbitrary velocity field, which may vary with the 
time, so that A is any (continuous and differentiable) function of 
x, y, z and t. Then JJ4 n <is is the flux through or across a surface S, 
i.e. the volume of fluid passing across S per unit time. If the surface 
is at rest, the time rate of change of the flux is 

But if the surface S itself is moving, the mere change of the position 
of S in the field A will cause changes in the flux. We now define a 

new kind of differentiation with respect to the time by the symbol 

• 

A as follows: 

d s ffA„iS=ffA.iS. (37) 

A is therefore a vector the flux of which across the moving surface is 
equal to the tim e rate of increase of the flux of A across the same 

surface. In order to calculate A, we must of 
course know the motion of our surface exactly. 

Let this motion be described by the vector u, 
which we suppose to be given for every element 
dS of the surface and to represent the velocity 
of the element. 

Now let Si (fig. 14) be the position of our 
surface S at time t — dt , and S 2 its position at 
time t. We obtain S 2 from S x by giving every 
surface element of S ± the displacement u dt. 

The surfaces S x and S 2 , along with the small 
strip traced out in the motion by the curve which bounds them, 
include the volume dt .\\u n dS. 
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calcukte^o^thf^fSSce 1 betwe^+lf fl aCr ° SS S is nOW to be 

and the fit* across S t ^ ^ 8 * &t ^ * 

|/ fd n dS = t_ dS* - fJA . as, 

5 0x - sbaped space bounded b ? 

Here the normal to & is h q ® * beir , ed ® es > and that for the time t. 

OM. Alee S&tS “““ 10 S ‘ fte 

value and outward noS? 8 de face > as re g arda both numerical 
theorem gi^s 1 dffeCtl0n ’ 13 § iven b T t* Hence Gauss’s 

If*. A «.* dS a +dtf (A[*u]) - fj^ A„ ii dS l 
We lav. tote 

Hence, by subtraction, 

ff A n, tdSz-f J~A ni t _ it dS t 

~ ^{f f A » dS i + f f (div A K^- / (A[dsu])|. 
t he iast term on the right cau be transformed by Stokes’s theorem: 

f m * ] = = f /(curl [uA]) n ^ 

so that we obtain finally 

S / f A - d8 =ff{A,+ «»divA-(, !m l[ llA])- }, K 

“■ d ‘ tembe “ .*> !“*»' i «-* V (37), via. w. W e 
T . ~~ A + ndivA -curl[uA], . . . / 37ffl) 

case i when^ S SaSSThe mw' °? arly “P 01 ^ 11 * in the 
duction through a moving coil. te °* cban ° e °* Anx of in- 

13. Orthogonal Curvilinear Co-ordinates. 

instead ^fa’cSian co-mdS^/ 411 b ® sb ? plified h 7 choosing, 
which takes advantage of the Telatio^’ an ° tber kind of system 
particular problem £der cons Solved L the 

tl0n . L et the new co-ordinates 
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u 1; « 2 , m 3 be defined by specifying the Cartesian co-ordinates as, y, 2 
as functions of u v w 2 , w 3 : 

a = a(w!, m 2 , w 3 ), 

y = */(%> « 2 . «s)> 

a = Z^, M 2 , Mg). 

We confine ourselves to the case when the three families of surfaces 
m,l = const., m 2 = const., m 3 = const., are orthogonal to one another. 
In that case the line element ds — -\/{dx 2 dy 2 + dz 2 ) is given by the 
expression 

ds 2 = k^duj 2 + l£dul + . . • (38) 

where h 2 , h 3 may be functions of %, m 2 , m 3 . Also, we adopt the con- 
vention that the new co-ordinate system shall be a right-handed 
system, like the old. 

Consider the infinitesimal parallelepiped, 
whose diagonal is the line element ds, and 
whose faces coincide with the planes tij, or 
w 2 , or m 3 = const. The lengths of its edges 
are then (fig. 15) h^di^, h 2 du 2 , h 3 du 3 , and 
its volume is 'h 1 h< i h 3 du 1 du 2 du 3 . Further, let 
« 2 , m 3 ) be a scalar function, and A a 
vector field with the components A v A z , A a 
in the three directions in which m 2 , Mg 
increase. 

For the ^-component of the gradient of <f> we have at once (fig. 15) 



(grad^to^-^, 


dui**0 


or 


(grad^=i 


(38a) 


and similarly for the directions 2 and 3. _ , 

To calculate the divergence of a vector A we go back to Uausss 
theorem. The flux through the area OBHO, taken in the direction 
of the outward normal, is —AJi^du^du^, while the flux thxoug 
AFGJis a 7 7 

A 1 h 2 h z du 2 du 3 + ~ 

From these and the corresponding expressions for the other two pairs 
of surfaces, using the result 

div A . = J j A n dS, 

we obtain the equation 

<S8J> 
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The component 1 of the curl is found by applying Stokes’s theorem 
to the surface OBHC. Here we have 

/ B A * ds + J°A a ds = ~ (A z \du z )du 3 , &c., 

and similarly , by cyclic changes of the indices, for the directions 2 
and 3. 

■^ na ^y’ Laplace's operator A = div grad is obtained by combining 
(38a) and (386): J s 



We shall now apply these general formulae to two special cases which 
are particularly important in applications. 


(a) Cylindrical Co-ordinates. 


x—r cosa 
y = r sina 

z = z 

ds* = dr 2 + r 2 d a?+dz\ 
We have therefore in this case 


«! = r 
u 2 = a 
u 3 =z 


and 


*i=l 
h 3 = r 
h 3 = 1. 


Hence, by equations (38a) to (38d), 

47 A= ;s K) +f^+p 


1M*. 

94 a 

r 3a 

02’ 

04, 


dz 

dr’ 


rdr\ dr) ^ r 2 3a 2 + 328" 


(38e) 
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(6) Spherical Polar Co-ordinates. 

x = r sinfi cosa 
y = r sin# sina 
z = r cosd 

ds 2 — dr 2 + r 2 sm 2 6da 2 + r 2 d0 2 . 
We have therefore in (38) to (389) to put 


Then 


Uy=r 

u 2 = 9 

u 3= a 


h x = 1 
and h« , — r 


, = r sinfl. 


grad, <f> = grad fl ^ = grad tt <f, = A* % 


dr’ 

divA =^|(^)- 


r sin.9 da’ 

1 9 . . a . , . 1 34. 

■ sind 99 Sm 6 r sin9 da 


(curl A) 9 : 


1 94_ r 

r sin# 9a 


1 a(r4 a ) 

r 0r * 


= r 5 0? ( r2 0f) + r'aiO 09 dt) + r 2 sin 2 0 da 2 ' 


(38/) 


14. Tensors. Polar and Axial Vectors. 

As we saw at equation (9), p. 6, a vector a gives us the means of 
associating any direction s in space with a scalar 

a 8 = a x cos(s, x) + a v cos(s, y) + a z cos(s, z), 

the component of the vector in that direction; a 8 is a homogeneous 
linear function both of the vector components a x , a y , a z and of the 
direction cosines of s. 

Now it often happens in physics that a vector q is associated with 
a direction by the above law: 

q = q x cos(s 5 as) + q 2 cos ( s > V) + ^3 cos ( s > Z Y* • • 

where we have three vectors q l3 q 2J q.3 associated with the directions 
x 9 y, z instead of the three scalar components a x , a v , a z of a vector a. 

Likewise, just as the three scalars a X9 a V) a z associated with the 
co-ordinate directions define a vector a, so the three vectors q l9 q 2 , q$ 
may be blended together to form a new hind of quantity (or magnitude) 
which we call a tensor. By the components of the tensor we mean 
the 3x3=9 components of the vectors q l9 q 2 , q3* 
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Since the direction cosines in (9), p. 6, or in (39), aro the com- 
ponents of the unit vector s, we can also write 

a = + W + (39a) 

for t3iis we use the condensed notation 

Q.S, 


and we say that the vector q is produced by multiplication of the 
tensor Q by s. We can also in the same way multiply Q by any othex 
vector r of length | r | = r; we thus obtain 

Q.r= «!*■« + r y +<k r z 

= rfo cos(r, x) + q 2 cos(r, y) + q 3 Cos(r, z)]. (396) 


Z 


Thus by means of the tensor Q every vector r is associated with a 
vector Q . r, the relation between the two vectors being linear and 
homogeneous. 

In order to justify the introduction of tensors as magnitudes of 
a new kind, we may point to the fact e.g. that the ee state of stress ” 

at a given point of a solid body 
is represented by a tensor. 
Through a point P of the strained 
body we take an element of area 
dS, to which we assign a normal 
direction s. If in imagination we 
remove the matter adjacent to dS 
on that side of it to which the 
vector s points, then in order to 
keep the remaining part of the 
body, in position we must apply a 
certain force distributed over dS. 
Dividing this force by dS so as 
to make it refer to unit area, 
across the at** l we a certain stress T acting 

sr fags * *• ■"» 

element of area through P and orieiltat . 1011 of tlie 

there thus correspond £ess vector t *’ 

stress vectors, conesDondino +-u ' . ” e ar © these 

one another? Take a^rectanLln ^ v ^ 10us directions s, related to 
and cut out of the comer o^the Sys . te ? 1 . with P as origin, 

hedron (fig. 16), the area of an infinitely small tetra- 

* to which has the components s 86 - ^ and tlle outward normal 
The areas of the other faces nw> +T, * jo COaa> Sv ~ C0S A s z = cosy, 
stresses acting on these are — T ^ t ^ °m Sa ’ f 8 cos & dS coa y> the 

b A *> ~ T s. where T 1# T 2 , T s are the 
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respective stresses corresponding to the positive directions of the axes 
of x, y, z. (The outward normals of the faces are in the negative direc- 
tions of the axes.) If the stress on the base is again denoted by T, 
the forces acting on the tetrahedron are T dS, — T x d$ cosa, — T z dS cos/3, 
1 3 dS cosy. The equation of equilibrium is therefore 

1d8 — TjdS cosa — T z dS cos/? — T a dS cosy = 0; 

and the relation required is 

T = T x cosa + T 2 cos/? + T 3 cosy. . . . (40) 

Comparison with (39) shows that the state of stress at any one point 
of a solid body is a tensor; it is given if the stresses T 1; T 2 , T 3 corre- 
sponding to the directions of the axes are given for some co-ordinate 
system; the stress T across any area is a linear homogeneous function 
of these, and also of the direction cosines of the normal to the area. 
T v , T z are the components of T parallel to the axes, then from 

T a = T u cosa + T 12 cos ft -(- T 13 cosy, 

T v = T a cosa + T 22 cosjS + cosy, 

— T u cosa + T 32 cos/? + T 33 cosy; 

where e.g. T 21 is the ^-component of T x . In the special case of a stress 
tensor, these tensor components satisfy the condition of symmetry 

T ik = Tjtf, 

the significance of which we shall see presently. 

Another example of a tensor is obtained as follows. 

We saw at equation (la), p. 14, that the rate of increase of a scalar 
field <f> in any direction is given by the corresponding component of 
a vector, viz. the gradient of <f>: 

| = Tx C0S(S ’ ' x)+ fy C0S(S ’ y) + Tz C0S(S ’ Z) * 

If then a vector field is given, by every point of a region in space being 
associated with a vector a, each of the components a x , a y9 a Z) con- 
sidered by itself, constitutes a scalar field. Applying (la), p. 14, to 
these, we have 

w = cos(S) + jy cos ^ y) + % cos ^ *)» 

& = li cos(s> x) + ty C0S(S) y) + IS C0S ( Sj ^ 
ii = IS cos ( s » *) + cos ( s > y ) + w cos(s< 2)> 
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Multiplying these equations by the fundamental vectors i, }, k and 
adding, we obtain 


3a da 


da 


\ , G U 


da , 

2 -" ai ”"as 


,,y) + ^cos(s, z). . (41) 

While therefore the rate of increase of a scalar field defines a vector, 
tae derivative of a vector field is given by a tensor. 

n 2 ' We may make a physical ap- 

plication of this result. The most 
general distortion, or strain, of a 
body is defined when the displace- 
ment vector a is known for every 
point. Consider a small vector 
ds with components dx, dy, dz, 
connecting two particles of the 
body which is to be subjected to 
. the strain. If a(a;, y, z) is the dis- 

of fho i°^ y> 2 )> ^ en the change in da is the difference 

or the displacements of its ends, which is (fig. 17) 



Fig. 17 


(%• 17) 

da ds=z % dx + Zr.fy + It 


dy 


dz 


(41a) 


^ 4 . ^?®).this total differential is to be regarded as the 

Kf/ tlie te ^ OT (consisting of the partial derivatives of 

the dispkcement vector field) and the vector dl 

dpnnfA ^ 0wm S “ l6 Ration used above for the stress tensor, we 
denote the components of a tensor by q n> q n> q n , ?21 , . . ., s0 that 

coordinate* c ? m P oneir k °f that vector which corresponds to the Ml 

Can Spht up tie vector equation (39) into the 
to ilo wing equations in components: 

2o = 2n r a + 2u r v + 2i3 r z , ' 

2 » = 4 - + ? 23 r *> ■ . . . . ( 416 ) 

2* — ?3i r » + q 3Z r v + q iZ r z . . 

rf °f this linear ayetem 

or equations, can be exhibited conveniently in the form 

?11 ?12 ? 13 ~ 

?21 *?22 ?23 

L ?31 ? 32 ‘‘? 33 J 

wdsl e mli C t f e \ a matrix - Tk Agonal running down 

whose two indWc “ gllt A wkc ^ c °utains those elements of the rna.trn 
whose two indices are the same, is called the principal diagonal I 
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elements which are images of each other in the principal diagonal are 
equal in each case, the matrix, as also the tensor whose components 
it contains, is said to he symmetric. Thus in a symmetric tensor we have 

?12 — 9il> ?13 == %1> ?23 = ? 32 ‘ 

If, on the other hand, the tensor components which are images of 
each other in the principal diagonal are equal but of opposite sign, 
and if the elements of that diagonal all vanish, the tensor is called 
antisymmetric, or sTcew-symmetric. 

If we have two tensors A and B, which on multiplication by the 
vector r give the vectors 

a = A . r = + H r v + 

and b == B . r = V* + b/„ + b 3 r„ 

then we have 

a -f* b — (a* + bx)?",, -f- (a 2 -f- b 2 )r tf + (a3 -f- b 3 )r x . 


Hence the vectors (s^ + b x ), (% + b 2 ), (a 3 + b 3 ), corresponding re- 
spectively to the three co-ordinate directions, define a tensor, whose 
product by r is a + b. We denote it by A + B, and call it the sum 
of the tensors A and B; its components are got by adding the corre- 
sponding components of A and B; its matrix is therefore 

"flji -f- b u a 12 + £>12 a i 3 + &13 

a 21 + £*21 a 22 + &22 ^23 4 “ ^23 I • 

- a 3l 4 “ &31 ^32 4 “ ^32 ^33 4 “ ^ 33 - 


Any tensor whatever can be expressed as the sum of a symmetric and 
an antisy mm etric tensor. For, by the addition rule, we have 

?11 ?12 ?13l [“ ?U i(?12+?2l) i(?i3 4- ?3l)“ 

?21 ?22 ?23 ^ i (?12 4 “ ?2l) 

L?31 ?32 ffssJ U(?13 4-?3l) 

0 

4 - i (? 2 i £ 12 ) 

-4(?31 Sit) 


i (?23 4 “ ? 32 ) ?33 

i(?12 “ ?2l) i(?13 ?3l) 

0 i(?23 ~ ?32) 

J(?32 “ ?23) ® 


We have now to inq uir e what properties of a tensor are independent 
of the particular position the co-ordinate axes may chance to have. 
With this end in view, we write ( 416 ) in the abbreviated form 
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where we are denoting the x, y, z components of the vector a by ?i> 
q s . If we now rotate the axes, so that ql and r/ are the components 
of q and r with respect to the new co-ordinate system, there will be 
another relation 

2 /=SgV; m 

s 

between these quantities. The rotation of the axes is specified by the 
nine direction cosines a ik of the new axes relative to the old. We have 
then 

ql = 2 a t -,< 7 s ; r s ' = 2 a eJc r k ; (41e) 

* k 

and the cosines a ik are subject to the conditions of orthogonality 
2 a is a ir = 8 sr , and S a si a r j= S sr , . . • (41/) 


the symbol S ar standing for 0 when s 4= r, and 1 when s = r. 

By inserting (41e) and (41c) in (41d), we obtain 

2 a is ?s/; 'T]: = is a slc r k' 
s t k s,k 

This equation must hold for any vector r. Hence we must have 

s s 

On multiplying by a rle and summing with respect to 7c, we find by 
(41/) the tensor transformation formula 

2 ir ~ ^ a is a rfc?s!e (412) 

s,k 

From (41#) we deduce at once: if for all indices q sk = q ks , then also 
q'ik = q'ki- On the other hand, if q sk = —q ks , then also q' ik == — 2jw- 
The property of a tensor, of being symmetric or antisymmetric, is in- 
dependent of the co-ordinate system. 


If in (41c/) we put i = r and sum for r, we find by (41/) 

E 2' rr =Sj„. 

r s 

The sum of the elements in the principal diagonal of a tensor (the 
“ spur ”) is therefore likewise an invariant. 

By (41 g), the 8-tensor 8 <s is not changed at all by rotation of the 
axes. Accordingly we also have 

2 iT ^ir = 2 a is a r k iisk — A8 a j), 

s,k 



VECTOR FIELDS 


49 


where A is an arbitrary number. Since tbe determinant of the cosines 
a ilc is equal to 1, tbe rule for tbe multiplication of determinants gives 
the important theorem: tbe value of tbe determinant 

I ffUL — ^ ?12 2l3 

SU • * * ( 4U > 

?31 ?32 ?33 ^ 


is independent of the co-ordinate system. It follows that each of the 
coefficients of tbe polynomial F(A) is an invariant. hi particular, 
roots A', A", A'" of the equation F(A) = 0, called the “ secular equation , 
are invariants , or have a meaning independent of axes . . 

A s an appbcation we shall consider tbe rate at which the stain 
in a moving continuum changes with the time, the velocity v at every 
point being supposed given. We wish to find the change whic es 
place in the distance between two particles in time «. Let two 
neighbouring particles he joined by the vector s, whose com]ronen 
are as*, cc 2 , a^. Then tie displacement of tie initial point of s m tune 
8 1 is vS t, and tiat of tie other end of s is (v + (grad v .s))5*. 1“ 
components of tie relative velocity of tie particles are tderetore 


given by 


k 03* 


The tensor which thus determines the rate of strain, may he 
separated into a symmetric and an antisymmetric part. 



The symmetric part 

Xi = 'ZiVftXk (ViJc — ®*«) 
k 

has a characteristic property which may he brought out as follows 
Let us try to find a vector whose direction is not changed, for tins 
we must put = As* The system of equations 

S*,*** =Aa* & ll) 

k 

has a solution other than 0 if, and only if, A is a root of the 
determinantal equation 

F(A) = | * ( *- AS,* | - 0. 

m , , w . nt , x' v' A'" of this equation corresponds, by (411), 

- 811 <41,) deto “ 
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vectors which preserve their direction in the symmetric strain. Ia 
this case, if we take the equations 

^v ik x k = A'as/> 

h 

and 'Zv ik x k = A "sc ", 

a 

multiply the first by x” and the second by x/ 9 subtract, and sum for 
i, we obtain, in consequence of the symmetry of v ik9 

0 = (A' — A") (xfxf' + a*V + ®bV)- 

Thus the “ proper vectors ” corresponding to two different values 
of A are at right angles to each other. The most general symmetric 
strain v ik consists therefore of dilatations or compressions in three 
mutually perpendicular directions . If the axes of co-ordinates are taken 
in these directions, then 

= \'x x ; x 2 = A"e 2 ; x 3 = A'"a? 3 . 


The rate of change of the volume V = x l x 2 x 3 is given by 

dV . . . . 

■^r = a?i»a»3 + + x x x 2 x 3 

- F(A' + A" + A'"). 

But the sum of the three roots A' + A" + A'" is the “ spur ” of the 
tensor (p. 48), and therefore invariant with respect to rotations of the 
axes (p. 48). Thus 

A' 4* A" + A'" == v n + % + v 33 = div v, . (41m) 


and we see that the divergence is the “ spur ” of the tensor dVi/dx k . 
Again, the antisymmetric part a ik (ilk) of our tensor, for which 

c^= x k9 dur^r a ki ~ 0, .... (41 n) 

k 

leaves all lengths and angles unchanged . To prove this, consider the 
time rate of change of the scalar product of two arbitrary vectors 
Xi and Xi': 

^ = ^(x/x” 4 “ x^x") 

= 4 " Y*a ik x k xl . 

i>h uk 

By interchanging the indices i and k in the last of these summations 
(a mere change of notation which does not alter the sum) we find 

^ x iXi' f = S %i'x k '{a ik 4* a ki ) 

= 0 , 
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* from which the theorem stated above easily follows. The tensor a ik 
must therefore represent a rotation. This may also be recognized at 
once, if we write 

^ == ^23 = — ^1* • • • (41o) 

Equation (41w) then runs: 

" ^12^2 + = ^2^3 — ^3^2> 

= ^21^1 4" ^23*^3 = ^3^1 — ^1^3 > 

^3 “ ^ 31^1 4 " ^ 32^2 == ^ 1^2 — ^ 2^1 • 

Comparison with (21a), p. 10, shows that (41n) does represent a rotation* 
and that the vector u defined in (41o) specifies the axis of rotation and 
the angular velocity. Further, by (41ifc) the vector u is connected with 
the velocity field v from which we started by the relation 

u ss J curl v. ...... . (42) 

Both the angular velocity u and curl v are properly speaking not 
vectors at all , but antisymmetric tensors. The name “ axial vectors ” 
is sometimes used for magnitudes of this kind, to distinguish them from 
ordinary or “ polar 5 ’ vectors. Another important example of an 
axial vector is the vector product of two vectors a { and b i9 which 
properly should be written as a skew-symmetric tensor 

c ik = — afc k + a k bi. 


The representation of a skew-symmetric tensor by a vector, as given 
in (41o), is only possible in three-dimensional space, and even then 
only in rectangular co-ordinates. In fact, as appears from (41#), the 
laws of transformation for vectors and antisymmetric tensors are not 
the same, unless the determinant of the cosines a ik is equal to +1. 
Even the trifling modification of taking the determinant equal to 
— 1 (signifying that the change of axes is from a right-handed to a left- 
handed system, or vice versa) is sufficient to bring out a difference 
in the nature of the two entities. Let us put, for example, a ik = — S a 
(i.e. take images in the origin). Then, according to (41e), the vector 
components become changed in sign while, by (4L?), all tensor com- 
ponents (and accordingly axial vectors) remain unchanged. 

In the preceding sections we may always recognize any axial 
vector that is introduced, from the fact that we require for its 
definition the idea of the right-handed screw. This idea, and the 
consequent restriction to right-handed co-ordinate systems, can be 
avoided altogether by always using the corresponding tensors instead 
of axial vectors. 

To sum up, we may say that for three-dimensional space we have 
in the vector product a very simple and easily visualized practical 
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means of representing a skew-symmetrio tensor. We must not forget, 
however, if we would avoid misunderstandings, that it amounts to 
no more than a practical rule, which is applicable only within a limited 
domain. 

In applications to physics, the tensors with which we mainly have 
to do are stress tensors. In the theory of Elasticity the stress tensor 
arises from the symmetrical part of the strain tensor, by applying 
Hooke’s Law. Since neither Hooke’s Law nor the strain tensor has 
anything to do with a privileged sense of rotation, it follows that 
the stress tensor also is symmetric, as has already been mentioned 
(p. 45). 



Part II 

THE ELECTRIC FIELD 


CHAPTER III 

The Electrostatic Field in Free Space 

1. Electric Intensity* 

If a stick of sealing wax is rubbed with a piece of catskin, these 
bodies and the space round about them are thrown into a peculiar 
condition, as is revealed by the fact that light particles in the neigh- 
bourhood are set in motion. We say that the rubbed bodies are 
“ electrified ”, and that the space surrounding them is an “ electric 
field”* The electrification is not irremovably fixed to the sealing 
wax and the catskin; it may be communicated to metals brought 
into contact with them. The process of rubbing is not the only 
means of producing the electrified state; a piece of metal which 
is in connexion with one of the poles of a battery also shows 
electrical actions, which continue even after the connecting wire is 
removed. 

Let an electrified piece of metal be at rest in air. The electric 
field in its neighbourhood is investigated with the help of a proof 
body , which may be, for example, a small ball of elder pith covered 
with gold leaf, and electrified by contact with the rubbed sealing 
wax or the catskin. The proof body is acted upon by a force F in the 
electric field. Suppose this force F to be measured; both its magnitude 
and direction will be different at different points of the field; even at 
a fixed point in the field they will vary according to the way in which 
the pith ball is electrified. With regard to the latter type of variation, 
however, a very simple law governs the result; if the proof body was 
made to touch the sealing wax, then the direction and sense of the 
force F, which acts on it at a given point of the field, are perfectly 
definite, and only its magnitude depends on the details of the process; 
but if it was the catskin which was touched, then the direction of the 
force is reversed, its magnitude depending, as before, on the nature 
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of the preliminary process. This suggests that we should put, for the 
force which acts on the proof body in the electric field, 

F = e . E, (1) 

where the scalar e depends on the electrical state of the proof body, 
while the vector E is independent of that state, but varies in magnitude 
and in direction at the various points of the field. Experiment shows, 
in fact, that if two proof bodies which have been treated in different 
ways are brought in succession to the same point in the field, the 
forces upon them are in a definite ratio, 

: : *2 (la) 

and that this ratio remains the same when the point varies. Experi- 
ment shows also that the magnitudes of the forces which act on one 
and the same proof body at different points P and P r of the electric 
field are in a ratio independent of the previous treatment of the proof 
body, or 

[ F [ : | F' [ = | E | : [ E' | (16) 

The statements (la), (16) are both included in (1). If e 1 is given for the 
first body, e 2 is defined for any other body by (la); E can then be 
found for individual points of the field by means of any proof body. 

The scalar factor e in the expression (1) is called the “ electric charge ” 
of the proof body or the quantity of electricity upon it; the vectorial factor 
E is called the “ electric intensity 5 \* Charge and intensity are both 
specified unambiguously by equation (1), provided that the unit of 
charge has been defined. The opposite senses of the forces which 
act on the proof body, after contact with the sealing wax and the 
catskin respectively, can be taken into account by dis ting uishing 
two kinds of electricity, positive and negative. The positive sign 
has been given, quite arbitrarily, to the electricity on the little ball 
rubbed by the catskin, and consequently the negative sign to the 
rubbed sealing wax. The direction of the intensity E is accordingly 
defined as the direction of the force which acts on a proof body which 
has been brought into contact with the catskin. 

The expression (1) for the force which acts on a charged body in 
the electric field, does not hold good without restriction. It ceases 
to hold exactly if the testing body is too close to the charged body, 
and that all the sooner the greater the charge on the small body. 
The expression becomes inexact in those cases also where the intensity 
varies too rapidly with change of position, and the more markedly 
so, the greater the dimensions of the proof body. Later on, we shall 
find out the causes of these divergences, and the expression for the 
force will be suitably completed in § 4, p. 91. Meantime, the proof 

* This vector is also called the “ electrio force ”, and the “ eleotrio field strength ”, 
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body which, we use must be sufficiently small and carry a sufficiently 
weak charge before we can determine the electric field by means of 
equation (1). 

It is a characteristic feature of Maxwell’s theory that it associates 
an intensity E with every point in space, and takes the vector field 
thus defined as the real subject of investigation. The physical signi- 
ficance of E consists to begin with only in the relation expressed in 
equation (1), which states: if a small charge e were brought up to the 
definite point of space in question, then the force F = eE would act 
upon it there. Maxwell’s theory then goes on to ascribe to this vector 
E a self-existent reality independent of the presence of a testing body. 
Although no observable force appears unless at least two charged 
bodies are present (for instance the charged piece of metal and the 
proof body), nevertheless we assert with Maxwell that the charged 
piece of metal by itself produces in the surrounding space a change 
of physical conditions which the field of the vector E is exactly fitted 
to describe. The primary cause of the action on a testing body is 
considered to be just this vector field at the place where the testing 
body is situated . As for the piece of metal, its part in the matter 
is merely to maintain this field. We speak accordingly of a theory 
of field action , as contrasted with the theory of action at a distance 
winch was current before Faraday and Maxwell, and which starts 
from the mutual action between two charges. 

2. Flux of Electric Force. 

We consider in the first place the electric field in free space , i.e. in 
a vacuum . One of the most important results of quantitative electrical 
theory before Faraday was Coulomb’s Law: two charged bodies, 
whose linear dimensions are small in comparison with their distance 
apart, act on each other with a force in the direction of the line joining 
them and inversely proportional to the square of the distance. Since 
either of the two bodies may be regarded at will as the proof body 
in the sense of the preceding section, we have 

m- V-* 

where the factor / is independent of the nature and position of the 
bodies. Further, F is a repulsion if e x and e 2 have the same algebraic 
sign, but an attraction if their signs are different. 

We can now introduce the absolute electrostatic system of measure- 
ment by laying down the definition: unit quantity of electricity is 
that quantity which acts upon an equal quantity at a distance of 
1 centimetre with a force of 1 dyne. This implies that the factor f 
in the above equation has the value 1. It then follows from equation 
(1) that the unit of E is also determined. 
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We can now describe the result of Coulomb’s experiments in. the 
language of Faraday and Maxwell, as follows: a point charge of 
electricity e produces in its neighbourhood an electric field E, which 
is given in magnitude and direction by the equation 


E = 


e r 

<*R 


(il 


Here r is the vector drawn from the charge to the field point. 

Comparison with our earlier results on point sources (p. 20) allows 
us to make the further statement: the electric field E due to a point 
charge e is identical with the irrotational velocity field which is 
produced in an incompressible fluid of density l/4?r by a point source 
of strength e. 

In particular, if S be any closed surface enclosing the charge e, 
we have 

J jE n dS = 4:7 re (2) 


We call E n dS the flux of force outwards across the surface element 
dS. Equation (2) therefore asserts that the flux of force outwards 
across a closed surface is equal to the point charge e within it, multi- 
plied by 4=7 t. 

When several charges act simultaneously on a proof body, the forces 
they exert are superimposed according to the law of vector addition 

F=F 1 +F 2 +. . . . 

In like manner, the intensities E ls E 2 due to the charges are also 
superimposed by the vector law. This experimental fact allows us 
to give equation (2) the much more general interpretation: the total 
flux of force outwards through a dosed surface is equal to the total charge 
contained within the surface , multiplied by 4w. 

This theorem forms a suitable point of departure for Maxwell's 
theory. The electric charges no longer appear as centres of force, 
but as sources of flux of force. 

We can now extend’ the results already obtained for surface and 
volume distributions of sources to the case of similar distributions of 
electricity. 

A volume distribution of charge, the density of which is p(x, y, z), 
produces divergence in the flux of force, given by 

div E = 4:7rp. 


A surface distribution of charge, of surface density co } produces a 
discontinuity in the normal component* of E, given by 

“(®ni+ -®n,) = 4flT(x)t 

* Each normal component is taken in the direction from the field to the surface, 
as in fig. 7, p. 29. 
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3. The Electrostatic Potential. 

The field due to a point charge, as defined in (1'), is irrotational. 
It can be expressed as the negative gradient of the scalar = e t jr: 


E m 


E = —grad <f>\ <f>—p 

S-? = l cos ( r > a; ); 


dx ' 


and similarly for E v and E z . 

It follows that the general electrostatic field deduced by super- 
position from the volume sources pdV and the surface sources tudS 
is also irrotational: 

curl E = 0 (3) 


It is therefore possible (p. 37) to represent the intensity of an electro- 
static field as the negative gradient of a scalar, single-valued potential 
<f>, or 

E = -—grad <f>, (3a) 


where cj> is called “ the electrostatic potential The decrease of from 
a point (1) to a point (2) is equal to the line integral of E, taken 
over an arbitrary path s from (1) to (2): 

/'Eds (36) 


The electrostatic field corresponds therefore in every respect to the 
field of an irrotational fluid motion, such as was discussed in an earlier 
section (p. 14). The strength e of the sources corresponds, by equation 
(2), to the quantity of electricity, which we have likewise denoted by e. 

If the distribution of electricity is given, the electrostatic potential, 
and with it the irrotational field E, are calculated by the methods 
explained in §§ 5-8 (p. 19). For a series of point charges, n in number, 
the potential (p. 20) is 


* 



( 4 ) 


for a volume distribution of charge 



and for a surface distribution 



(4«) 

(46) 


the field of a double stratum would be found by the method indicated 
in § 9, p. 30. 


(E 484) 


3* 
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4. The Distribution of Electricity on Conductors. 

A problem in electrostatics is not as a rule a mere matter of being 
given a distribution of electricity, and being required to find the 
potential by means of (4a) and (46). The distribution of electricity 
on metallic bodies is itself determined by certain conditions, to the 
definition of which we now proceed. We have already mentioned 
(p. 53) the property possessed by a metal wire, of communicating 
electricity to a body from the pole of a battery. A body which 
possesses this property is called a “conductor of electricity one which 
lacks it, an “ insulator ”. The two classes cannot always be strictly 
separated. 

The decision of the question whether a particular body is to be 
called a conductor or an insulator depends essentially on the period 
of time over which the observations extend. If we place the body in 
an electrostatic field, what happens in all cases is that a field is first 
set up in the interior of the body, so causing an electric current. This 
current tends to produce on the surface of the body a distribution 
of charge which in the interior of the body exactly compensates the 
external field. Supposing this state of affairs arrived at, we have again 
before us an electrostatic condition in which the field within the body 
is everywhere null. Now two extreme cases are possible. In the 
first case the time which elapses before this final condition is reached 
is small compared with the duration of the experiment (say 10~ 6 
second), and consequently we shall find the field within the body to 
be null all the time. We then call the body a conductor. In the second 
case the time is very great (days or months). The current referred 
to then becomes so small that within the period usually occupied by 
an experiment it does not appreciably affect the results observed. In 
this case we speak of the body as an insulator. Pure electrostatics 
knows only idealized bodies, namely those in which the time 
referred to above is infinitely short (“ metals ”), and those in 
which it is infinitely long (“ insulators ”). Metals, in the sense of 
the word used in electrostatics, are therefore characterized by the 
property that in their interior the field E is null everywhere. In 
other words: in the interior of a conductor the electrostatic potential </> 
is constant 

The field produced in a region of space which contains charged 
metallic bodies, but is otherwise free of charge, can therefore be 
described as follows. At every point outside the metals we have 

47 rp = div E = 0. 

In the interior of a metal there is obviously no charge, since there 
is no field there. There must, however, be a superficial distribution 
of sources on the outer surface , since a flux of force proceeds from it 
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outwards; tins has the value E n , where n is the normal directed into 
the outside space. 

The surface density co of the electricity, multiplied by 4 w, is equal 
to the flux of force across unit area, i.e. 

4™ = £„ = -% (5) 

There is still the possibility that, besides an ordinary surface dis- 
tribution of sources of flux of force, there may be double sources on 
the bounding surface between air and metal. In fact, according to 
§ 9 (p. 31), a homogeneous double stratum on this closed surface would 
make no change in the field, either inside or outside. For that reason 
it would be difficult to demonstrate its presence experimentally. 
We shall therefore in the meantime leave such double strata out of 
account. 

If the irrotational field of the vector E is known, the distribution 
of electricity can be found from (5). If, on the other hand, the dis- 
tribution of electricity on the surfaces of the conductors were known, 
then the field could be calculated from (46) and (3a). Neither of these 
problems, however, is the one we actually have to face. The funda- 
mental problem of electrostatics in fact is this: In space free from charge 
the electrostatic potential <j> satisfies Laplace’s equation: 


div E = — div grad <f> = — = 0. . . . (6) 

On the surface S { of any conductor, <j> must take a constant value 

cj) = cj). = const (6a) 


In the interior of the conductor, $ must continue to have this value, 
since the gradient of the potential vanishes there. These matters 
being understood, the data are as follows. For each separate conductor 
we are given either its potential or its total charge, 

= . . . ( 66 ) 

and we are required to find the corresponding solution of Laplace’s 
equation. When this is known (an additive constant being possibly 
left arbitrary), the electric field is uniquely defined by the gradient of <f>. 
This is the electrostatic field, and the corresponding distribution of 
electricity is the actual equilibrium distribution. 

The fact that the field is uniquely defined by the above data may 
also be deduced from Green’s theorem, which gives for the space 
bounded by the surfaces of the conductors 

is* ^ —fiji ^ 
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If there could be two possible solutions of the problem, <f> t and 
and if <j> = — <f> 2 , we should have on every surface either </> = 0 

or J (d<f>jdn)dS = 0, and accordingly | grad <f> | = 0 everywhere. This 
would mean, however, that (f> x and <j> 2 differ at most by an additive 
constant, and that only in the case when it is the charge e* that is 
prescribed for every conductor. If the potential <j> itself is prescribed 
for even one of the conductors, then the value of <j> becomes absolutely 
definite everywhere. 

5. Capacity of Spherical and Plate Condensers. 

The problem of electrostatics has been solved in only a few cases. 
The simplest case is that of a charged metal sphere. Let e be its charge, 
and a its radius. We infer at once from the symmetry that the dis- 
tribution of charge is uniform, so that 

e 

co = 

4 ira 2 

is the surface density of the electricity. We can satisfy equations (2) 
and (5), which express the relation between charge and flux of force, 
by assuming a flux of force equal to 4ire across every sphere concentric 
with the given conductor, the intensity accordingly being 



The potential of this irrotational field is 

<f>=- r +h; 

on the sphere it has the constant value 

= ■ &• 
a 

We must now, in order to obtain an electrostatic field which is physically 
possible, assign a terminus or sink for the fins: of force issuing from 
the conductor. . We shall assume that a second concentric hollow 
metal sphere of internal radius b encloses the first, and that its surface 
is charged with negative electricity. Since the charge — e is distributed 
uniformly over this sphere, the surface density has the value 



and at r = b the potential is 

^6 = j + fc. 
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This arrangement is called a spherical condenser, and the quotient ol 
the positive charge e by the difference of potential <£ a — <f> b of the 
positively and negatively charged conductors is called the “ capacity ” 
of the condenser. Since 

i j /I 1\ b — a 

t*-^ =e {a~b) = e ' 


ab 


the capacity is 


0 = 


e _ ab 

b — a * 


... ( 7 ) 


Very large capacities can be produced by diminishing the distance 
6 — a between the two spheres. 

When the capacity of a single sphere by itself is spoken of, it is 
implied that the other sphere which carries the opposite charge is 
situated at a very great distance; in this case the capacity of the 
sphere is equal to its radius a. In laboratory experiments the total 
quantity of electricity in a field is always nil. It is therefore necessary 
in each case to specify the position of the corresponding charge of 
opposite sign, i.e. the place where the flux of force from the sphere 
ends. In laboratory experiments the flux terminates on the walls 
of the room, or on the surface of some conductor in the room. If these 
are situated at distances which are great compared with the radius 
of the sphere, the capacity of the sphere is practically equal to its 
radius. 

A plate condenser consists of two metallic plates the planes of which 
are parallel, and the distance between which is small compared with 
their lateral dim ensions. If we neglect the scattering of the lines of 
force in the neighbourhood of the edge, we have between the plates 
a homogeneous field 

| E | = 4t^A, 


and consequently a surface density <a of electricity given by 

d 


The capacity of a plate condenser in which the distance of the plates 
is d and the area of each is S is therefore 



This formula may be regarded as a special case of (7). If in fact the 
two radii a and b are very nearly equal, the spherical condenser may 
be looked upon as a plate condenser with plate distance b — a = d 9 
and plate area S = irrab. 
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6. The Prolate Ellipsoid of Revolution. 

We shall now consider a conducting prolate ellipsoid of revolution 
which is charged with electricity: what is its field, and what is the 
value of its capacity? The terminus of the flux of force proceeding 
from the conducting surface, if we are dealing merely with the capacity 
of the ellipsoid itself, is supposed to be at a very great distance; we 
may take it to be a sphere of large radius concentric with the 
ellipsoid. The mathematical problem may then be stated as follows 
(§ i, p. 59). 

Within the space between the two conductors the potential <f> has 
to satisfy Laplace’s equation 


A^=0; 


( 8 ) 


on the surfaces S±, <S 2 of the conductors it takes constant values, 

= 25 (8a) 

the gradient of <j> is perpendicular to these surfaces, and is proportional 
to the surface density to, since, by (5), p. 59, 

on 

Here to is still to a certain extent arbitrary, only the total charge e 
being assigned; where 




m 


As a rule the distribution of electricity is not so much what is 
wanted as simply the value of the capacity; this is defined when the 
potentials <f>±, of the two conductors have been found; we then 
have 


C = 


fa ~ ' 


. (8c) 


Since no general method is known for solving the fundamental problem 
of electrostatics for conductors of arbitrary shape, we aba.11 find the 
capacity of the prolate ellipsoid of revolution by a special method, 
only applicable to a conductor of this particular form. Going back to 
our hydrodynamical analogy, let us suppose the line joining the foci 
of the ellipsoid to be uniformly covered with sources. We aba.ll prove 
that the equipotential surfaces of the corresponding irrotational field 
are confocal ellipsoids of revolution, and that this field also possesses 
the other properties required. 
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The total strength of the sources on the line, of length 2c, we put 
equal to e. The potential of 
the line, viz. 

at 


e r ** 


where r denotes the dis- 
tance of the field point 
from any point on the line 
of sources, obviously is a 
solution of Laplace’s equa- 
tion (8). Taking the z-axis 
along the line of sources, 
and the origin at its mid point (fig. 1), we have 

r = v / {( z — Q 2 + + y% 

and we obtain 

£ = +c 


* — 5 


log(* —{ + *•) 


e , z + c + r. 



(9) 


where r v r 2 are the distances of the field point from the ends of the 
line, at which £ = — c, £ = +C respectively. 

Writing for brevity 

z+c=z v z — c=z 2 , 


we must have for an equipotential surface, by (9), 

— - = ft = const., 

h + r 2 

or h + h — H z z + »a) (9a) 


Dividing this by the obvious relation 

r i ~ *1® = r z ~ z z — ft* 
1 ft 


we get 


r 1 -z 1 r 2 — z 2 


or ftfa — Zi) = r 2 — z 2 , 

and, on subtracting (9o) from this, 

(&— 1) (fi + — (ft + l)(2i — *a) 

= (*+ l)2o. 
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I o &+ 1 

•i+r.- *>!?!, 

i.e. tie sum of tie distances of a point on an equipotential surface 
from tie two fixed points 1 and 2 is constant. Tie equipotential surfaces 
are tlerefore ellipsoids of revolution wlose major axes, in terms of 
tie parameter Jc, are 

2a= + r 2 = 2c|i-j. 

At a very great distance (a -> oo ) 7c becomes 1, so tlat log7c = 0, 
and tlerefore <j>= 0. Thus tie potential vanishes on a sphere situated 
at a very great distance. If now we suppose one of the prolate 
ellipsoids of tie confocal family to be a conductor, then tie field in 
tie space bounded on one side by this surface, and on tie other by tie 
very distant sphere, satisfies all tie conditions of tie electrostatio 
problem. This field is irrotational and contains no sources; and tie 
total flux of force issuing from tie ellipsoid is equal to tie strength e 
of tie charged line; lastly, tie two conducting surfaces bounding the 
field are equipotential surfaces. Hence conditions (8), (8a), and (86) 
are satisfied. Since by § 4 (p. 59) these conditions define the electro- 
static field uniquely, <£ is the potential of the required field. 

From the equation for 2a we lave 


inserting this value in (9) we find 

r 2c ° a — c 

q + yfo 2 -^) 

c b b ' ' ‘ 

Again, on the very distant sphere (a = oo ) we lave 

4>2 = 0; 


m 


hence the capacity C of the prolate ellipsoid of revolution is given by 


h = ‘h — I 

0 e V(« 2 - &) 


log 


a + yV-J 2 ) 


(9c) 


For a very long ellipsoid, i.e. for very small values of the fraction 
b[a, we obtain 


1 1 , 2a 

e-i'os- 


b' 


m 
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The capacity of such a rod-shaped conductor — which may be considered 
to be realized by a wire whose section is circular but which tapers 
towards the ends — diminishes with the thickness, for a given length. 
Further, the distribution of electricity in this limiting case is represented 
by the uniform distribution on the line between the foci, which we 
used above in order to determine the potential. Hence the electricity 
is distributed over the rod-shaped conductor in such a way that equal 
lengths of the wire carry equal charges. 

7. A Point Charge in Front of a Conducting Plane. 

We suppose the field to be bounded on one side by an infinite plane, 
which forms the surface of a conductor. At a point A, distant a from 
this plane, let a small body be placed, charged with e units of electricity. 
The dimensions of this body are to be so small, that its electric field, 
if the conducting plane were not there, would be derivable from the 
potential 



The question arises: how is the field affected by the conducting plane 
boundary? The above potential 0 is obviously far from satisfying 
the condition of being constant on the conducting plane. We can, 
however, obtain a field for which that plane 
is an equipotential surface, by taking along 
with the point A another point B which is 
the image of A in the plane, and supposing 
a charge of contrary sign — e to be placed 
at B. If r' is the distance of the field 
point from the image point, then 

t = • • • do) 

represents the potential of the combined 
field in the half-space considered. This 
is zero on the boundary plane, since r = r' 
there. The field is irrotational and, on 
the side on which A lies, solenoidal, Fig. z 

i.e. free from sources, except at the point 
A itself; from A a flux of force issues, equal to irre (fig, 2). 

On the plane the normal intensity, in the direction from the 
surface into the field, is 

„ d<l> 3 1. 3 1 

E n = — 3 - = — e 5 f- 6 5 } 

on on r on r 
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and the surface density a> is therefore, hy (5), p. 59, 



e a 
2ir r 3 ' 


(10a) 


Hence electricity distributes itself on the plane surface of the con- 
ductor in such a way that the surface density is inversely proportional 
to the cube of the distance from the point charge. For the total charge 
on the plane we have 


/“«— s/ 


'adS 
53 ” ’ 


or, by introducing polar co-ordinates p, 9, 

fudS=-ff 2,r dd 

* 2ttJq Jo (a? 4- o' 


= + e 


W+W\o 


o (a 2 + p 2 ) ? 
— e. 


Accordingly the whole of the flux of force which begins at A ends on 
the plane surface of the conductor. At the point where the charge e 
is placed, the intensity due to the charge on the plane is identical 
with that which would be produced by the ima ge e f = — e. Hence 
the force acting on e is the 4 4 image force 55 

e 2 

(2af 


This phenomenon, in which an electrically charged body calls forth 
a charge of opposite sign on the surface of a neighbouring conductor, 
originally uncharged, is called “ electrostatic induction ”. The pheno- 
menon may b,e regarded as a consequence of the fact that the field 
cannot penetrate into the interior of the conductor. If the conductor 
is of finite dimensions and has no conducting connexion with other 
bodies, then, seeing that its total charge continues to be nil, the flux 
of force which reaches it on the side facing the exciting point must 
leave the conductor again on the other side. In the case discussed 
above of a conductor extending to infinity and cutting out the field 
on one side, we must regard the charge which was produced at 
the same time as the induced charge — e when the exciting point 
was brought up, as having been removed to infinit y 

When a point charge, say a small charged body used for the 
purpose of exploring a field, is brought into the neighbourhood of a 
charged conductor, its field, as influenced by the presence of the 
conductor, is superimposed upon the original field of the conductor. 
Hence the actual force upon the testing body will not correspond 
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bo the original distribution on the conductor, but to the distribution 
as changed by the presence of the testing body itself. It follows that 
the force will nob give an exact measure of the original field, and that 
it will be less and less correct the greater the charge on the testing 
body and the nearer it is brought to the conductor. In the imm ediate 
neighbourhood of the conducting surface the method of finding the 
vector E given in § 1, p. 84, is only correct when the charge on the 
small body can be made infinitely small. Strictly speaking, the vector 
E is not defined by any special value of the ratio of the force on the 
small body to its charge, but by the limit to which this ratio approxi- 
mates when the charge e is indefinitely diminished. 

8. Point Charge and Conducting Sphere. 

Before proceeding to investigate the charge induced, on a conducting 
sphere, we shall first consider the following problem: given two charges 
e 1 and —e 2 at a given distance apart, it is required to find the surface 
on which the potential 

<£= e l_ ?? 

*1 *2 

has the value zero. Let e 2 be 
the absolutely smaller of the 
two charges. 

We take as origin of polar 
co-ordinates R, 9 a point on 
the prolongation of the line 
% eg, and denote its dis- 
tances from the two charges by p x and p 2 . Wo have then (fig. 3) 

r x z = R 2 + p^ — 2 Rp x cos, 9, 
r 2 2 = R~ -j- p 2 — 2 Rp 2 cos0. 

The potential is therefore zero if 



_ Pi R2 IPi + Pi — 2- R cos 9 
~ Pz jRVPa + Pz—2R cos0‘ 

We see that this relation is satisfied for all values of 8, if 

(i) R 2 = PiP 2 , 

and (ii) 

Pa e z 

The potential is therefore zero on a sphere, whose centre divides the 
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line joining the two point charges externally in the ratio of the squares 
of the charges; and whose radius is such that the points where the 
charges are placed are “ inverse ” to each other with respect to the 
sphere. 

Point Charge and, Metallic Sphere . — A charge e is situated at a 
distance p from the centre of a conducting sphere of radius 22. We 
shall consider two problems. In the first, the sphere is kept at potential 
zero (by being connected to earth). A glance at fig. 3 allows us to 
write down the solution at once. Thus, suppose the sphere removed, 
and in its stead a point charge 


placed at a distance 



from it3 centre. This, along with the given point charge, produces 
a field whose potential over the original spherical surface has the 
zero value required, and outside this surface has only the single source e. 
The potential outside the earthed sphere is therefore defined by * 

. e e' 


f r 

In the second problem, the sphere 



<f> 


T 1 

is insulated, and previous to the 
point charge being brought up 
was uncharged; hence of course 
it remains uncharged throughout. 
In order to describe its field we 
must therefore imagine a further 
charge +e' placed within it, in 
such a position that the constancy 
of the potential on the surface is 
not disturbed thereby, i.e. we sup- 
pose a charge +e r placed at the 
centre of the sphere (fig. 4). The 
potential of the combination, f 
uncharged sphere, is then 



♦[The total charge induced on the metallio sphere is -e' = -eRfr, since the total 
flux of force ending on the earthed sphere is the same as the flux which would end at 
the image if the sphere were not present.] 

1* [The total charge on the sphere is (see preceding footnote) — ef 4- tf *= 0, as it 
should be.] 
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where r 0 denotes the distance of the field point from the centre. The 
potential of the spherical surface itself is now e'/R, or e/p, i.e. it is 
equal to the potential at the centre due to e alone. 

It is interesting to see what happens if we send the point charge 
to .infinity, while increasing it at the same time in such a way that 
the field it produces, viz. 



retains a finite value. In this process the image point — e' goes, oi 
course, to the centre of the sphere, while 


, , R 3 
e P = 


retains the finite value | E 0 1 . R 3 . We therefore obtain a double source 
or, as we say, an electric dipole at the centre of the sphere, which is 
defined vectorially by the relation 

m = E 0 . R 3 . 


The field E 0 of the infinitely distant and infinitely great point charge 
is, of course, in the neighbourhood of the sphere, homogeneous: an 
insulated conducting sphere in a homogeneous electric field becomes 
polarized in such a way that its surface charge acts in the exterior space 
like a dipole of moment E 0 22 3 supposed to be placed at the centre of the 



CHAPTER IV 

Dielectrics 


1. Tbs Piste Condenser and tbs Dielectric, 

Up to this point wo have oonflned ourselves to the electric Add 
in a vacuum (free space). When, as we have done occasionally, wo 
have spoken of the field m air, we have been guilty of a alight want of 
exactness which, however, as we shall see immediately, is usually 
unimportant. We have therefore to state explicitly now that tho 
formulas of the preceding chapter are to be considered as referring 
to a vacuum and to metals plaoed in a vacuum. 

The fundamental discovery was made by Faraday that tho 
capacity of a condenser is altered when the spaoe between its oondnoting 
faces is occupied by an insulator, «npb as glass or sulphur or petroleum. 
With any known material so used, the capacity in fact is increased. 
The factor K, by which 0 is tons multiplied, was found to be a con- 
stant whioh is onamoteristao of the interposed substance. It is called 
the " didedrio constant” of the material in question.* Hence, by § 0, 
p. 00, we now have as values of the capacities: 

spherical oandonser, 0=K j~~» 

a 

plate oondenser, 

Tho following a/e examples of numerical values of K: 

Air 1-0006 Porcelain 6 

8ulplrar dioxide 1*01 Alcohol 26 

Petroleum 2*0 Water 81 

Glass 6 to 7 

In a vacuum K has 1 yj definition the value 1. Tpa foM of the word 
vacuum wo also occasionally use the word 11 rather ”, not connecting 
it in any way with the idea of a hypothetical substance, but merely 
using the word when we are speaking of space as tho carrier of an 
electromagnets field 

*1%0 turns "ipeoiflo Inductive oaptdtj 11 Is also frequently used* 

TO 
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We dull begin by trying to form a dear picture of the nature 
of Faraday's discovery in the light of the processes in a plato oondensor, 
Let the two opposing piano faces of the condenser, at distance d 
from eaoh other, be mamtelnod 
in all oases (say by moans of a _ ^-e' % 


plates (dirooted downwards in ft 

fig. 1) has everywhere the con- Pig . » 

stent value )B 0 | (&—&)/<*> 

so that on eaoh plato there is a dhatgo of surfaoe density whore 


If we now insert in the condenser a plato of insnlating material, of 
thioVnesa d and dioleotrio oonstant K, wo obtain in that port of the 
condenser whioh is occupied by tho material a different sumoo density 
of charge, vis. 

While the plato is being inserted in tho condenser, tho battery must 
accordingly supply a quantity of electricity 

far every squaro oontimotro wliich is oovexod by tho insulator; that 
it actually does bo may cosily be verified with the help of an ampere 
meter. Bor tho success of this experiment, it is <juite unneooaaary 
that tho insulator (say a gloss plato) should come into contact with 
the faces of tho condenser. Tho experiment oomos off exactly as before 
if we leave a narrow oponing between motel and insulator, provided 
only tho width of the opening is small comparod with the distanoo d 
between the plates. Now it is provod by experiment that suoh an 
opening does not alter tho capacity or, consequently, tho charge of 
the condenser; hence in tho opening the intensity must have the 
valuo 

tno~\E?\ = K\T& 0 \> 

for tiie metal surface hm? now a vacuum adjacent to it. In tho interior 
of the insulator, on the other hand, tho intensity must still bo Hg, 
since the line integral B 9 d8 token from tho one plate of tho condenser 
to the other must in both cases have tho value — <£*. It follows 
that when wo pass from the oponing into tho insulator, the intensity 
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H jumps from £B. to Hq. But a sadden ohange in the normal oom- 
ponent of the field strength is always equivalent to the presonoo of 
a surface charge. The effect of the insulator on the electrostatic field 
is therefore the same as if its suifaoo caniod a oharge of surface density , 
o)', where 

W=(Z- lMHjn), 

Ho being the intensity in the insulator, and n the normal to the 
insulator, drawn outwards, 


2. Dielectric Polarisation. 

The property possessed by an insulator, whiah as a whole is 
uncharged, of afieoting the field in this way, is oafied “ polaritability **. 
The insulator is " polarised ” by the eleotrio field Hq. To understand 
this property, we must make the assumption that every material 
body contains positive and negative electricity (ohargee), and in 
fact an equal quantity of eaoh Hind if the body is electrically neutral. 
But while in a conductor one at least of the two Hndn ig freely movable 
(elections in a metal, ions in an electrolyte), in an insulator the two 
kinds are bound quast-elastically, and that in such a way that undor 
the influen oe of an eleotrio field the charges cun move sli ght ly (the 
positive in the direction of the field or tho negative in the opposite 
direction or both at once); the motion, however, ooming to a standstill 
when the displacement has readied a oertain amount proportional 
to the strength of the field. When the field is switched off, the displaced 
electricity returns to its original position. This relative displacement 
of charges is called polaruatum; it is measured by a vector P, dofinod 
os follows. Starting from unpolarized material, we take within it an 
arbitrary direction I, and an element of area d3 perpendicular to s. 
If Ihe material now beoomee polarized, the quantity of electricity 
which on the whole posses through dS in the direction s in consoqucnoe 
of the polarization is equal to the oomponeut of P in the direction a 
multiplied by the area &8. 

A body is Baid to be homogeneously polarized if the vector P is 
t o same throughout the body. It is dear that residual or surplus 
charges due to polarization can only arise in a given part V of tho 
volume of the body, provided the surface integral 

*'=-f f P,dS, 

th ?, Bnif r > enol ? ain « feis * value different from zero, 

h b S? ie - 0, ?T d M.dffl is the charge which 

p'dV - - div P dV 



DIELECTRICS T8 

is the charge arising in the dement of volumes dV in oonsoqoenoe of 
the polarisation. 

It follows that no internal charges oan occur when the polarisation 
is homogeneous, On the other tsn.ncT, electricity in the form of surface 
charges will appear at tho bounding ecifaoe. To see this, consider a 
flat cylinder with baso dS, one plane fooo of which lies wholly in tho 
outride vacuum, but tho other wholly within the polarised body. 
The ohaxgo in this cylinder duo to polarization is 

u>'aS~P n dS. 

Tho surface of a polarized body therefore carries a strrfaoe charge 
the density to' of which is equal to P n . 

Wo can arrive at the same formulee for />' and w' in another way 
as follows. Suppoeo the dielectric dividod up into small cylindrical 
dements of volume <J7 *= dS . A, the basee dS of which are perpendicular 
to P. The polarization of dV gives riso to an electric dipole with the 
moment 

m=* Pi7, 

for chargee + | P I dS occur on tho ends of the little cylinder, and 
these being at distances A from ooah other produoe a moment 
| P | ,dS.h. The potential ft called forth by thie dipole at a field 
point at distanoe r is, by (20'), p. 23, given by 

(m.grod,£) ( 

and the potential due to tho polarized body is therefore on tho 'whole 

But div f^\ « - div P 4- ( P . grad -Y so that by Green’s theorem we 
obtain r \ r/ 

This equation, however, simply states that the insul at or oerries a 
surface charge of density w' ==> P B , and a space oharge of volume 
density p* —div P. 

We have therefore two perfectly equivalent defi n i ti ons of P: 
(1) the electric moment per umi volume, (2) the quantity qf dectricity 
passing through a unit of area which is perpendicular to P. 

In the case of the plate oondenaer discussed above (fig. 1, p. 71) 
we have dearly to do with a homogeneous polarization of the 
inserted plate, in whioh the vector P » directed downwards, and 
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is given in amount by the free oh&rge on the sorfaoo of the plate, or 

. K-l. 


a> 


4w 


-H. 


(1) 


Thus the numerical relation, between the vectors P and B is defined 
by means of tho dioleotrio constant E. The factor of proportionality 
which appears in (1), vis, 

E-l 


is called the “ dieleotrlo snsoeptfibiltty ” of the material in question. 


3. Maxwell's Displacement Vector D. 

Tho spaoe ohargos p' and sorfaoe chargee oi' due to polarization 
groduoe on their part a corresponding divoigonoe of the field intensity 

div B = 4*rp' «= — 4rr div P 
“d — (-S«, + =» 4W =» 4rr{P mi + P, J. 

In words: the vector B + 4wP in an insulator is overywhcro solenoidal. 
Its normal oamponont is subject to no discontinuity at the boundary 
between two insulators. 

For the vector thus brought to notioe we introdnoe (after Maxwell) 
the special name " electric displacement ” and tho symbol D, so that 

D~B + 4irP. (2) 

This vector is therefore characterized by the following properties: 

1. In the interior of an uncharged insulator div D = 0 every- 

where, 

2. At the boundary between two insulators the normal com- 

ponent of D is everywhere continuous. 

Tho statement 2 is of oourse really only a consequence of 1, sinoo 
the behaviour at the bounding surface can always bo deduced from 
tiie condition div D = 0 by mwiminfl a continuous transition from tho 
one insulator to the other, and passing in a suitable way to tho limit. 

Closely connected with the introduction of tho vector D wo have 
the ideas of “ tone “ and 41 free ” charges, which play a groat part in 
older expositions of electrodynamics. Free charges arc defined as 
sources of B, true charges on the other hand as sources of D. If wo put 
an insulated metal sphere, oharged with a quantity e of elootrioity, 
in a homogeneous dielectric, its charge becomes partly oompenaatod 
by the surface charge o>' me P* of the adjacent port of the dieleotrio, 
so that only tho free oharge e(K is now available as a eouroo of B. 
The tine oharge on tho oontrary remains nnnlmngiyl in thin process. 
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ffoi, aooording to its definition, it in found from the free charge by 
subtracting tho spaoe charges p' and the surface ohargea to' whioh 
are due to polarization. When in future we speak simply of charges, 
tps shall always mean true charges, that is, sources of D. Prom these 
defini tions wo have the following results: 

3. In the presence of true charges (whioh must therefore be 
ohargea on metallic bodioe, or ohargos otherwise introdnood 
into the insulator), tho surfaoe integral 



gives tho total ohargea contained within 8, In particular, 
therefore, tho snrfaoo density to of tho charge on a metal 
contiguous to on insulator is given by the normal com- 


ponent of D, or 

iffil) cm D, (8) 

For a volume density of ohargo, 

4irp *- div D (3 o) 


4. In an isotropio insulator, by (1) and (3), 

D = (4) 

where E may be an arbitrary function of position, and 
the electric intensity B is everywhere irrotational: 

H=" — grad^ (6) 

in a region where K is continuous, and tho tangential com- 
ponents of B arc continuous on the two sides of surfaces 
whore K is discontinuous. 

In many aooonnte of the subject, the vector D is immediately 
defined by (4). It must therefore bo expressly remarked that tills 
definition is much more Bpooial than that given by (2). It only holds 
when the polarization Pis proportional to the intensity B. In crystalline 
media, however, this ifl not tho caso. In thoeo the direction of P is in 
general different from that of B, and in place of the scalar dielectric 
constant E, wo have a tensor E^ 

D { = SJIftB* (♦, * «= ®, y, *). 

k 

Thus even in thin case there is still a linear relation between D and 
B, We nli nil see later that in the perfectly analogous cose of magnetic 
induction n-nd magnetic intensity m ferromagnctiflm, no such relation 
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eodate. On the other hand, equation (2) pan bo transferred to tho 
magncrtio oase just as it stands. 

The boundary conditions at the surface whore two insulators moot 
(continuity of the normal component of D 
/ and oi the tangential oomponont of B) giro 

— •y' rifle to a special law of refraction for tho 

•y Xi lines of foroe. Let aj and a, bo tho angloa 

—y — — between the lino of foroe and the normal 

l k x on the two aidea of the snrfaoo of diaoon- 

yC tinuity (fig. 2); the conditions are then 

/ jD 1 |coBa 1 HD l |oosa t , 

via.* and ( % | mn^ = J H, | sina* 

which, oombinad with (4), give at once 

tanaj : tana, >=» K t : K v 

It foUowB that the lines of foroe, when they pass from one insulator into 
another for which K ia greater, are deflected •frn»ti i e r from, the normal. 

4. Spherical Condenser. Bemi-lnflnite Dielectric, 

1. Ifit the space (fig. 8) between the two spherical surfaces of a 
condenser be filled, in concentric layers, with 
two different snbstanoes whose dielootrio con- 
stants ore Z-t and K r Let a and a bo tho 
radii of tho inner and tho outer sphoriool 
surfaces, b the radios of the sphere forming 


surfaces, b the radios of the sphere forming 
the boundary between the two modiu, +e 
and — e the respective charges on tho inner 
and the outer sphere. Then in the apooo 
between a and o we have 



but, from a to b, 
from 6 to c, 


» 1 * 


Accordingly, lie potential difference between a and o is 

ts-t,=£2 r dr 
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For the capacity 0 wo have therefore 

1 1 1 ,1 /I 1\ 

(j ^r^ + 5 rj* 

Ihe oaao of a sphere of radios a embeddod in a dielootzio envelope 
of radius b is found by putting JT a t=l, ob oo; hence, in this case, 

0“^a{ 1 + ? (Zl_1) }' 

If 6 is large compared with ofif. — 1), the envelope practically acts 
aa if tho sphere were placed in innnito space of dielectric constant K^. 
9. A point charge xn front of a smi-tnfinile dideotrio. 

Suppose we have a charge at the point A in air, at a distnnoo 
afrom the plane surface of a dielectric; what is the effect prodnoed 
by the presence of the dielectric! This problem corresponds to the 
one solved in § 7, p. 65, for the conducting plane. In that ease, however, 
wo had only to take the field in air into account, since on the fax side 
of the conducting plane no field eziBtod at all. But now we shq.11 have 
to consider the field within the insulator. Wo shsll assume the 
insulator to occupy all spade beyond an infinite bounding plane. 
Let its dielectric constant be K# and that of tho air K v 

Wo shall try to solve this problem, as we did the other, by the 
tttethod of electrical images. As before, we take the point B within 
the dielectric, where B is tho opfdool imago of A in the bounding plane; 
and wo denoto by r, r 1 the distances of the field point from A and B. 
Wo put for tho potential in the air space 

, e s' 

The field in air is therefore to correspond to the true oharge a at A, 
and tho true oharge (—s') imagined at B. This assumption satisfies 
tho fundamental condition that souroes of oloctrioal displacement 
must occur at A only; for tho imago point B is outside tho ah; space. 
As for tho field within the dioloctno, we shall try to represent it by 
putting for the potential in tho dielectric 

** Kf 

The field in tho insulator is thus to bo the same as if the fagnlator 
oooupied all space and a true charge s" were placed at A. This is in 
agreement with the condition that within the part of space actually 
occupied by the dielectric there are no sources or sinks of electrical 
displacement. 

To prove that the field is actually represented oarreotly by these 
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flW the boundary ocndltioMottb* 
aagumptiona, we shall ehm wa w a guitabto ohoioo 

ftsawassKStt .'— l — * 

tog flirt the normal components of D, wo bavo 


« + «3+«' * 




£>V 




where the normals are taken inttedirootiMafaoi^ 

conrernedtotiiosar **• 

component of D is wmtinurras; nmne on *- 

oonmtkm reqtriree 

Amm, the tauatU oompamnto o£ K on fto *ro «*' 

all along the plane, for H is amply the fij Jf double 

condition not only Btiffioioat, it is also ncooefitvcy , , 

strata of too electricity on the ourfaoa of tho initiator ore 
Wo therefore require secondly 


e-e 1 

TTT 


e" 

'K 


From there two li nea r equations connecting e, s', a" wo find 

e-e' Et . E*~E* ' 

rR“?; rf - a BgFitf 

0" ea e4- ef 


8ff» 
“K+%i' 


(0) 


m 

The suppositious " true ’* oharges, {—s’) at B and (4*0 E* 0,10 

fora determined. The lines of foroo within the dielectric run bo van* 
they appear to diverge radially from A, while in the air Bpaoo uio TOW 
is tho resultant of the two fields arising from the aouroo A and tlio 
sink 3, 

If the dielectrio is replaoed by a oonductor, the image point J3 mustj 

by 4 7, p. 65, be given mo charge (— «) in order to define fho potential 
in the air space. The disturbing action of the dieleotrio on tho TOW 
intensity in air, and the disturbing action of the oonductor, oro to ouo 
another in the ratio 


t 1 Eg — Ej ? Ej 4* Ej. 

The influence of the dieleotrio is therefore always slighter than that 
of the conductor. In the limiting case, however, when diolootrio 
constant Eg of the insulator is vary great compared with that of 
air, e becomes equal toe'; that is to say, the o mufcicfw affeott ike field 
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in air in the same way as am insulator whose dieiectrio oonstant is 
infinitely gnat. 

As for tho field strength within tho dieiectrio, this oorreeponda to 
a free charge d'jK t placed at A in an unlimit ed dieiectrio; if the 
dieleotado wore removed, tho intensity in the epaco it occupied would 
bo defined by the free ohargo elfc which is actually pkood at A in air. 
Tho ofEoct of the field is accordingly measured by tho ratio 

In the limiting oaso of an infinite dielootdo oonstant, K# the electric 
intensity in tho interior of tho insulator is nil, exactly asm the interior 
of a oonductor. 

6. Dieiectrio Sphere In a Homogeneous Field. 

Wo oonsidor a sphere of radius a, and dieiectrio constant E lt 
embedded in another diolcotrio occupying tho whole of tho rest of 
spaoe; in the latter diolootrio wo suppose a homogeneous field B m » /€& 
in the positive direction of tho te-axis, to havo boon in existence before 
tho introduction, of tho sphere. How is this fiold modified by the 
introduction of tho sphere? In ordor to answer this question we define 
a potential <j> having tho following properties: 

1. At a groat distance from tho sphere (r -> co ) <f> must booamo 

(-)S 

2. At tho surfaoo of tho sphere, tho normal component of the 

gradient of <f> undergoes a sudden change, suoh that 
K[difdn) has tho samo valuo on tho two aidos. 

3. itself, and therefore tho tangential component of grad <j>, 
ore continuous on tho two sides of tho sphere. 

4. <f> everywhere satisfies Laplaoo’a oquation = 0. 

Wo denote by & and tL tho values of tho potential inside and 
outside tho sphere respectively, and try putting 

^ 1 = —Fa 

The interpretation of these equations is: In tho interior of tho 
sphere there exists a homogeneous field P, so that the sphere is 
homogeneously polarixod in the anliroction. In the outer space (&), 
on tho other hand, tho sphere acts as if a dipolo of moment BJt wore 
situated at its oentro. 

Tho first and fourth of tho conditions laid down ore obviously 
satisfied by tho forms assumed for <f>* Wo havo to show that by suitable 
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choice of the constants F and h, whioh rtro atill at our disposal, » 
wgn also satisfy conditions (2) and (3). 

Ia polar oo-ordinatee (( 0 <=>r coed), 

«• —Ft oob0, 

^=-* o oos0(r-£), 

Tho boundary conditions require 

and whom fcnA 


We have therefore the two equations 


V-JW(i + j*)s 
FaS ° 2sl+K' = (i - )• 


*_ K*-K. 

<? ZKt + Ki 


Conaidfs the special case El =» 1, i.e. a didectrio tpJio'e in free space* 
The field within it is weakened in the ratio S : 2 + JTi, compared 
inth the homogeneous field. It acta in apace ontsklo it ldco a dipole 
of moment 


M-Elo*- V 3 ^-~ <<*) 

Its polarization P (moment per unit volume) is 

SS£t*. SK? 

constant ** ^ ^ 811 “wnlator of infinitely groat dloleolrio 
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Energy and Mechanical Forces in the 
Electrostatic Field 


1. Charge* and Metafile Oonduoton In Tree Space, 

The difference in point of view between Maxwell's field theory and 
the older theory of action at a distance oomee oat in a vary significant 
way when they are applied to the following problom. Let it be required 
to find the work necessary to produce a given electro static distribution 
of charge, on the supposition that the charges are initially at infinitely 
great diatanooe from eaoh other and ore brought up in suooesaion to 
their final positions. We shall first tajm the ease of individual point 
chargee s* e* . . ,, whioh are to be brought from infinity into 
positions where their mutual distances are r^, r u , dec. We first bring 
up the charge ^ to its right place. This requires no work, since the 
rest of the chargee are all at an infini te distance. How bring up the 
charge a, to the distance r u from This requires, on account of the 
Coulomb repulsion, work of amount 

f u 

Next, we bring forward Sj, and for this have to expend the work 


We proceed in this way until the whole of the n chargee have been 
brought up to their placoe. Thus the total amount of work is 

W = % + + • < • + »» 




T is 


whioh may be written in the form 

"-l“G* + £+- + r7.) 

+1 *(£ + 5 + ':' + S) + " ,s 

W‘- 


1 i 

f-1 

a 


. ( 1 ) 


dot) 


4 
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where © < is the potential produced at the position of tho ith 
by the rerf of the chargee. 

Equation (I) is in a form which suits the notion at a distance view* 
If we put a question about the localization of the energy expended* 
the answer will be that the energy in potential form is attached!© 
the individual charges, the share whiah falls to the ith charge Wng 
W&* Quite a different answer is given by Maxwell’s theory, whfc® 
asserts that it is the field which cornea the eleotrioul energy, iu accent- 
once with the theorem: every element of volume dV of empty space* 
in which there is an electric field, contains a quantity of onorgf 
equal to 


A finite volume therefore contains a quantity of energy 17, where 

x ’-!!!k* sf . « 


To justify the assertion of *t3ie truth of this theorem, wo oliftll flwfc 
prove that the work W of equation (1), Le. the work oxpoiHlcd in 
Dongyng the n point charges within finite distances of oaoh ottict* ia 
idantjoal with, the increase in the quantity U resulting from this 
process. To prove this, denote by . . . the intensities duo 

to the ohargee Sf, . , . at on arbitrary point of the field. The# 
we have B»B l +^+,.. + a w flo that 


V+ V+« . . + 

+ %(^ + ^+. . , + B.) 

+ »W«l+M. + . . . + BJ 
+ • • • 

+ B.(®i + + . . . + Ba-i). 


If from this expression we form the integral (2) for U, wo sou in 
the first place that the oantribations from, the first row do not ohiuigu 
at ell in consequence of the mutual approach of the charges. Iu fuot, 


1 

8w 


///w 


far example, is the energy of the first oh&ige by itself alone, (It would 
correspond to the work whiah would have to be expended in order to 
oondense the first charge into a small volume from its original condition 
aa a cloud of infinitely small density. For an actual point charge it 
would in fact be infinite.) Hence we need consider only the mutual 
action terms which appear in the other rows. If we write 

+ • • * + B» —grad ® p 
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bo that 4>i denotes the potential due to all tho chargee except the first, 
the second row in the expression for B* contributes to V the term 

“^///(Hxgmd^F, 

for whioh, by Green’s theorem (p. 19), we can write 

- k {// "‘A * 48 -If /°‘ ^ • 

For tho boundary 8 wo ohooso tho infinitely distant sphere, whioh 
contributes nothing, along with a small spherical surface enclosing 
the first charge. On tho lattor we may take <!>! to bo constant; also 
the charge e 1 is given by 

so that on tho whole 

By a oorrosponding transformation of the remaining rows in the 
expression for E*, wo find 

Z7-Z7 0 -iS 52s, 

/-x 1 ,h*a 

so that Z7 — Z7 0 ia actually equal to the work W whioh is expended. 
Wo are therefore justified in attaching to tho quantity U defined in 
(2) tho name “ field anorgy 

If we consider any displacement of the point charges into neigh- 
bouring positions, clearly wo havo also tho theorem: {As work 
required to effect a displacement of any given point chargee is equal to 
the resulting increase tn the field energy. 

Tho work used np is stored os potential energy in the field. 
Although tho case of point ohazgee is a little inconvenient as regards 
tho calculations, on account of tho Hold becoming infinite, we have 
put this oaso in tho forefront because of its relation to the Coulomb 
law of force. If the charges are distributed continuously in spaoe, with 
volumo density p, tho corresponding relation booomes formally much 
shnplar. 

Groon’s theorem 

f fo fa //(^+« rad ^8 w»d^)dF 

now gives at onoe, whon we put ^ « — 4wp, grad ^ ~®> 

ifpiiV-lfViT. 
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Hate on the left we have the energy localized in the eleraontsof 

the element situated at a place where the potential is <p Peostf P ^ 

On the right the energy appears aa distributed over tno Hold 
enemy density **/8w. .« 

In the case of superficial distributions of charge on 
metslUo oondootoia (suriaoe density of oharge = «)> the nott U«e8 
otherwise free of charge, £uf> in Green's theorem is 0, but cm tno 
the HfTfwo" integral taken over the various conductors still romww, 
and we have 

a • • • • < ” 

The surface S is composed of the surfaoes Sj., Sg, . . • of 
oonduotara, the potentials of which we suppose to have the oonswu* 
values . . . . But 3^/9n iB equal to 4tr (surfaoc density), no tWt 

AE"*- 4 ** 

where e» dnnnfrw the charge an the hth oonduntor. For the energy 
of the system of oonduetors 1, 3, ... we therefore obtain 

U “ + &*» + •••)■ 

The energy of a condenser with chargee 4-® aud — s on the opposite 
ooatings is therefore 

where, as before, fla 

denotes the capacity of the oondenser. 

2. Energy of the Plaid when Insulators are Present. 

The expression just obtained for the energy of a oondenser 

is obviously quite independent of the presence or absence of an In* 
aulator between the coatings, for it represents the work required to 
charge the oondenser. In a plate oondenser in a vacuum (area of oaoh 
plate fl, plate distance d) we have 

so that, in agreement with (2), p. 82, 

T7 1 
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In a dideetrio with the dielectric oonstant K, the sarfaoe density to 
of the charge on one of the metal plates is doflned, not by the normal 
component of H, but by that of D <= EE. Hence we now have 

17 

and the energy f7=oiSig- | H|*. 

Tho formula for the energy density uqftke electric field must therefore 
now run* 

— kI»I , -b<“* < 4 > 

For an infinite, oonthmously varying field, dnoe div D «=* 4 w/> and 
B aa —grad <f>, we actually have 

I/DIW7 1/Dp«d#i7 

div Dd7s» iJtftpdV. 

But that is just the expression which, from the standpoint of the 
theory of action at a distance, we ought to expoot. The justification 
of the expression for tho onorgy density of tho field assumed in (4) 
will form an essential port of the following sections. Lot it be re- 
marked at once, however, that the assumption, reechos far beyond 
elootrostatios, and in particular that it remains valid even for fields 
which vary with tho timo. Tho main point is that it gives ns a general 
method of calculating tho farces which ooour in the elootrostatio field. 
For this application, we start from the fundamental theorem that 
tho work done by the field in an arbitrary displacement of the charges 
is equal to the loss of field energy. The fiold energy thus transformed 
can appear experimentally in too most various forms: either in the 
form of kinetdo energy when tho oamor of tho oharge is free to move 
(free oloctrons), or in tho form of heat when the carrier moves against 
a resistance of a frictional nature, or in the form of mechanical 
potential energy when work is done in the motion of the carrier against 
on external conservative force (ojf. gravity or an elastJo force). 

In tho simplest case, that of a homogeneous dielectric, the new form 
(4) for tho onorgy density is not essentially more complicated than the 

• Property gpoeklng, (4) giro*, not tho energy denrtty, but the denelty of the free 
onorgy (In tho toon afthormodynainlas), We bEjuU alwayt In fact In tho dovolopmeots 
erf tbo foil oving notions oonflno ounolvo* to Isothermal prooonea, without ■podall/ 
monUoning In eaoh omo that wo mo doing 10 , To Justify the rasulto obtained In tho 
text additional oontidvatiou aro thorofaro Tory nooenary, Thns> howoTer, wo shall 
postpone till latoc (p. 132). 
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form for free spaco. Suppose that wo have an arbitrary system of 
metallio bodies, which to begin with is in olectrostatio equilibrium in 
a vacuum. Let e„ and <f> n be the charge and potential of the fith eon* 
doctor. Let Bo be the intensity at any point of the hold, Uo =® H,*/8ir 
the energy density. Next, fill the spooe with a dielectrio of dioleotrlo 
oonstant E, What does (4) give for the energy density now! If B and 
D are the intensity and displacement in the new field, we have always 
D <=* 2TB. But we must make a distinction betwoon tho two oases 
whan e m and f> m respectively, are kept oonstant when the dielectrio 
is introduced. 

(a) The charges e„ arc kept oonstant (by insulation of the individual 
conductors). Wo then have 

fD,dS~fB tn dB. 

The soiuoes of D ace the same as those of the original B 0 . Eat this 
implies D <**> B„ so that we have B =■ B JE, and therefore 

Further, since <j> is always equal to J B ds, it follows that the potential 
like wise falls to (1/E) of its former value; and, since the force betwoon 
two ohaiges is always determined by the field energy, Coulomb’s law 
must now run 



When a homogeneous dieUotrio it introduced so as topi t he space between 
insulated conductors (the charges on tdhioh are kept constant), the field 
energy, intensity , potentials, and mutual forces all fall to 1/it of their 
original values. 

From the point of view of the principle of energy, the question 
at onoe suggests itself: where has the energy gone that is lost in this 
filling process! The fact is, the introduction of the dielectrio itself 
provides the compensation, for energy can be derived from the J)roooas. 
Bmoe, however, while the prooess of Introducing tho insulator is going 
on, the dielectrio is not homogeneous (K is even discontinuous at tho 
surface of the insulator), we cannot at present calculate the foroos 
involved. 

(6) The potentials of the oonductors are kept constant (e.g. by ooanoot- 
ing them with the poles of voltaio oells). The potentials ^ (in a homo- 


El h 11 q, and consequently D « EHj 
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henoe u ^ (RD) = Ku„, 

and also ~J D n d3^ Ke^, 

and so on. 

When a homogeneous dielectric is introduced so as to fU the space 
between conductors, whose potentials are kept constant, the field energy, 
displacement, oharges, and mutual forces all increase to Iv times their 
original values. 

The question of the energy balance cornea up horo also. In the 
first place, as wo have already soon, wo gain energy by the introduction 
of the insulator. But besides this the field energy is increased. Both 
these amounts of energy must be provided by the colls or batteries 
which maintain oonstant potentials on the various oonduetoxs. In 
fact the ohargo on the ith conductor Is increased by the amount 
e&K — 1). The battery concerned must therefore provide energy of 
amount 

The energy supplied by the batteries amounts accordingly on the 
whole to 

A = S toiK - 1) — 2 (K - 1)77* 

where Z7 0 = ’ ux fff u e&V 

denotoe tho energy of the system whoa plaood in a vacuum, with 
potentials <f>. Tho increase in tho Add energy amounts, howovor, 
to only half of A, vis, to 

KU a - 77 0 = (K- l)U a . 

Thus we boo that whon tho diolootrio is brought into the Bold, the 
energy of which is U & tho conductors being kept at oonstant potentials, 
energy is first goinod of amount (if — 1)77* than sooondly tho field 
energy is inoroasod by a like amount. Tho energy fiat goinod and tho 
increase in the field onorgy ora both suppliod by the sources of currant 
whoso function it is to keep tho potentials constant. « 

3. Thomson's Theorem. 

When oharges movo in an olootroetatio Sold undor tho action of 
the field strength, tho onorgy of tho Hold diminishes by tho amount 
of tho work done. Tho oharges will aooordingly, so far ns thoy are 
free to move, tend to arrange thorns olvoe in such a way that tho fiold 
energy will have tho lonst possible value. If in particular metofli o 
conductors arc givon with charges whioh in the first instance are 
wbitiary, thoeo charges will distribute themselves so that tho fiold 
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energy becomes a minimum. On the other hand, wo know that In 
eleotroetatio equilibrium the potential of a oondnotor la oonstant, and 
its whole charge resides on its surf&ocj we may expect therefore that 
this distribution of ohntge actually oorreeponde to a mlnlrrmru for the 
field energy. In verification of thin conjecture wo shall now prove 
the following theorem. We are given a system of motallb conductors, 
embedded in a dielectric, whose dielectric oonstant K is on arbitrary 
function of poeition. Discontinuities in K can be exoludod, however, 
without loss of generality, ainoe any surface where the value of K, 
changes suddenly may be imagined to be replaood by a narrow region 
of continuous but very rapid change. The individual insula tod con- 
ductors carry the charges Sea, 

Now let the corresponding electrostatic field be described by tuooAft 
of D and B; Lc. let the following equations be satisflod; 

II * (» » 1 , 2 , . . ., ») . . . (a) 


for the conducting surfaces; and in the field 

divD-4*/>, ...... (0) 

fnncticm8 Potion P and if ore givou 
T J 0 J t ^ whoh ve shall oall the “ general ” conditions, 
have to be added the special electrostatic conditions 

oonst. (y) 

on each separate oondnotor, as well as 

everywhere. " ' * * “ ** ’ <«> 

that iTsatisfies af °* wo only know 

differ^t S* W “LTJ * ,B 

■efficient to allow us to inhstti^T^ *** aB8Umed aro 


17' >17, 

whew jj {L'S)dVtadV^ ^/(DB)dF 

Me the energies of the two fields. 

lo prove our assertion, we pnt 

D'x.D-f d " 4 

F ” ^ ^ “ int ^» d "> k*™. 17 (a) ^ (ft, 

J J.nj'dS^ 0; div D" a. 0; Baffin". 


W 


l 
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-Ifww+lfwvyir 

+ 1/ (BD"+B"D)dF; 

and therefore, since D" => ZB", 

D'«P+1/ZB"MF + ^/ (HD")iF. 

We now use hypothesis (3) that B is mutational: 

(BD") = -(grad £ D") - -div D") + <f> div (D"). 

By hypothoals (y) B is nil everywhere within the metals- We oan 
therefore, when calculating the volume integral 

l/.m 


confine ourselves to the region occupied by diolootrio, in which 
div D" •= 0. Wo thus find 

S f 9 "dS 
= S^ZV'dS=0, 

sinoo by (y) <f> is constant on each conductor. This proves Thomson’s 
theorem. Wo havo in faot 

U'~U+~fKZ"*aV. 

V is therefore greater than U, provided only that at some part of 
the space S' is different from B. 

Thomson’s theorem therefore doduoos the flold whioh corresponds 
to tho equilibrium distribution of oloctrioity, from a minimum prinoiplo. 
This minimum prinoiplo corresponds oxaotly to tho condition of 
equilibrium whioh holds for heavy bodies in tho field of gravity; snob 
bodies ore in equilibrium, in stable equilibrium in fact, when the 
potential onorgy of gravity has its smallest value for tho configuration 
in question. In tho some way wo soo hero that tho equilibrium of 
oleatriaity on tho surface of axed conductors is characterised by a 
minimnm value of tho oloctrioal energy, Electrical energy accordingly 
p lays the tame part hen ae potential energy does tn ordinary mechanics. 
The foregoing developments show once again that thore cannot 

(1U4) ** 
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be two different flotations of the problem of electrostatics- Foi the 
inequality we have proved states that, for every field S', p » wJuton 
is different from the electrostatic one, but which satisfies the 
conditions (o) and (J9), the.energy V is greater than U. U now _Br , v 
ifl itself an eleotroetatio field, we must also have U>U , wh»h « 
impossible. Henoe there cannot be two different solutions of tun 
problem of oleotrostatios; amdtiiont (a) to (8) da/ine the aedrotUiM 
field uniquely. 


4. Dleleotrio Sphere In a Son-homogeneous Field. 

Before proceeding in next section to deduce themoet general 
explosion for the ponderomotive forces from the principle of energy, 
we shall here calculate in a more direct way the force which a chargw 
or uncharged sphere is subjected to in a non-homogeneous field. ¥re 
■hull first, however, consider the oaae of a large number — a “ olond • 
of point ohargee «!, «a» . . situated at the points (a^, *h)« * * '» 

(**j tfA, *j0 in the neighbourhood of the origin of oo -ordinate a. 
dimensions of the cloud are supposed so gmn.11 that we can represent 
the external field with sufficient approximation by 


*.=» 



with HhniTar expressions fox B f and ox, more briefly, by 
H(r)-B t + {rgrad fl )B, 

where the suffix 0 indicates that the value of the quantity in question 
is to be token at the origin. The foroe acting on our cloud is now 

— B 0 2*6, + (Beft grad)B. 

s 

Now B s,r, » M 

is the deotric moment of our oloud of charges (of. § 0, p. 22). If =“ ° 
is its total charge, we find 

F^H^+fMgradjB. 

We apply this result to a sphere of dieleotrio constant K and radius a. 
By equation (6a), p. 80, this becomes polarized in a homogeneous 
field B in such a way that its polarization ohargee act in the spaoe 
outside like a dipole of moment 
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If the dimensions of the sphere ore not too {peat, this expression 
will oontinue to bo approximately oarraot' oven m a non-homogeneous 
field. If in addition the sphere oatrios a charge e, the total farce imttng 
on it is 

V = eB + a* j if _j; (® grad) B. 

In the elootrostatio field we have, sinoe ft is irrotaticraal, 

(B grad) H ■= J grad H*, 

as may easily bo proved by writing out the (9-component, for example. 

We havo therefore 

J = aB -j- - g '1~ j 8*®*! B 1 . . . . . (4o) 

The uncharged sphere is impelled towards placet of higher field strength. 
If in particular wo pass to tho limit K-*- oo, tho force acting upon a 
metallic uncharged sphere of radius a bcoomoe 

P = Jo* grad H* (46) 

It follows that la 3 !? is tho onorgy which must bo oxponded to with- 
draw a metallic aphoro of radius a from a Hold H into a region where 
there is no field. 

Wo are now in a position to assign tho conditions which a testing 
body (proof body) must satisfy before it can bo used to measure a 
field by moans of tho simplo relation P *= sB. In tho fiat place tho 
radius a of tho Bphoro must bo so small that In (4a) tho second term 
oan bo nogloctod in comparison with tho first. Seoondly, the charge 
e itself must be so small that tho foroea exerted by uncharged metal 
uurfoooe and by tho surfaces of insulators, which may bo represented 
as duo to images (of. § 7, p. 00) and are proportional to ore negligible 
compared with cB. Tho nearer wo approaoh a disturbing suraoo, 
and tho farther removod tho field is from homogeneity, the smaller 
will the charge and diomotor of tho proof body have to bo. 

0. Heohtnlo&I Poroes In the BleotrostiUe Field, 

Wo shall now deduce tho general expression for the fores tdV 
which acts upon a portiolc occupying tho element of volume dV in 
tho Add. For this purpose wo employ tiro prinoiplo of the conservation 
of energy as follows. Think of tho matter in tho Add as moving In 
any way, and lot u(a, y, s) bo tho current vootor which defines tho 
velocity of tho partiolo situated at tho point (», y, *). Wo Bhall owwiTno 
that n is sufficiently small in absolute voluo to allow ns to regard the 
field at any given moment as elootrostatio. (Tho following considera- 
tions therefore apply strictly only in tho limit | a J 0.) Tho scalar 
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product (uf)dF dead/ gives the work done pear second in this motion 
by the foroe-densfty f on the element of vohrao dV, If wo denote 
the whole energy of the field by 


r-’L/lMW 


w 


the principle of energy requires that the rate of docreaso of U per 
second should be equal to the total work done on the matter: 


^ — fiajiv. 


m 


J 1 ^ do not know f to begin with; the roal problem 

before us it to transform the time rate of ohnngo of the function V 
defined by (8), bo that it may assume the form (8 ). When this boa boon 
done, we shall be justified in regarding the factor f bo found aa a forco- 
density oompatible with the principle of energy. Wo havo thoroforo 
to oakmlate how U changes in oonsequenoe of the motion vu 
, ® uniquely defined when tho oliorgo denaity p and 

the djdectno constant K are everywhere given. Hence TJ oniy varied 
witu the time m so far as P and K vary. We thoroforo calculate flmfc 
SV™!? 510 ” 0118 W “d S X U. Here 8,17 donotos the alinnoo 
n+TTSTJ* 8 J ? Enge , rf fo V> *) to P-h 8p(a, y, a) wbilo 
T7 »tinn •* °onstant, and similarly 8 z Z7 denotes tho ohongo in 
U when p u kept constant and JSC varies. 

calculated ^ 11876 ^ 6nei ® r difference betwoon two Holds to 


8P « Z7 t - «= ly* (KjD, - BjDJdF. . . (7) 

(o) When Kulupt, amtonl, we have ^Dg =« EaD^ and thoroforo 
^ ~ “i®!) “ (®i + (D, — DJ. 

Sinoe we are oonflning ourselves to small changes, this gives 

W^^fx&ndv. 

Now BSD » -(grad ^ 8d) _ -div( ^ 8D) + ^ ^ (gD). 

in the hJ' d^S^SfSctorj 6 equivalent to a ohongo 

8p = djy 8 d i 


Hence 

This result includes 


*'V~fitpdV' . . . 

“ a “P 00 ^ 0886 the theorem that 


... ( 8 ) 
in a small dia- 
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plaoemcnt of the charges on on insulated conductor the Held energy 
u not changed; in fact in the state of electrostatic equilibrium thus 
speoifled <f> is constant, and jtpdV = 0. This of conrso is simply a 
special case of Thomson’s theorem, that tho elootroetatio energy is 
a minimum. This special ease is of importanoo hero for this reason, 
that it shows that tho part of ip, which consists of a motion of the 
charges on metoUio conductors, contributes nothing to tho time rate 
of ohango of 17, so long as elootrostatio equilibrium continues to bo 
mai n t aine d— which we havo postulated to bo tho case. 

(6) When the density of charge p is kept constant, D, — D x ia every- 
where adenoidal; further, B x and B, are Irrotational, and wo therefore 
hare in this oase (p. 89) 


and 


/» 1 (D 1 -D 1 )i7 = 0 l 
/BW D,-D 1 )d7 = 0 I 


if both integrals are token over the wholo of spaoo. Wo may therefore 
in (7) replace under tho integral sign H t D, by and EA by 

BA, so that we obtain 


(HA - HiD,) dV. 

But if K i and K t are tho values of the diolootrio constant before and 
after the ahongo, we havo D x => 2?^ and D a ■=■ K t H,, so that 

{Et ~ / W ]B » d7 ' 

Fes a small ohango BK this beoomos 

t K U~-~ r fW&dV (9) 


For the total rote of oliange of tho Hold energy wo havo thorofore 

%-f* d i i7 -U» > -s dV - ■ ■ ■ “°> 

Wo have now to bring tho time rates of ohango of p and K into con- 
nexion with tho proscribed rate of flow of tho nrnttor a. With rospoot 
to dpfdi, by Thomson’s thoorem wo nood not take into aooount the 
motion of tho olootricity on a conduohing surfaoo. Wo may therefore 
make tho calculations as if tho ohargo wore overywhoro rigidly fixed 
to tho matter. In that oase, however, puis tho density of tho convection 
current, so that by Gauss's thoorem 

|£=.-div(pu) 


(ID 
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Wo noto in passing the exactly mmfW formula for the rate of ohango 
01 toe maafi^donaity a of the moving euhrtanoe, 

— div(ua). 

To calculate QKfdi we consider the rate of change of K for a moving 
matenal particle* For this, we have to compare the value of JC at 
toae 0 at the point (a* y t *) with the corresponding valno a* time dt 
a* the point w + y + u,^ i+t*A For tiria rate of ohangp 
tax toe material, or “ mibetarddal rate of change n , wo obtain 

g+w^t, g+«A % + — &(o, », y> ») 

at a 

+(ugraaK), 

and therefore ^«~( tt grad£) + 

The nubetsatial rate Of change dK/dt cannot be determined goncralto 
witfo rafc farther ae*uniptjion& os to the nature of the dielactrio. Tff® 
reetiiot ourselves to the assumption — oert&inly BufEkoient fo® liquids — 1 
that Rita Hn^fo-valued junction of the dsnaity a. It then follow* that 

dK dK da 

'ar”"£jr 


da Ba , . 

■gj^-gj+fageadff), 

and therefore, with the obovB noted value of dcjdt, 
dcr 

■Jt * — div (nor) + (a grad o) 

fti * dff «i 

Thus we hare finally 

^ ~ ~{(u grad H) + o*£ diva). . . 
tWng (11) and (12) in (10), we now We 
^jjf “ dlv (pu)d7 

+ ^/ B > grad if + ff g div v)dV. 


(IB) 
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Wo next apply Gauss's theorem twice, after putting 
<f> div (pu ) « div (^/3n) — f/ou grad <j>) 

and H*ct ^ div u *= div (BPe ^ n) — u grad (B 1 ^ a). 

Tho integrals over the infinitely distant surface vanish, and there 
remains, since n now occurs as a factor in every term, 

, ^ /{“• />H-lH*gradZ+lgrad(B«g«r)}d7. 

We have thus actually obtained an expression of the form (0), from 
which wo can at onoo deduce the force density f: 

f,« P H-lB«gradZ + lgmd(H»^a). , (13) 

Here, let ns emphasise onoe again, it is assumed that the dieleotrio 
constant £ is a function of the density a alone. 

The expression for I, in (13) consists of throo terms. Tho first, 
pB, gives the known foroe on the true charges. Tho second, 

--Ltfgrad*, 

makes a contribution to tho value of f„ wherever K is variable from 
point to point In particular, at tho interfaoo between an insulator 
and free spaoo it gives a force at right angles to the surface of the in- 
sulator, tending to pull tho insulator into tho vacuum. 

Lastly, tho third term is important for the phenomenon of cleotro- 
striotion, which wo shall consider separately in next section. 

6. Electros triotlon in Ohemloally Homogeneous LI Quids and Gases. 

If an olootzioal field is oxoitod within on unohargod dioleotrio, 
the first effect of the foroe (IS) will bo to oauso relative motion of the 
parts of tho dieloatrio medium. This will give rise to elastio forces 
opposing the motion. Tho motion ooases whon the olastio forces 
exactly balance tho oloctrio foroe (18). 

Tho phonomonon of the production of stresses and strains in this 
way in an unohargod insulator is called oloctrostrfction. 

In liquids and gases in equilibrium there is only one kind of olastio 
stress, namely equal pressure in all directions. In this ease wo may 
expoot tho circumstances to bo particularly simple. In foot, if the 
pressure varies with position, a foroe duo to the pressure gradient 
acts on an element of volume dV, vis. 

t,dV >=« — grad p . dV. 


• • (I*) 
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There will be equilibrium when the total force on the element of 
volume, i.e. the pressure along with the eleotrioal foroo f„ fa niL 
The oonditkm of oquilibrnnn, in an nnehargod insulator (p »■ 0), 
is therefore 

— grad grad — grad p=» 0. (14«) 


If p and K are known os functions of the density a, (14a) expresses 
a relation between the density (or the pressure) and tho square of 
the field intensity. 1 

Equation (14a) for the equilibrium pressure p in an uncharged 
liquid dielootno son be integrated generally, provided the function* 
p = p(cr) and K = E{a) are known. For thin purpose we form tho 
gradient of 


dK 



1 


a . - 

a 


by the rule for the differentiation of a product; 

** (*■ §) - ;i e* 4 ' W §• •>■ + » § "i p * 4 i 


1 1 

Now obviously grad E=* grad a, and grad - — -j grad <r, 

jjr i i 

■o that a grad - =* — - gad K. 

Henoe grad => ^ {grad (1? ^ <r) — I* grad E). 

This gives from (14a) 

igradp«grad(iB»g) (1«) 

We now consider p on the left to be expressed as a function of a, and 
form the integral 

*(<o — r 

(7 Off 

where the lower limit <j 0 is fixed. Then 

grad \ji(p) n grad a =a - 
(Ur a 


grade 
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TVe Rare therefore the result: the gradient of 


*»-£ ;*£ 

is ml; thin quantity ha a accordingly a constant value throughout the 
dlokofcrio, If wo compare any two points in the fluid, distinguished 
by the indiooe 0 and 1, than, since 0 can also bo oonaidorod as a 
function of tho pressure, say 

**’>-££ )■ 

jC?-b[v-(S)„-v.(£)„ J- (1M 

If the absolute values of the intensities, ^ and E* an known, (14oj 
gives a relation between the densities a l and op or between the pressures 
Pl«w*Pq. 

We shall disouse (14c) for tho oaae when ^ = 0; comparing e.g. 
the pressnro in the dioleotrio between two condenser plates (intensity 
| B | = Bj) with that outside the field: 

If the diolootrio is a nearly incompressible Umtid, the density a can be 
regarded as approximately constant. Wo then have 

1 « i dK 

*-*'=&*' 'IS' 

The result becomes oven more explicit if we make use of tho experi- 
- mentally woll-oonfirmod formula of CSauahiA-HoBOtti, whioh givoa 

K — 1 n a J\ 


if + 2 


= CVy 


0 being a constant independent of tho density a. From this by 
differentiation wo find 

(TFlp^" 0 ^ 


so that 


dK_ (K + 2)' 
a H- a °— i~ 
-*(* + 2)(ff-l). 


For electrostriotion in liqnidB wo therefore hare 

1B# £+a k - i 

-5“. 
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For ft not too dense gas, on the other hand, we can use 

ar 


(Af => molecular weight), while the maocptibility fa proportional to 
the density, at __ j 

K « 1 + k<t % bo that “ k *=» jp“* 


Hence, from (14o), 

* 4tt a 

If we denote by a the polatfaability (see (1), p. 74) of a ^nadby 
ie. the electrio moment induoed in it hy the Add intensity x> 

* the number of molecules per oniric o entime toe, then. 

K-l M - „ 

— j-— ra oH, And 

where = 6 x 10** fa the mnnher of molecules in a gramme-molecule. 
Introducing Bolton ann ’a constant 

i E 


. 1-87 X 10- M 


(the gas oonstsnt for a single moleoule) we find for gases 

(M f) 

ft 

We could have deducod this formula, however, by a quite 
method direotiy from previous results regarding the force boots 
upon a dideotafa sphere (equation (4a), p. fll). Thus, if we oonmam 
the single molecule ns a sphere of dfalectrio or conducting material, 
with radio* a, wo have, hy equation (Do), p. 80, 


H aa (fi 


K-l 

T+l’ 


The force acting on this sphere in the non-homogeneouo field fa thercfcore 


F« fa grad 1*=> grad (faK*), 


whioh can be derived from the potential (—fall*). Thus (IV) “ Dane 
other th an the known barometrio height formula 


9 % 
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except only that the potential energy of a particle in the earth’s field 
{«# h) is replaood by the corresponding energy in onr non-homogeneona 
field. ( — -J ; ; 

The rough model of a molecule just referred to allows us to take 
• the farther stop of estimating the order of magnitude of the electro- 
Btriotian (14/). In the first place, we get on order of magnitude for a 
which agrees with experiment, if wo put K = « (conducting sphere) 
and for a take 1(H am., the actual diameter of a molecule. Thus, 
in a field of 800,000 volts per cm, corresponding to | El | ■*» 1000, with 
h= 1*87 X 10~ w and T ~ 800 e.g., we got 

loH*_ 10-“X 10* _ 1n _« 

*T “ 2 X 1-87 X 10-“ X 800 “ 

(He ofioot in question is therefore always very minute, and great core 
would be required to measure it. 

We shall also discuss briefly the more general question of what 
condition a must bo satisfied in order that a fluid should be in 
equ ili b r iu m under tho action of tho force given by (13), p. 96. The 
unique system of applied force which will maintain a fluid in 
equilibrium is tho body force derived from tho hydrostatic pressure 
59 us in equation (14), p. 90, 4 = —grad p. Tho condition of equili- 
brium is therefore 

gradp=0. 

The nooosBory and sufficient condition that the eloctrio force i t should 
be in equilibrium with a hydrostatic pressure gradient is therefore 

t, = grad p, 

or curl f, = 0; 

for ovory irrotational vootor can be represented os the gradient of a 
soalar. Of the throe forms of which f, is composed, tho third is always 
irrotational. The first two give the oquation of equilibrium 


curl | pH — -^H'grsdzj- — 0. 


If we assume that the bhorgo density p is aero except where the 
dielectric constant E has a oonstant value in epaoe, then by the genarsl 
vector formula 

ourl (tfiA) =• iji ouri A + [grad A], 

noting that H =■ —grad <j> is irrotational, we obtain the two oonditiona 
ourl (pH) = —[grad p, grad <f>] “ 0, 
and ouri (H 1 grad Z) = [grad H\ grad Z] — 0. 
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The latter condition has been used already (at (14a)) in oar dlflanwicn 
of eleotroetrictiorL It states that the surfaces H* « const, and 
£ *=» const, ooinoide. For it is only then that the gradients of the 
two quantities ore parallel, as is requisite for the vanishing of their 
vector product. Bat since we have stipulated that if is to depend 
on the density only, this condition implies that IT— and with it the 
density cr — must bo a function of JP alone; which is in agreement 
with our foregoing treatment of eleotrostriction. 

In an ozaotly similar way the first equation implies that the ohargo 
density p rnusb be a function of the eloctrosbatio potential alone. 
This case is of practical importance in connexion with the behaviour 
of an electrolyte in contact with a metal electrode; in the neighbour- 
hood of the metal electrode there is in general a fall of potential 
associated with a space charge of the electrolyte (excess of one hind 
of ion over another). Here the spaoe charge does in point of fact dopend 
only an tire potential at the point oonoemecL 


7. The Mechanical Faroe at the Surface of a Dielectric. 

According to equation (14o) of the preceding seotion, the hydro- 
static pressure p at any point in the interior of an uncharged dielectric 
can be onkralated, provided the equation of state p => p(o) 'of the 
dielectric for the ease of no field, end also the law of dependence of 
the dieleotido oonstant £ on the density <r, are known. With regard 
to the application of thi* equation, the folio wing oiroumstanoe must 
be emphasised. The immediate experimental significance of the preaiuro 
difference given by (14o) consists in this only, that it can be nsod to 
oakralato the changes of density in the electrio field, say for example 
the quantity of fluid absorbed by a condenser. On the other hand, 
the pressure calculated by (14c) tells us nothing in the first instance 

about the force which the di- 
j ir— Zto electric exerts upon the walls 
sX ”7 of the vessel in which it is en- 

. / 1 | dosed. The very steep gradient 

£-— / L- f — I in the dielectric oonstant which 

f ; A from the nature of the oase 

T - * J occurs at tho surface is acoom- 

I j panied, according to tho general 

a jj *■“ formula (14a), by a correepond- 

rv i ingly steep gradient in the pres- 

Bure p. To illustrate this, wo 
consider the following arrangement (fig. 1). 

We take the ©-ana of a co-ordinate system at right n-n glaa to the 
snrfsoe of the fluid, and replace the instantaneous jump in the value 
of El by a ohange which, though very rapid, is continuous. At a> “ a, 
K is to have the value for a vacuum, vis. 1; from ®*= b onwards 
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tw are in tie interior of the dielectric. At a <=» a a piston exerte on 
the oioloctrio from the left a pressure p' per unit area. The material 
<tf whioh the pirton rteolf is made possesses likewise the dielectric 
oonstant 1, To the layer of fluid between a and 6 we now apply the 
general equation of equilibrium (14a). This states that between a 
^ prewar© difference p* — p must operate, whioh exactly 
oompensatee for the electrical body-foroo acting upon the layer of 
fluid, Sinoe it is obviously only the o-oomponont of the force which 
matters for our purpose, (14a) runs in our case; 






H* 


iff 

5ff 


aj dx. 


On the left hare we have the pressure difference acting from left to 
Tight, on the right the electrical body-force acting from right to left. 
Since a is sero at 0 =■ a by hypothesis, we have 




(IB) 


The integral still remaining in (16) oan be evaluated generally by 
observing that the tangential component of 1 md the normal 
component of KB are continuous across the boundary. We denote 
the normal and tangential components by the indices n and t, so that 
we oan write 

*.*.]», «*=*,• + *.*. 

£****-£ "s 4 +fWji 5* 

- Bf{B, - 1) + (SB,)' (l-i). 

Quantities written without an index, and in particular 2?„ we shall 
agree to take as far a «= b within the dielectric. We shall then have 


Jf 


R* 


.(K-l){B t ' + KB.'}, . . (IB') 

or, after addition and subtraction of 5,* in the crooked brackets, 

£ (Jf- 1)B*+ W. 

Hence, from (IB), 

+ (16 «) 

TJu pressure p' exerted by Ae fluid on a non-polaruable wall 
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timtfm meed* by tint amount tin hydrotiatio pmaure p vnikm tin 

^Within the tango of validity of tie formula of Olaasins-Mosottt 
(14d, a) we have 

. . (i») 


Hanoe ✓ **fl. 


Thus p' is greater than p if B is at right angles to the boundary surface, 
but smaller than p if I lias in. that surface, . . 

We shall at a later stage give another proof of (IBa) by a purely 
thermodynamical method, Meantime, wo shall illustrate tho moaning 
of the general relation (IB) by two simple examples. For that purpose 
we write (15) in the form 

* * <1&0 


and use the formula deduced above (p. 97) for slightly oomprossiblo 
fluids, sooerding to which the quantity 

1 ^dK 

has the flame value ovarywhore within 
the fluid If then (fig. 2) the plates A 
and B of a oharged condenser dip into 
a liquid dielectric which, in those parta 
of it where there ia no fhJd, is under tho 
pressure p& we have 

* ' ' (1M> 



Ffe* 


The force with whioh the liquid ia drawn into the condenser onn 
therefore be specified by the differenc e 

• • • • <“•> 

This result is often replaoed by the statemont that, at the surfooo 
of the liquid within the condenser, a tenaionnl foroo acts outwards, 
of amount (1/8 jt)B* grad S. Tho latter result is arrived at If, In our 
fundamental equation (13), p. 95, the term 

1 _ , /-dff \ 
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in the force density, which ia the teem. oboreoteristio of eleotroetriotion, 
fa neglected. Wo can see that this piooedote# while leading to the 
oooreofe value for tho total pressure difiersnoe $' — Po> d* 3 ? (P* 6 * 
distribution of preasnro which. in detail fa completely altered. As a 
rule, in foot), according to (IBi) the foroo whioh acts on the stratum 
of liquid between the plates A and B is not a tension at all, bob a 
pressure; for 5* in our arrangement is nil. But, in addition to 
this, there is in the interior of the liquid at the lower end of the 
condenser (where the field B is to a high degree non-homo- 
gaaeous) s marked proafraxo drop, given by (1W). whioh foroea the 
liquid into the oondonaor, c n d ovor-compenBates the pressure in 
tho surface *one to such an extent that the result on the whole is 


Finally, we oonsidor tho/oros which aek on a charged rnddUw boty 
within a top dd dieiectrio. In this case, a peculiar point anaea vHuoh 
makes the whole action of tho electrostatic forces difficult to follow. 
The following example gives a simple iUustiation. Let a plate oon- 
donaqr bo charged — at first in a vacuum — wihh^tbo surface density 
+«. 3h.cn tho first plate is subjected, on the side next the second, 
to an attractive force R 0 a /Srr per square centimetre of ita 
Ijnu | B 0 [. The force arises from tho intensity at the first pla 
dno to the charge on tho second plate. We b ow W mL 

oondonser in a liquid diolootrio, keeping it® chaige 
attractive foroe therefore— as wo know from the general energy - 
siderations of § 2, p. 86-falls to 1JK of its old value. If we teto the 
diolootrio constant of the metal of the condenser plates.® 3 * 
first sight out of tho question thot tho intensity at the P~ 
should upon immersion fall to IjK of ita value, aa wejjw 
at fig. l,p. 71, showing tho run of values of the writer ^Hbefcwwn 

tho plates. In tho liquid, no doubt, the obargea are 

thfa amount; but at the metal plat®, w^e ^ Sed oQ 
situated, its value has not altered at all. AJW f. _ hv » »/8« 
tho chargee on tho first plate is therefore . ^y brotKt 

Tho diminution of tho foroo acting on th® FJJJ £aleotm, w£ 
about by tho preasnro action of the ^ ott ^ fto0or ding ^ 
tend* to force tho condenser platoe apart. In f* 0 ®’ 0 

the piOBsaro ^ ^ 


lf»£* + v-h*% 


. -a Of the three terms 
acts on ovory square centime tro of plate sana'*’* j JAVe a oongtont 
of this expression, tho lost two together, by 1 ^ inner and outer 
value throughout tho liquid, and in partiionls® 3 qq re3U jtant foroe. 
surfaces of each plate, bo that thoy give ri®^ j St ia *cro> while 
The remaining integral is ovaloated in (IB )> 
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S % has tho value Sg/ITt so that the pressure anting on the inner ads 
d the pl ate has the value 

The whole foroo on the plate ja found hy subtracting this pleasure 
from the Coulomb foroo H Q */8 it anting on the ohaiges. Not till this is 
done do we obtain the oorrect valao of the total foroe, as required bj 
Uie principle of energy, vis, 

8, The Maxwell Stresses, 

The 3faraday~Maxwell field theory has no dealings with, forces 
aoting at a diatanoo, but regards all actions as transmitted continuously 
from one body to another through the electromagnetic field. The 
conception of the continuous transmission of force through a body 
la famili a r enough — we may instance the example of a stretched, elasfcfo 
spring. ^ Guided by this conception, Faraday sought toe scat of electro - 
magnetic action in a peculiar state of stress in the region of apaoe 
oooupied by electric or magnetic lines of force. This state of stow 
ia the means by vrhioh force is oonveyed from one charge to another. 
Starting from a system which ia in electroetatio equilibrium, imagine 
it to be divided into two parts by on arbitrary closed suxfaoe 8 , and 
let one of toe partsi say that enclosed by be denoted by 1, the re- 
mainder by 2.. Then according to Faraday’s idea the total force oxarted 
by 2 on 1 must in some sense or other pass through this surface, and 
that quite irrespective of the fact that the surface ma y lie partly 0® 
even wholly in empty space. The idoa was developed in a rigorous 
way by Maxwell, who showed that the total force exertod on tho 
pert 1 (toe density f, of this force bring given by (13), p. 96), vie. 



represented by surfs oe forces, acting on tho boundary 8 of 
this part. (Note first that the expression lor F just given actually 
contains only the farce exerted by 2 on 1. For tho mutual action 
between two ohargee, which both lie within 1, in oonsequenoe of tho 
equality of action and reaction can contribute nothing to the resultant 
force.) We therefore denote by T d8 a force, which is to act on. the 
rieanenfc of surface pf tho boundary of 1, and we assort with Maxwell 
tout « w poutbl* bo to transform the expression for F that xf* shall hen* 

'~/// fiF “//**«■ <»> 
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The action qf 2 upon 1 is equivalent to tie action qfthe surface forces T. 
From the point qf view of the fdd theory, values qf T to be allowable 
must depend only on the quantities dqfirmg the field at the place where 
tie surface dement is situated, and on the orientation qfd8 (the direction 
of its normal) with respect to the direction qf the field. 

By Gauss's theorem, the transformation can be effected provided 
we can express the components of f in the form of a divergence. We 
shall carry out the process An the e-oomponent of 7; Le. we shall 
try to find quantities T w T„ soah that we have 

- W m ,dT m ,W m 

/•-"TS' + Tr + 'S- 1 * 

Corresponding equations will then hold for the y- and s-oomponents 
of f also. 

When we have snoooeded in making the transformation, the com- 
ponents of the surface force T are given at once by Gauss’s theorem: 

T m « T m oos(n, b) + T„ ooe(n, y) + T„ coe(n, s),l 
Tf “Jii ooafa #) ~|- Tfj ooefa y) 4 1 *)> | (1^) 

T , » T m oos(n, b) + T„ ooa(*, y) + T„ oos(n, *).J 

To oorry onfc the transformation indicated in (16) we put for brevity 

2 m 

f- pH - ^ B* grad K + ^ grad {pKBf). 


Further, we replaoe p by div D/4»r, and in the second term of f make 
uso of tiie identity 

SPgradZ o grad (H*Z) — 2(ZB grad)H — Stff[H onri H]. (VH) 


Since B is irrotational, we find 

/dDg j_ _ 1 

. 9a 




9 




+ s( C -f + i, 'f +I, 't) + S 


or Birf m “* {2BJ) m — BD + *) 

+ ^W,)+Jwj. 

Thus /.is exproseed in the form required by (lfla). By cyelioal changes 
we can now obtain the components of Maxwell $ stress tensor J-. 


\ 
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IOC 


T 





. OS) 


Thaw quantities 2 1 ** when inserted in (17), give the Sy^cw 

of surface forces T which are required- 

We shall now consider the connexion between the field reotflr B 
and the Maxwell stresses a little more closely. Their relation to one 
another toms out to bo much simpler than might bo expected com 
the appears ace of the expression s in (18). In flic first pUoe, the to™ 6 
containing p (the function which expresses the variability of ft® 
dielectric constant with position) occur only in the diagonal of % 
and contribute a hydrostatic pressure of amount KJ3&)Brr, which acta 
at right angles to d& This in fact could have been seen at onoo directly 
from the original form of £ We ahall now disregard this port, whkh 
in a* vacuum is always nil, and discuss only that part of (18) wbioh to 
left when we put (} =» 0, We fix oar attention upon a definite element 
of surface, and choose the coordinate < so that the positive axis 
of co is in the direction of the intensity B* and the aria of s ia at rig ht 
angles both, to the normal ti to the mmAA element, and to the intensity. 
If further we denote by 6 the angle between the normal and the 
intensity, and by B the absolute value of the intensity, then (fig* 8) 
we have 

S w « 0, B 9 *=* oo e(a, w) <=* ooe0, ooe(n, y) sm0, oos(n, *) 0. 


Hence, by (17) and (18), the surface force T is given by 
T v «-~IS*Hine, • • • • 

r.-o. 


. (19) 


We thus imva the following simple constcuotion for vector T! 
lM absolute value qfnit 




at wtosw angle & eteaumt of surface is inclined to (ha direction of 
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the fold. We obtain the unit vector in the direction of ¥ by taking the 
image qf the vector n in the dinotion of B (fig. 8). In foot, the components 
of tho unit; vector bo constructed, In the z, y, t * 
dfrootiona, arc co#0, -—rind, 0, aa is required by (19). ™ 

As need eosrody be said, the nee of a special 
co-ordinate system in no way affoote the generality 
of the result, it merely makes the proof simpler, 

Aooording to this construction, the angle 
between the surfaoe normal n and the force T 
is olwayB bisected by the intensity B. By tam- 
ing the eurfaoe dement so that it makes various 
angles with, the direction of the field, we there- 
fore obtain tho following results. If the* field 
B is parallel to n, T also is in the direction, of n, and we have 
pore tension. If we turn n away from B, T toms to the opposite mae 
through mi equal angle, For 8 «= 45°, T lies in the plane of the suiraoe 
element, so "that the stress transmitted is pure sheering rim*** tm 
further increase of 0, the sh earing stress again diminishe s, in this osse 
in favour of a pressure component, and the pressure alone remains 
when, n is at right anglee to B. Thus T is antiparalld to n with reference 
to tho direction of H. During the whole of the above turning prone®, 
tho magnitude of T r emains constant. The algebraic sign of B does 
not affect T. The street tensor oorresponie to pare tension men X ** 
at right angles to dS, and to purs pressure when 

As another illustration of the droumstanoee, we rihdl 
briefly tho foroe which two point charges exert on each othfiiy 
cases when the two charges are equal (repulsion), or equal ana qpposi 
(attraction). Wc place the two chargee 
on the axis of x at distances-}- a and — o 
from the origin. Per the partial vol- 
ume* 1 (p. 104) of our system we tat© the 
hemisphere formed by the plane of y* and 
tho loft half of a very large sphere whose 
o autre is at the origin. The surface force 
on tho spherical part of the surface con- 
tributes nothing to the result, since on 
it [ T | tends to *ero like 1/E*. Tbsr® 
remains only the action transmitted 
aorosa the plane of symmetry. 

For equal charges (*t ™ <» •“ •)» *“® 

pressure. We have in fact 

fi.-O, SRI £ f* 
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If then b •=> is the distance of a point on the plan* 

symmetry from the origin, we have on that plane 

The area of the ring of breadth d& is «d(6*). On putting 6®** A» we 
find for the total pressure on the plane 

*\ i <** r 

so that F is equal, aa it should be* 
to the Coulomb repulsion 

«• 

w 

For egnal and opposite dbarfftt 
(^=*1 -j, c =t e) the lines of force 
are everywhere perpendicular to 
the oentml plane (ng. 46). 
foroe is pure tension; and we have 

2 5 ,« 0 , S 9 «= 0 ; 

so that 

l T l~K2(i'+Vj»’ 

* 

“ J?(2o)*‘ 

From flgB. 4o and 4b, which show how the lines of foroe run, we oan 
reoogniso at once how the Maxwell stresses act: tension in the direotion 
of the lines of foroe (fig. 46), pressure in the perpendicular direotion 
(fig. 4$). 




CHAPTER VI 


The Steady Electric Current 

1. Ohm's Law. Joule's Law. 

Among the equations which have been used in the preceding 
chapters to describe the eleotrostatio field, somo will oontinne to be 
▼oHd for more general electromagnetic processes. These are: the 
relation between the vectors H and D; the equation connecting the 
divergence of D and the density of eleotrio charge; and the expression 
for the density u of the eleotrio energy; that is, 

H k KD, div D = 4tr p, ^ (BD). 

Two relations belong oiolnsively to electrostatics, vis. 

S *= —grad <f>', <j> =3 const, in conductors; 

‘which express the faots that H is irrotational, and that it vanishes 
within homogeneous conductors of electricity. We shall now give 
up the latter of these two conditions. To take an experimental 
example, suppose that we join the two coatings of a charged oondenser, 
at different potentials ^ and ip by a wire. As soon as the connexion 
has been made, the potential in the wire is certainly not constant, 
ainoe it has the values ^ and ^ at its ends. Henoe an eleotrio field 
is set np within the wire, and the oondition of eleotrostatio equilibrium 
ia no longer satisfied. In point of fact the charges -f-e and — s tend to 
neutralize each other by the passage of electaaoity through the wire. 
Equilibrium is not established again until the charges of the condenser, 
and. with them the field, have vanished. While the process of neutral- 
ization ia going on, an electric current flows in the wire, of strength 



That there is actually something going on in the wire while the oharge 
ia «Vhn.nging oan be inferred from the faots that heat is developed 
in tho wire, and that a magnetic field exists in its neighbourhood. 
The occurrence of the magnetic field is a complication in the process, 
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the lull consideration of which we defer till later ahapters, So long 
M the strength * of the current remains constant, the magnetic 
field whioh it generates does not ohange. Hence, up to a certain point, 
we con deal with the lawn of steady ourrants (Le. those whioh do not 
▼ary with the time), without taking acco unt of the accompanying 
magnetic field. In our example, as it happens, we con only apjm v&- 
tnate to the condition of steadiness, vis. by taking the resistance of 
the wire and the capacity of the oondenser as groat as possible. By 




steady ourrent, Thia can only be done by tho uso of appUanooa 
foroipi to pure electrostatics (e.g, voltaic cells, aconmnlatoiSj or 
thetmoelemeirfa). We shall have to return to those in the flootiont 
which follow. 

Meantime wo continue the consideration of the almost steady 
oase of a condenser of very great capacity. By measuring the rate 
of discharge (—de/dl) we can establish Ohm? a Iw, 



22 is called the resistance of tie wire, and depends only cm its 
«o*m and the nature of the material of whioh it is mode. If I Is tho 
length of the wire, and 5 its cross-section, then 

W 

where the quantity a depends only on the material of tho wire; 
u 18 Bjtedfia conductivity . Its reciprocal 1 /<t is oalled the 
tpeotfo resistance (per unit volume), and is equal to the reeistanoe 
of a onbe of aide 1 cm, (I «*= 1, 8 **» 1). Equation (1) expresses Ohm's 
law in its immedia tely observable farm. This form cannot bo used 
in a field theory, since no results except those whioh refer only to the 
immediate neighbourhood of a single point oan be need as the 
primary ^ propositions of such a theory. In order to disoover the 
differential form at Ohm's law, whioh this oondition requires, we make 
the assumption that the same relation as him b een found in the first 
instance for the wire as a whole holds also for any arbitrary nlnment of 
its volume. As such an element we choose a bitmvII cylinder, having its 
length df in the direction of the field, and its cross-section dS per- 
pendionlar to the field. Then, aocording to (1), if U is the potential 
difference between the ends of dl, we have 



so that 
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Wo write thin equation vectorially in the fo r m 

(») 


the vector i time introduced being called the current density. The 
onrrent density 1 is therefore so defined that i n d3 i a the quantity 
of electricity whioh passes through the surface element dS in the 
direction of its normal n in the unit of time. Equation (2) is the 
required differential form of Ohm’s law; it also gives a definition 
of a suitable for the field theory. In this form of the law there will 
be nothing to alter, even when we come to oomrider processes whioh 
vary with, the tone, while (1) applies to steady currents only. 

It must be observed that (2) only holds for iaotropio substances, 
that is, for substances whose properties do not depend on direction. 
In anisotropic bodies (e.g. crystals, or materials in a state of strain) 
the conductivity a depends in general on the direction of the current]. 
In such oases cr is not a scalar, but a symmetric tensor (p. if). 
Equation (2) is then to be read as a tensor equation, in whioh the 
vectors 1 and S are no longer parallel, but are connected by three 
equations giving »„ *„ of the type 

no cr m B M + c + a m E,. 


In what follows, however, we shall oonfine ourselves to isotrqpio 
substances. 

Joule’s law defines the quantity of heat developed in a wire traversed 
by a current. In our case of a oondensar short-circuited by a wire 
the heat developed per unit time is 

Q “ “ (At — A) jg “ (^i “ 


Thus tiie fi eld energy which disappears during the discharge of the 
condenser reappears in equivalent quantity as “Joule heat”, HP. 
Boro, let it be emphasized again, we are neglecting the change in the 
magnetio field energy whioh is involved in the change of the ourrent 
strength. By taking that part of the energy into aooount, we shall 
bo led later (p. ISO) to Faraday’s law of induction. The last equation 
also is tr ansla ted at once into differential form, by applying it to the 
volume element dV=>dl.dS which we need above. We thus get 

B*=-iL and i= IdS ridS. 

a ao 

Tho Joule heat per unit volume therefore becomes 

=i off (IB), • . 
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bo that (ffl) is tho heat developed per unit volume unit time. This 
result asalso the integral law Q » (4, — can be dadnood from 
tho pnnoiple of energy. Tho general proof will bo given in a lata 
section (p. 146). In the case, however, when tho current strength 
«uw»ae» only very slowly, we oan still regard the Sold of B as approri- 
mately irrotational, and for the rate of change of the field energy, 
i.6. of 

'-s/m 

take the value used in electrostatics (equation (10), p. »X 



In the present oue p will difiar from sero oven in the interior of tho 
oondnetor, Wq oonader only that part of tho variation of p, iiio cxhwga 
aonaity, which ia due to a conduction current L Prom the definition 
of i, we have 

|/ p iF /siS, 

and therefore, by Gauss's theorem. 


Huis, by integration. 


div 1 » 'div (0) + (1, grad ft. 
oyer the whole lystcm, we find 


iV r 

“ J{ I, graded? =• — f(m)dV, 

^ IeBn * t to ex P eote< l from (9), vis.: the decrease 
m toe Add energy per second is equal to the Joule heab develqpoi 
® riiould be particularly noted, however, that 

2. Conduction Current Displacement Current Polarisation 0 nr rent 

, fl a f ^, d { <nment » itisa general principle that the same current 
on T aeotiaa ^ ae wndnoting circuit. An 
of KtMiAv on ® 8ner ^ rowdt is that, in a volume distribution 
* W ««“* f is everywhere Boh- 

aouroo of l at any point would imply a time rate of 
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in the charge density, and consequently in the field B. Por 
J ® urD0n ^ 8 * therefore, we have tho conditions: (a) div l =» 0 
^ ** “ continuous at the botmdMy between 

At the surface farming the common boundary oi two oondnotoia 

~~T e accordingly the two boundary oonditiona: continuity of the 
t n component of o-H, and oontinuity of the tangential oomponent 
___ • -“cnee, in steady flow of eleotnoity, the lines of flow at the 
oommcHa boundary of two conductors of conductivities a x and o % 
w tanaoted in the same way aa the lines of displacement at the 
'■ n mary between two insulators of dielectrics constants JTi and IE*, 
provided K^: E t is equal to a, : cr, (oL fig. 3, p. 78). 

A. variable or non-steady current, euoh as the ontrent in ooi first 
ample of discharge of a condenser, is in general associated with 
time rate of change of the density of chaise. In fact, by Gauss’s 

theorem we have 8 

diT1 |f. 

But ainoe on the other hand we have always 

brp *= div D, 

we obtain for a current varying with the time 

— B*" <*> 

H them we introduce a vector o, with the definition 


o 


i + 


1 3D 
4w !*' 


( 0 ) 


wo shall always have div c = 0, within a conductor; and o a con- 


tinuous at its 


,ys nave a 
boundary. 


1 3D 


By tho addition of the ditplaomeni current ^ -g, the conduction 


current I becomes the adenoidal Mol current a The introduction 
of this solenoidol total current is due to MarwelL Later, in general 
electrodynamics, we shall find it to he of fundamental importance. 
A. simple illustration of the idea may again be drawn from the 
example of a plate condenser abort-circuited by a wire. The 
conduction current flowing in tho wire, i.e. 


. de 


t ermin ates at the coatings of the coudonser. But if 8 is the area 
<*«*> s 
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of either plate, and <a the surface density of its charge, the displace- 
ment in the insulator is 

_ .6 


Henoe, so long as the current t flows, D changes in snoh a way that) 
the total displacement current in the insulator is 

n 1 0D de 

It is therefore equal to the conduction current in the wire. By moans 
of the displacement current the oonduotion current is oontdnnod 
tiridar solenoids! conditions into the adjoining insula tor. 

To giro a general interpretation of (6), we must attribute to 
every body both a conductivity a and a diolootrio oonstant K. Wo 
then have 

_ , K SB 
+ W 

The work done on this total ourrent- by the field B, par unit volumo 
and unit time, thus becomes 


(<*-„*+ » (g,). 


The work appears on the right-hand side portly os Joule heat crB®, 
partly as augmentation of the field energy KJP/Qtt. 

In practical applications the two terms of wliioh o is composed 
axe always of different orders of magnitude. In porfoot insulators 
the displacement current alone is present. In all metallic conductors, 
on the contrary, the conduction ourrent is so largo oompared wit lx 
the displacement currant, that we <w.n practi call y always noglcob 
the latter. Only with very rapidly varying fields (wavos of visiblo 
light, or shorter waves) does the displacement current booomo sanaTblo 
in metals. 


The two equations 


/>=■__ div (£h) 

_ div (orH) 


to an important deduction with respect to tho time rate of dis— 
penal of a charge originally present in tho interior of a conductor, 
wc regard a and. K aa constant, and eliminate H, the equations givo 

3p irra 

t — X* 
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from which, by integration, we find 


0 C3 


s 


ina 


The time 8, oaflod the " modulus of decay”*, is the time it takes 
the charge density to diminish to 1/e of its ori ginal value. It also 
indicates the order of magnitude of the time required to 
electrostatic equilibrium. Wo give a few numerical Arampl-, but it 
should be noted that there is some uncertainty with respect to the 
value of £ m metals. We know of nothing, however, which wo uld 
lead ub to assign to metals a dielectric constant of an order of mag- 
nitude differing from 1. We therefore get the order of magnitude 
of the modulus of dooay also, if we are content with the value of 0/E, 
Le. I liner, as given in the following Table. 



A. 

l 

l/ 4 *r-l/JC 

Copper 
Platinum , . 
Blimuth .« 

1*7 X 10"* ohm 
107 X 10-* „ 
120 X10"» „ 

83 X 10“ •eo.- 1 
8-4 X 10“ „ 

07B X 10“ „ 

018 X 10-“ *00. 
0*06 X 10““ „ 
10*6 X 10-“ „ 


The values of the modulus of decay are therefore excessively small. 
This is as much as we oan infer from such a result as 0 = 10 -1 * see. 
In fact, for procemos of suoh rapidity the methods of the present 
volume become mooningloas. On the other hand, the numerical values 
of a doeorve attention. They are of dimensions sec. -1 , so that a is a 
frequency. In all formula) describing the behaviour of metals in 
alternating fields, the ratio of the frequency v of the field to the 
frequency given by a is the critical number. It may he noted that 
to roach a frequency os high as 10 u soo. -1 we must go as far as ultra- 
violet light of wave-length 0*3/*. 

The displacement current ^ is really made up of two com- 
ponents of quite different character, thus 

1_ 0D J_ , dP 
in If in dt 

i.e. the total displacement current is the sum of the displacement 
current in vacuo, and tho polarisation, current. According to out 
definition (p. 72) of tho voctor P, it seams perfectly natural that the 
time rate of variation of P should occur in an equation as a current 
density. In fact, if P changes by the amount dP, this simply means 
by tho definition that a quantity of electricity (dP . n)d$ has crossed 
the element of area dS. 


* Gar. StbmUontmU, 
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The new part, and the port which is characteristic of the Max* 
wellian theory, is accordingly the " displacement current *n vaeuo ”, 


1 9H 

5 3P 


The splitting up of D into B and in?, which seems natural to ns at 
the present day, la utterly alien to the original Fornday-Maxwall 
oonoeption. There was at one time a tendency towards the view 
that even in empty spaoe, exactly as in a dielectric, positive and 
negative charges are bound to one another ^naai-elastioaUy, the 
vector H/4t r being then regarded as a polarisation of empty spaoe. 
The discussion of thin idea, and attempts to construct an Esther model 
to fit it, have played a great part in tee history of oloctrodynamjci. 
These efforts, however, have not proved fruitful. Only the polarisa- 
tion current can be interpreted as an actual transport of oleofcrio charge. 
If then we write the aolanoidal total current in tee form 


o 


1 + 


ap . i 3 b 


the flat two terms represent an actual transport of charge, which 
by the addition of the third term is mode up to a solenoid*! 
vector. 


8. Impressed forces and Bleotromotlve Force, 

When applying Ohm’s law in the form given above, p. Ill, 

i=oB, 

we have alwayB restricted ourselves to homogeneous conductor! 
The law ceases to hold in non-homogonoous conductors, and in the 
transitional layer between one conductor and another. According 
to tee above equation we should always have i = 0 when B « 0. 
In point of fact observation shows that in general, at a place where 
there is non-homogeneity, the intensity must not vanish if equili- 
brium is to be maintained, i.e. if thore is to be no ourrent. It follows 
that at such a place the intensity S is not tho only cause of the 
occurrence of a current. There must also be other forcoe presont, 
which tend to send a ourrent through the conductor. Wo shall take 
account of these foroes by introducing a vector E^, and extending 
Ohm’s law to the form 

^ofll + BM) (6) 

For brevity, we call BW the “ impressed force ”, or " applied force ”, 
(though this use of tee word force is not quite correct); B^ ifl there- 
fore a vector which depends on the kind of non-homog en eity which 
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exists at tho plaoo in question, and which oomhinee with the intensity 
B to give rise to the ourront density 1 at the plaoo in aooordanoe with 
equation (8). 

Although the relation stated in (8) is sufficient for the purposes 
of a formal thoory, the field of the impressed forces HW being simply 
regarded as given, it will help to cm gander a more vivid approhonaon 
of the subject if wo consider briefly how that field arises in Borne 
special oases. 

The example of an improesod force in which the actions occurring 
oan be followed most easily is that in whioh the conductor is a dilute 
solution of a strong electrolyte (ag. HOI), and the non-homogeneity 
a variation in its concentration from point to point. To begin with, 
let them bo no elootrio field present. Then a prooees of diffusion will 
set in, which tends to smooth out the differences of concentration. 
Now tho olootrolyte is dissociated, practically completely bo, into 
H+ and Cl - ' ions, whioh diffuse independently of one another. The 
mobility, and therefore also the rato of diffusion, is, however, mnoh 
greater for the H+ ions than for the d - ions. The ofieot of this is to 
produce an elootrio oarrent in the direction of diminishing concentra- 
tion, since more H + ions than Cfl - ions ore set in motion towards the 
places of weak oonoentration. We oan recognise in this cane that 
an impressed foroo B w oan bo oausod by diffusion. Further, tho 
diffusion current oausoe the dilute parts of tho solution to beooma 
poeitivoly ehorgod, and tho oonoontratod ports negatively, and so 
gives rise to on elootrio field in such a direction that the diffusion 
of tho H+ par doles is ehookod and that of tho Cfi“ ions aocolerated. 
Finally, a stato of electrical equilibrium will bo reaohed, in whioh 
the difference in tho rates of diffusion of the two kinds of ions is 
exactly oompenaatod by this field. Wo then have a stato of affairs 
in wlueh there is no current, oharaotorixod by an eleofria Sold B, 
which oxaotly compensates the impressed field : H -f- = 0. 

Betwoon tho vectors H and B^ there exists a fundamental 


difference, which must bo explicitly emphasised. The impressed 
field B<‘> is present only in tho interior of the electrolyte, where there 
is a finite gradient of oonoentration; in the surrounding vacuum 
or didootrio is always zero. The behaviour of the olectrostatdo 
fiold B is quite different. Of oonrso, in the interior of the electrolyte, 
when there is no ourront, we have everywhere B «=■ — E^. But 
outside of it, B is determined by the principles of electrostatics (con- 
tinuity of the tangential components of X at the bounding surfaoe). 
Hence B is in all oiroumstanoes urotational; on tho contrary the integral 


taken round a olosod curve is only sero in special exceptional 

oases, vis. when (1) tho impressed forces are so distributed that they 
nan bo compensated wi thin the conductor by an oleotrostatio field, 
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and (8), the path of integration lion wholly within this oonduotor, 
Only in snoh oases oan we speak of an “ impressed (or applied) potential 
differenc e ,f . 

We shall now obtain a formal expression for the impressed foroe 
prodooed in an electrolyte by a oonoentration gradient. 

Let a be the number of HC1 molecules per o.o., and therefore also 
the munber of H+ ions and the number of 01~ ions, n being a given 
function of position; and let D+ and T>_ be tho diffnaion constants, 
3 + and B_ the mobilities, of the two lHnihi of ions, and 6, — o their 
charges. 

The definitions of D+ and B + are as fallows: (—)!?+ grad n is the 
current vector dne to diffusion, for tho + ions (the number of par tides 
arossing 1 sq. om. per see,); B+F is the volocity acquired by an Ion 
und er the action of a fame 7; and similarly far XL and f?_. 

The total ounent density nnfl«r the action of Hiffimfan and a field 
H is accordingly 

1 = — a(D+ — XL) grad n -j- £(B+ + ILJftH, 

at i=* A*(5 + + BJ{H-i gmd (log ft)). 

We thus arrive at Ohm's law, exactly in the form of (6), p. 110. Moro- 
over, as comparison with that equation shows, we have for our binary 
electrolyte, 

a => £n(B + + fl_) 

^ ** ^|^grad(log»). 

In our example, therefore, MW points in the direction in which tho 
concentration falls fastest. Between any two points whore the oon- 
wntations are «! and «„ wo have an impressed potential differenoe 
, i , ~ ■**“ h® whloh, by integration along a curve lying entirely 
In the solution, we find 1 ' 

- m - +•/ r.«* - ®t^g=iog =». 

•'» B + +B_ e n! 


Lithe state when there is no ounent, on electroatutin pot ential dfffinmnrt a 
is present, which is equal and opposite to the impreasod one: 

A- -(*.«- E t W). 



D-iTB 
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(i<>° Boltzmann's constant 1*87 X 10~ ie , Ie= absolute temperature); 
and that in eleotroohemiBtay the number 

B+ 

is called the transport number. Wo therefore have 
<KE a « - !?!«) - *T(2 k - 1) log 

*1 

The order of magnitude of this pressure difference may be seen from the 
numerical example: log (nj/nJ = 1, Hj : rq = 2-73, v = 1, T — 800, 
e= 4*77 X 10-“. The potential difference hare is 

1 ‘ 87 .^- 1 ^A 3 °° = 0-80 X 1(H o.g 3 . units = 0-020 yob. 


Another oxamplo of an impressed force presents itsolf when a metal 
and electrolyte ore in contact with oaoh other. For example, whon 
a oopper red is dipped into a dilute solution of copper sulphate, a 
small quantity of oopper first goes Into solution in the form of 0u++ 
ions. An eleotrio current therefore flows from the copper into the 
electrolyte. In this case the solution pressure of the oopper causes 
an " impressed foroe ”. The current docs not continue, for it produces 
a negative ohergo on tho oopper, and a positive one in the solution, 
and those give rise to an olectrio field, directed towards tho oopper, 
in tho layer of liquid immediately adjacent to it. In equilibrium, 
this field exactly compensates tho “ impressed force ” of the solution 
pressure. 

Here again wo have, in equilibrium, as a oonsequonoo of the im- 
pressed potential difference, an equal olootrostatio potential difforonoe 
opposed to it, 

*•>*, 

between the interior of tho metal (1) and tho homogeneous solution (2). 
The transition sono in tho electrolyte, in which £F> is sensible, is as 
a role so narrow that we may almost spook of a potential 11 Jump ” 
<f>jj at tho boundary between metal and electrolyte. It is on this that 
the action of tho voltaio cell affectively depends. 

As a third instance of an improssod potential difference wo may 
mention the contact of two different metals. In this oaso the dis~ 
similarity betweon tho motion of tho electrons in the two metals 
produces a current, which continues until a definite potential difference 
has boon sot up between tho metals, A more detailed discussion of 
thin process is reserved for tho sections on tho electron theory of 
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4, The Voltato Oirouit. 

Wo consider next a so-oalled oircuit, Lo. a number of different 
oonduotora oonneoted to one another in series, whioh may contain, 

in th emsel ves and at their ends, 

~u e(,) , m jo arbitrary impressed oleotrio foroes 

(intensitiee or field strengths). Wo 

/ * \ { plip.ll assume, however, that tno 

V / beginning (1) and the ond {9) 04 

— — ■ - — S . — — — ^ the crirouit (fig. 6) conflict of tho 

E E same material. In that case, when 

Ffc* * there ia no current thoro cxhrts 

between these on da a potential cBf' 
ferenoe, which is given by the line integral of oil the impxceaod 
intensitiee, 

where the path of integration must lie entirely within tho circuit. 

If now the two en it of ike oirouit an brought into oontaot (by moans 
of tho wire EDA, whioh doses the oirouit), eleotroetatio equilibrium 

at onoe heoomes impossible, For the line intend d» is now 

different from xero, sinoe =» 0 at all points of the connecting 
wire BDA, bo that 

(f> =* B<*>ds ™ Bjf*\ 

It ib therefore impossible to oounterbalonoe B^ by on oleotrostatlo 
field. Hence, by (6), p, 116, an electric current must begin to flow, 
"When the current 

i=o(H+H«) 

has developed, we have steady conditions once more. 

The oharacteristdo property of a steady current is that it la 
adenoidal (div 1 = 0); as for the field E, we must have everywhere 
and B = 0. Those two oonditions are sufficient, when o and 
are given, to allow both 1 and H to be calculated. 

Wo shall go through the neoeasary calculations for the oaso of 
a linear oirouit. If & is the arose-seofion of the conducting oirouit 
(perpendicular to the lines of flow) and ds an element of Iengtk in the 
direction of the path of the current, t hen 

(lii) = gidi. 

The solonoidal character of 1 is expreesed here by the fact that the 
same current t must flow through every croeB-aeotiom If theii| wo 
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integrate oquation (6), p. 116, over the whole ring-shaped closed cir- 
cuit, from (2) along the wire BDA to (1), and then through the 
remaining part of the circuit book to (2), we obtain 

sinoe the lino integral of 1 must vanish. We write 

and call R the resistance of the whole conducting circuit We thus 
have the result! the product of the current strength and the reeiitanoe 
of the whole ring-shaped closed circuit is equal to the line integral of the 
impressed electric force. On account of this property the quantity 
£„<*> is also spoken of as the electromotive force {EJt Jf.) of the dosed 
drouit In an open oirouit it is not ldontioal with the line integral 
unloss tho first and last component parts of the circuit are made 
of tho Bamo material. 

When $ has been detorminod, wo can find I also, and accordingly 
H, at every point of our linear circuit: 

H=a i._ jjto. 

(7 

. In another limiting case, that of a conducting system exten din g to 
infinity, with and o any givon continuous functions of position, 
tho etoady distribution of ouirent is uniquely determined by the 
two conditions 

div i = 0, curl (1 jo) «=* curl 

while tho field H iB given uniquely by the equations 
ourl H = 0, div (oB) «* —div (oB (,> ). 

Wo have still to consider tho development of heat in the case 
of a steady ourrent maintained by impressed forces: 

Q=/ (I */o)dV - /l (B + 

whore tho integral is to bo taken ovor tho wholo region traversed by 
currents. Sinoo B = — grad f, and 

(1 grad = div {lf>) — <f> div 1, 

tho above conation, whon tho current is steady (div 1 ■= 0), gives 
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plnoe, by integration over the whole region containing 

Q=> f (&4)dY - ffi n d8. 

If ttie integration is oazxied out for the complete system} then 1 aa 0 
at every point of the boundary of the integration space, so thffl we 
obtain 

f(M*)dV. 

Th© total heat developed in a circuit is therefore equal to the work 
done by the impressed forces. Where the equivalent energy oanei 
from depends entirely on the process which is responsible for the 
occurrence of In the concentration cell the energy is obtained 
at the cost of the free energy which the concentrated solution posaeawa 
in greater degree than the dilute solution. In the voltaic cell, tbs 
energy oomos tom the ohemioal reactions connected with, solution 
or separation; in the thermocouple, from the sources of heat which 
ineintein the temperature difference of the junctions. In every oase 
the work done, , is derived from source of energy which 

lie outeide the proper domain of electrostatics, just as the Joule heat 
lies outside that domain. We have here, therefore, the romarkable 
phenomenon of an electric field which is steady, ie. does not vary 
witt the time, but yet is the agency by which one kind of enorgy of 
a non-eleotanoai nature is continuously converted into another, namely 
into heat, / 
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CHAPTER YU 

Magnetic Vectors 

1. Kacnetlo Intensities in Vacuo. 

Prior to the discoveries of Oersted (1820) and Faraday (1831), 
magnetism as a branch of physical solonoo was completely independent 
of the theory of oleotrioity. It dealt with the mutual actions of per- 
manent magnets, including the earth with its magnetic field. Never- 
theless there is a far-reaching formal analogy betwocn the nmgneto- 
statio and the elootzoetatio field, whioh in oortoin oases makes it possible 
to deal with them mathematically in a similar way. Electrostatics 
starts from Coulomb’s law of force for charged proof bodios, and 
from tho definition and realisation of units of ohargo and intensity 
which this law renders possible. But this is just one of the points 
whore tho analogy betwocn tho olootrostotio and tho magnetostatic 
field fails, sinoo a little proof sphere carrying a magnetic charge 
cannot bo obtained. There aro no “magnetically charged” bodies. 
Wo can certainly magnotiso a piooo of iron, no. cause it to be 
magnetically polarisod, but wo can never ohargo it with magnetism. 
Thom is a second oesontiol difference, howover, which makes up for 
this ono whon we have to investigate magnotio fields experimentally. 
While tho electric polarization P of a diolootrio can only be maintained 
by an oxtornal olootrio field and is proportional to the field B, there 
aro substances with " permanent ” magnotio po lariza ti o n I, where 
I denotes (as will bo soon later) tho “ magnotio m omen t per unit 
volume” or “ intensity of magnetization . Certain substances, 
dosoribod os being magnetically hard, can be magnetized in such a 
way that, whon tho external field is not too strong, I only depends 
to a slight extent on H. In tho preliminary explanations of this section 
wo shall consider tho limiting ooso of on ideal hard bar magnet, i.e. 
wo asBumo ita magnetization to hove a given fixed value, independent 
of the external Sold. 
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'With tiie help of small permanent bar magnets we oan explore 
b magnetic Add just as well as we eon explore an elootrio field by 
means of a proof sphere. In the choice of the requisite units we also 
follow the guidance of the formal analogy with the elootrostatio 
field. In exactly the samo way os the charged tost body in the 
electrical case, the magnetdo needle in tho present case acts both as 
an indicator and as a source (really a double source) of a magnetdo 
field. 

We shall begin by considering tho method by which Gauss 
succeeded in measuring for the first time both tho magnetization 
of such a bar magnet and the intensity of the earth’s field, in absolute 
units. If wo denote the magnotio moment of our small magnet by 


U^fldV, 


then in a homogeneous magnotio field Hq (say the earth’s magnotio 
field) a oouplo K will act upon it, where 

F = [HHJ; 2V = | H | . | H # | sin®, 

6 being the angle between H and Hq. 

If in particular the magnet is free to turn about an axis, and if 
© is its moment of inertia, and H 0 tho component of tho homogeneous 
external field perpendicular to the axis of rotation, then wo havo tho 
oqnation of motion 

0 ^ —MH 0 sinfl. 


For small osofllations (rind ~ &), by putting 0 *■ 0 ain2rrv< we find 
that the frequency is 



This experiment therefore enables us to dotermino tho product MU 0 
in absolute measure. 

Lot us now oonsidor the magnet itself as the source of a magnotio 
field H, This field oan be dorivod from a potential ^ which (p. 23) 
is given (fig. 1) by 

^m = ^cos^. 

nr SijU %M. , 

B ' — 

„ 1 M . , 

B * c 


Hence 



We now (fig, 1) fix our bar magnet so that its longth is at right angltf 
to the homogeneous field H 0 (of numerical value ZZq), ana plaoe a 
small magnetic noodle, which can rotate freely, at a point distant 
r 0 from the oentro of the bar magnet in the direction of the moment 
M (ifj = 0), This noodlo will set itself in 
the direction of the resultant of H and H 0 
at that point, and will therefore be / 

deflected from tho direction of H 0 through v / 

the angle a, where / 



By measuring a and wo can tharefore H*p\| 

tins timo determine tho quotient M/E 0 in i jJ 

absolute measure. By combining the two Fir. i 

results, wo obtain in absolute units bote 

tee earth’s field H 0 and the moment M of our bar magnet. By 
means of tee magnet tens standardized, we can now determine tee 
magnitude and drreotion of a given magnetio field at any point, 
provided only tho magnet itself is tekwi bo BmiJl that the field in its 
immediate neighbourhood can bo regarded os homogeneous. The 
boutoo of tee magnetio field H in this case is the magnetisation I of 
our permanent magnet; and wo have 

div H =« — div I, 

in exact agreement with the equation (p. 74} for tee dielectric polari- 
zation 

div B «=i — 4tr div P, 

Further, in pure magnetostatics (i.e, in tho absenoo of electric currents 
and with fields which do not vary with tho timo), wo have H = 
—grad Thus E is irrotational in those droumstanoes. Its sources 
are situated at those places whore the magnetization varies with 
position in such a way that its divergenoo is not zero; in a homo- 
geneously magtiotixod bar magnet these places are at its ends, where 
the normal component of I gives rise to tho surface divergence 

(^a)matJict (^*)neunm 3 

2. The Magnetio Field of Steady Currents. 

According to Oorstod’s discovery an olcctrio current is always 
accompanied by a mngnotio field. The magnetio field of a straight 
wire of infinite length in which a current flows consists of iinoe of 
force in tho form of circles surrounding tho wire, with their planes 
perpendicular to it. Tho direction of E in one of these circles has tee 
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right-handed screw relation to the direotion of the current. The Add 
in tins oaee is not irrotational, the line integral 

<j>H,da 

not being scro for a path surrounding the wire. The survey of this 
field has shown that in foot the value of the line integral is directly pro- 
portional to the onrrent threading the path of integration. If we write 
the factor of p roportionality in the form 4 n/o, then all physical 
results relating to the field discovered by Oersted aro summarised in 
tiie equation 

(l) 

where the path of integration enniiiiW the onrrent in the right-handed 
smew sense. For the field of the straight wire, by taking as the path 
of integration a circle of radios r round the axis of the wire, we thus 


obtain 

2nf|H| = ^(, 

/YP 

1 1 or 

ut 


Here again, in the same way as we did with Ohm's law, we can pass 
from the general equation (1) to a differential law, by muming that 
(1) holds at all points in the interior of any conductor which is carry- 
ing a current. The current flowing across the olemont of area dS is 
i t M dS> so that by applying Stokes’B theorem (p. 80) wo obtain 
from (1) 

ouriH«^L (la) 

The determination of the magnetao fiold of a given Bfceady current 
can be effected in various ways, Btarting from (1) or (la), vis. cither 
by diroot application of (1) or by the methods— to bo disonssod im- 
mediately— of the magnetic shed, the Biot-Smart lav, or, finally, the 
veotor potential. 

The first method — immediate application of (1)— loads quickly 
to tiie result in those oases where something is known about the 
distribution of the fiold to begin with, from symmetry or some other 
cixcuniatanoo, as o.g. in the case of a straight wire qf oiroular section. 
In tiiis oase, let the radios be a, and tnVn oonoentrio oirolos about the 
axis as paths of integration. Then 

2 vrH =■ ~* outside the wire (f > a), 
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and 2 inside tho wire (r < a), 

2t 

bo that E — outside; 2?=*— r inaJ/lft , 

ro aro 


Again, in a very long ooil (solenoid) carrying a current, we know 
that practically the whole field is inside the oofl, and that it is in the 
direction of tho axis. We therefore ohooeo as the path of integration 
a small rectangle, two opposite sides of which are parallel to the axis 
of the coil and 1 cm. long, one of them lying inside and tho other 
outside the ooil. For this path 
/Hdi is simply equal to tho field E 
within the ooil, so long os we aro 
sufficiently far from tho Amta, If 
the ooil has n tarns por oontimetro, 
tho current flowing through oar 
rectangle is in. We therefore have 
within tho solenoid 

o 

This result is still practically oorroot 
when tho wire is ooilod round a 
ring, provided its diameter is small compared with tho diameter of the 
ring (of. fig. 2, whore tho path of integration is shown on the left). 

The method of the magnetic sheU (magnetio doable stratum) is 
based on the following remark. If wo consider tho wholo closed path 

of tho current 1, we boo that tho integral <^Hds is zero when taken ovar 

any olosod curve which is not linked with the path of tho current. If 
thon we construct any surface, subject only to tho condition that 



its edge coincides exactly with tho path of the ourrent, <pHds will be 

sore for any curve whioh docs not pass through this snrfaoo or 
barrier, but equal to ±4ut/o for any curve whioh pieroee tho surface 
once. 

Wo can therefore also derive the rrmgnnhm field of a linear ourrent 
from a potential ^ whioh is sabjoot to tho single oondition that 
it ohangoe suddenly by fari/c when we pass through the barrier. It 
now follows from § 9, p. 31, that the magnetic field qf a ourrent flowing 
in a dosed circuit is identical with that of a homogeneous magnetic shell 
qf moment r <=> i/o having the circuit for its boundary. 

Honoo, for example, when the form of tho oironit is a circle of 
radius a, we can at onoo assign tho flold on tho axis by utilising the 
calculation of tho Add of a circular disk (p. 28), replacing in equation 
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(23o) v, by B and the moment wr) by ifo. At the oentre of the circle 
we find 

co 


On this formula 1 b baaed the nae of the tangent galvanometer, in 
which the field of the current is compered with that of the earth. 

With respect to the effect at great dutanaa , it is only the total 
moment of the magnet (H =■ JIdF) which matters, and therefore 
in a magnetic shell only the integral value K= JnriS. A plane circuit, 
which endoees the plane area B, therefore acts at groat distances like 
a permanent magnet of moment 


M >=> 


iS 
o * 


(16) 


The magnetic moment corresponding to a straight coil of n turns, 
and cross-section B, is accordingly 

w niS 

A “ • 

0 

The BiotSotart law for the determination of the magnetic field of 
a given current distribution may bo obtainod by an application of our 
earlier result* on homogeneous double strata (§ 0, p. 82). Aooording 
to these results the solenoidal field due to such a shell can bo represented 
by the line integral 



taken round the boundary curve. 

Thus the magnetic field of a closed circuit can bo regarded as made 
up of the sum of contributions from the individual elements of current 
ids to the magnetic force at the point concerned, in accordance with 
the rule: the field of an element of current ids, at a point the radius 
vector to which from the element is r, is porpondioular to the plane of 
ds and r, and is equal to ids sina/cr*, where a is the angle between 
da and r. The 11 sense u of H is defined by the rule that a displace- 
ment of di in its own direction oomhined with a rotation about di 
in the sense corresponding to that of H gives a right-handed screw 
motion. 

Jor the field at the oentre of a circle of radius a, (2) gives, since 
di is porpondioular to the radius, 

tf i ~ % ri 
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whioh agrees with the value found by the magnetio shell method. 
The roaolution into separate elementa of current suggested by the 
Biot-flavart law (2) is, however, rather an arbitrary prooeduro, 
those elements cannot exist independently. 

The method of the vector potential foUowa readily from a simple 
transformation of tho Biot-Savart law (2). The equation (2) can 
obviously be written in the form 

H gnd,!] <2a) 

Hence, taking (#, y, * os tho oo-ordinatee of iho Sold point at whioh 
H is to be calculated, and if, dij, i£ as tho components of dt at tho 
point (f, 7], £), wo have, for the rectangular oompononts of H, 

,or &(?) --'dr •■■a *><“• 

We now apply to (2a) the general formula of vector analysis 
(p. 248) 

[B grad/] =/curl B — curl (/B), 

whioh holds for any vector B and any scalar /. 

Sinoe in (2a) tho differentiations are with respect to the oo-ordinates 
of tho field point only, whioh do not enter into is, this gives 

- [is grad/J] — curl . 

Hcnoo H = curl ^ (8) 

This equation exhibits H as the curl of another vector, 

H = curl A* A, t*» - £ — (Sa) 

whioh has already occurred in an earlier soetion (p. 88), where we 
called it tho vector potential, This form for H, however, i b only valid 
when thoro are no magnetio materials present, For, in virtue of the 
identity div curl = 0, only a aolonoiual vector — which in general 
H is not— can bo represented os tho curl of a vector potential, Con- 
sequently in tho general theory whioh is developed later, the vootor 
wo derive from a vector potential is not H, but a vootor B not yet 
introduced, which is always solcnoidal. 
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Aooarding to (3a) the contribution of a currant element ids to tho 
vector A has always the direction of dt. The method of tho vector 

potential is therefore particularly 
suitable for calculating the field of 
straight parallel currents, since in 
that case the direction of A is 
definitely given. As an example of 
this type, we shall work out tho 
field <ff two equal and opposite currents 
i m two parallel wins. We take tho 
direction of the current in the first 
wire as tho positive «-axds (fig, 3), 
and calculate A, at a point whose 
distances from the wires are r ± and r t , 
Clearly A , and A, are sero. Suppose first of all that tho wires arc 
finite and of length 2 L. Then, by ( 8 a), in the mid piano, 

ds i r 1 ds 



A m * 


if 

0 J-L 


v'F+fv 


If we write for brevity i) =» */r, «= Lfr v tj, =* A/r„ wo find 

° vi + it c ^ v%+ vr+^7? 

_»( bg a + , 

o\ 5 1). T ^ 1 + VI + l/l h ‘l 


Now take the limit when L becomes infinite. The seoond logarithm 
vanishes, and we have 



The curves 4. =3 const., in a plane perpendioular to the wires, are 
therefore oirdes with their oentres on the linn joining tho points where 
tie wires out the plane, and snoh that these two points are oonjngato 
(inverse) with respect to each circle, 

For the magnetic field, we have now 




94. 

TP 


S. 


94. 


H has the game numerical value aa the gradient of A m but the direction 
of H coincides with the direction of the corvee A m =a const. The 
curves A m =3 const, therefore give a correct picture of tho run of the 
Iinee of force in the neighbourhood of the two wires (fig. 4 ), 
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In connexion with this result there is a point which is worth 
noticing. If the two wires oarry no current, but ore eleotnoa lly 
charged, so that the charges per centimetre of their length axe -{-a 
and — 9 respectively, they produce an olectroetatio potential 



whore K is tho diclootrio oonstant of the medium surrounding the 
wires. Hence, exoopt for a numerical factor, ^ is identical with A w 



Flf 4. 


Tho same point will oomo iqo again later in a more general farm when 
wo are dealing with waves in wins. 

8. Magnetisation and Magnetic Susceptibility. 

So for wo havo considered two idoal limiting oosae of a magnetic 
field, namoly tho field produced by permanent magnets (materials 
with assigned magnetisation I) in tho absence of Jeotrio currents, 
and tho Bold produced by stoady currents in the absence of mag- 
netizable materials. Tho results for those two oosqb were as follows: 

(i) Permanent magnets (1 = 0): div H ■=• —in div I; cud H^O. 

(ii) Stoady ourronts (I » 0): curl H » — ij div H s= 0. 

0 

From thoso results wo doduco tho following gonorol equations for tho 
oalenlatioa of tho Hold of an arbitrary distribution of steady current 
1 = i(a, y, *), oombinod with magnet Uod materials (I *= I(», y, *)) 
also distributed in any way, The louron of H are the same as those 
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of — 4wl; the end of H is equal to ivi/o. In any legion where 1 and 
div 1 ore both *ero, H is krotafdonal and solenoidaL At surfaoes of 
discontinuity of I we have to take of course tho suxfaoe divergence 
(discontinuity of the normal oomponent), corresponding to tho tran- 
sition from a continuous, rapidly varying ohango to the limiting case 
, of an instantaneous finite ohango. 

If then tiie current distoibution 1 and the magnetisation I were 
given in advancs, the determination of the field H would be an equi- 
valent problem to that of calculating a vector field from its vortices 
and sonnies, a problem whioh we have already (p. 37) completely 
solved. In tbs present oese the equations corresponding to (36a) 
and (80b) of p. 37 run 

di»H 4*&yJ, ... (4) 


In point of foot the tiroumstanoes here are very muoh more com- 

S ", on aooouut of the fact that the magnetisation itsolf essentially 
upon the msgnetio foroe. In most oases it is only by tiie 
it it is produced at all. This oonnexion between H and I is 


a speoiflo property of the material we happen to be dealing with, 
the property by which its msgnetio character is determined. If we 
group all known materials according to their magnetic behaviour, 
we get the following classification, 

(a) The magnetisation it proportional to the fidd: 


1= kH. 


(4a) 


The factor k is called the magnetic susceptibility per unit volume; 
it is independent of H, but may vary with the temperature. 

Among materials characterised by the simple relation (4a), the 
two following types oan be distinguished. 

(al) Diamagnetic bodies ,— For these k is negative, and independent 
of tiie temperature; it is numerically a very small proper fraotion. 
Examples of its values are: 

Hydrogen k — —0*8 X 10~® 

Water -0-77 X 1<H 

Gold -3 X 1<H 

Bismuth —14 X 10~*. 


In diamagnetic snhetanoea I is therefore opposite in direction to the 
field H. We oan explain diamagnotism qualitatively if we assume 
that within the individual atoms there are electric circuits without 
resistance. When an external magnetic field comes into play, currents 
will be induced in these circuits in accordance with the general laws 
of induction, and the magnetic moment of these currents (at (lb), 
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p. 128) will be opposite to H in direction. A quantitative explanation 
can be given by the thoory of electrons, whion will bo dealt with in 
VoL n. 

Diamagnetism is a general property of matter, and accordingly 
is presont in all substances. It is, however, so small that in prao- 
tioo it oeoapes observation whenever the material concerned is alto 
paramagnetic or forromognotio. 

(a2) Paramagnetic bodies . — In these k is positive and as a rule 
inversely proportional to the absolute temperature (Curio’s law): 



Tho following are Bomo observed values at room temperature: 

Oxygon k — OH X 10 - ® 

Platinum 29 X 10"® 

Manganese 300 X 10~®. 

To picture the action of paramagnetism, we must suppose tbat the 
individual molecules possess a fixed magnetic moment, and that 
thoso elementary magnets are partly straightened out by an external 
field. Tho orionting action of the field acts against the irregular tem- 
pera taro motion. This, has a bearing on Curio’s law, for the somo 
fiold is ablo to produoo a greater degree of regular arrangement at 
low tempera turos than at high. 

(6) The magnetization is not proportional to the magnetic foroo.—Thm 
class consists esBontiolly of tho ferromagnetic materials iron, oobalb, 
nickel, and tho HousLer alloys. Tho magnetic bohaviour of those 
materials is very oomplicatod, and depends to a large oxtent on oir- 
ou instances which are often apparently trivial. Wo must therefore 
bo content with a very general c las s ifi cation of properties. Tho most 
striking oharootoristio of tho forromognotio class of subs ton oee is 
the hi gh value of tho mognotio moment for a given mognetio force. 
(It is frequently more than a milli on timos as groat as in other sub- 
stances.) Again, I docs not in this class change linearly with H; on 
the contrary, for relatively low applied fields, easy to produoo in 
practice, a condition of saturation is reached. Tho saturation valuoe 
(Z„) of tho magnetisation, whioh cannot be mnoh oxooedod even with 
very strong Holds, run about as follows: 

Iron Ard m — 22,000 gauss 
Niokol = 6,000 „ 

Cobalt =» 18,000 „ 

Those values aro nearly independent of tho state of the material, as 
resulting from moohaniool and heat treatment, and also of small 
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admixtures of chemical impurities. On the other hand, the 11 mag, 
actuation ourvo ie, the curve showing how I changes as H 
increases, depends in the most pronounoed way on the special troat- 



H* P* (OrdlmtM np ra w n t 41I) 


meat to whiah the speaimen has 
previously been subjected. Here 
again we can distinguish two ex- 
treme oases, as under. 

(hi) Magnetically soft eubetanoea 
are those in which I is still at least 
a ono- valued function of H. The 
graph of this function has in typical 
oases the general form shown in 
fig. So— ruing steeply at first, then 
getting flatter and flatter, till 
finally (at saturation) it becomes 
practically horizontal Sinoe the 
slope of the carve is almost straight 
at first, we can speak of an 
“ initial susceptibility ”, which we 
may define either as the quotient 
1 1 1/| Hi of the values concerned, or, 
a 3J I j/3[ H | . Its value for different 
s between 60 and 1000. Perfectly 


seeing that the ourve is so steep, as 3J I]/0[ H | . Its value for different 
kinds of iron is in round numbers between 60 and 1000. Perfectly 
soft, Le, absolutely reversible, ferromagnetio substances could soaroely 

be expected to ooour in 



nature. Properly speaking, 
there oro only ‘'softer” or 
“ harder ** substances, cor- 
responding to the smaller or 
greater breadth of tho hys- 
teresis loop (see below). 

(62) Magnetically hard 
substances . — In these I is 
not a one-valued function of 
H at all, the magnetization 
definitely depending also on 
the field strengths to which 
the spearmen has previously 
been exposed. The typical 


Hz. j* (OnflnatM nprmnt 4rQ ocurse of the magnetization 

ourve is shown in fig. 66. 
If wo subject the sample, which is not magnetized to begin with, to 
an increasing field H, I goes through values represented by an aro 
AB, which qualitatively does not differ essentially from the ourve 
(fig. Bo) far a magnetically soft substance. Bat if we now allow H to 
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become s mall e r again, I bogins by diminishing muob more slowly than 
it formerly increased (arc BODE). For the field H = 0 we bare stall a 
“residual magnetisation ” of amount AO. This quantity we *hnJl 
denote later by In. To bring tho magnetisation to the value ssro we 
must apply the “ oocrdvo force ” AD in tho direction opposed to I. 
Residual magnetisation and oocrdvo force furnish a measure of the 
magnetic hardness of tho substance. For largo negative values of H 
we roach saturation again at E. From there, with suitablo changes of 
the value of H, I goes back through the aro EFGB, thus dosing the 
“ hysteresis loop ”. If tho fiold is then repeatedly altered backwards 
and forwards from saturation in the ono direction to saturation in the 
other, I always goes over practically the same loop. 

Quito a different result is obtained, however, if wo only go as far 
as some definite point of the loop, say D', and then allow H to mnratiso 
again. We then got, for not too groat an increase of H, almost a straight 
line, such os the dottod straight lino D'O'E' in fig. 66, which can now 
bo described again backwards without ohange. If then in all further ap- 
plications of magnetic foroo to the material we remain between the limits 
D' and E', wo oan within those limits speak of a reversible magnetisa- 
tion, and characterise tho material by a “ magnetic equation of state”, 

I-ic'H+V. (4*0 

where therefore k denotes tho gradient of tho straight lino ID'S', and 
I' e the segment AC. 

In tho interior of a permanent magnet, in the absence of currents 
and other magnets, the field H has substantially tho opposite direction 
from tho magnetization. Such a magnet is thoreforo situated on the 
part CD of tho hysteresis curve, and oan bo represented, for example, 
by the point D' already considered. In individual casos, the field in 
the interior of a permanent magnet, with given magnetization, de- 
ponds also on the form of tho magnot. 

For moderately small ohangos in H, e.g. changes due to alteration 
of the air gap in an almost closed ring magnet, tho corresponding ohange 
in I oan thoreforo bo obtained from tho lino D'E' or from equation (do). 

All ferromagnetic materials show tho proparty emphasized by the 
name only so long as their temparaturo remains under a certain value 
0, which iB characteristic of the material in question, and is oalled 
the Curio point. For iron the Curio point is 774” C., for nickel 873° 0., 
and for cobalt 1131° 0. Above their Curio point all forromagnetio 
materials show normal paramagnetism, with this difforenoo, however, 
that in tho Curio law (46) the absolute temperature T has to bo replaced 
by tho distance T — 0 from tho Curio point: 

* “ WZ. § 

(Ourie-Woiss law). 
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4. Magneto Induction. 

Without making any assumption about tho constitution of tie 
material, from the point of view of tho possibilities just axplainod, wo 
oon give equations (4), p. 132, another form by introducing a vector 
B, ceiled the mogndio induction, which we define by the equation 

B *» H -|- W 

While H is determined by its sourooe and vortices, equations (4), p. 132. 
show that B is always solenoidal, and is accordingly oharactemed by 
its ouri alone. We have, in faot, 

drv B=> 0, ouri B ■=> — 1 -J- 4w curl I, . • • (®) 

0 

Since B is Bolenoldal, it can always be represented as the ouri of a 

vootor potential A, , fl . 

ouri A, (“) 


the vector potential A being subjected to the supplementary con- 


dition 


dlv A = 0. 


. («) 


It follows at crnoe from (8 a) and (66), by applying the result of § 11, 
p. 87, that 

1 (7) 

o J r 


As in tho preceding section, so here also the point must he emphawsod 
that the practical applicability of equation (7) is considerably restarted 
by the oa o ums tanoe that I ia not known to begin with, but itealf 
depends in a complicated way on B or H. , 

In principle it is immaterial whether, in order to determine the 
field in a concrete oase, wo first calculate H by (4), p. 182, or B by (6). 
After we have brought in equation (8) connecting B and H, the result 
in the two oases must be the same. 

To illnateate the relations involved, we shall consider qualitatively 
the field of a dronlar oylinder homogeneously polarised in the direc- 
tion of its axis, the cylinder consisting of ideally hard magnetic material. 
If the aria of the cylinder is parallel to the ®-axia, then the data are: 
I u ce oonsfc. =* 1 within the cylinder, I,*» 0 outside; 
everywhere. Let it be expressly emphasised that we are hero con- 
sidering an idea] oobo, not realised in practice. Actually, I always 
depends upon H; this is brought out in the figures by the refraction 
of the lines of force (fig. fla) at the end faoes, and of the lines of induc- 
tion (fig. 66) at the curved face. Iu fig. 66 our idealisation would be 
represented by the straight line D'E' (reversible magnetisation) be- 
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rig. a* 


ooming horizontal. Tho divergence of I is oonoontrated on the two end 
faooa, whore there is a surfaoo divergence of amount ± L Its cod, 
on the other hand, is con- 
centrated into a surface curl 
on the onrvod faoo, where I 
jumps from 7 to 0. From 
equations (4) and (8) we 
gather the following descrip- 
tion of the Holds H and B. 

The normal component of H 
changes suddenly by ± 4ir7 
when wo peas through an end; 
for the oriontation assumod, 

H m therefore changes by 
-f- 4 t t1 in both oases when 
wo pan from the interior 
through an end faoo. Every- 
where else H is irrotational 
and adenoidal; in particular 
it is continuous for passage 
through tho curved suifaoo. 

Those data are sufficient for the unique specification of EL The linos 
of forco thus obtained are shown graphically in fig. Go, TPtiAtH the 
oylinder the dirootion of H is, broadly speaking, opposite to that of I; 
for a long oylindor, it iB 
approximately equal, near 
the ends, to 2 trl + ISfP] 
where 5 is the area of tho 
section, and I iB tho longth 
of tho oylindor. Horo it is 
assumod that 8 is small 
oomporod with I*. (2tr7 is 

the contribution from tho 
ond itself, J8[P tho Coulomb 
foroo duo to tho other ond.) 

Immediately outride tho 
ond faces, H has praotioally 
the same direction ns I, 
and tho value 2 irl — 75/ft 
In the neighbourhood of 
the ourvod surface, H is 
inclinod at an angle to tho 
direction of I. Tho ourvod surfoco, os a boundary, is ignored by the 
lines of foroo. 

Wo consider next tho run of tho linos of induction B. Outside tho 
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cylinder, H and B ore of course identical* In the interior, however, we 
must add the vector 4wl to & tbreughouh On doing so, we obtain 
fig. 6b as file diagram for the lines of induction. Its general features 
are governed by the surface curl of I oonoentoated on the curved sur- 
face* 

The diagrams (figs, 6a and 6b), showing the vectors H and B, axe 
entirely equivalent as representations of the facts. Still, on looking 
at the two figures one can scarcely refrain from putting tho question: 
which of the two dwariptians is the more natural? The answer to thfe 
question depends altogether upon the idea which we form of the nature 
of atomio magnetism. If we look upon tho individual atoms of tho 
magnet as little bar magnets with a north and a south pole, we will 
naturally be led to the picture of fig, 6a: the little magnets, straightened 
out in the direction of the axis of the cylinder, produce on the ond 
faoes a surplus of positive or negative “ free 99 magnetism, which aots 
as a source or sink for the lines of foroe, Very different will the answer 
be, if (following a hypothesis first put forward by Ampire) we regard 
the atoms, not as little bar magnets, but as minute closed currents, 
which in foot (p. 128) act as smaU magnets perpendicular to the planes 
of the circuits* If theee elementary currents have their axes in the 
direction of the axis of the oylinder, they will oertainly neutralise 
each other in the interior, but there will be left over on the curved 
surface a finite, superficially distributed current encircling the oylinder 
(of. e,g. fig. 12, p. 85). The field of the vector B in fig. 6ft preeentB itself 
as the immedia te consequence of this surface current, B being defined 
by its oml, a vector which oolnoides with the snrfaoe current, At the 
present day we know that Amp&ro’s hypothesis is essentially oorroot, 
(Its elementary currents are interpreted in the electron theory as 
convection currents, due to the motion of the electrons.) To tho 
question suggested above we oan therefore make the perfectly definite 
answer,, that fig. 66 is the figure which fits the natural character of 
magnetism. Only on the curved surface of the oylinder is there 
M actually n something present, namely the u free 19 current V » o curl I 
which, according to (6), p. 186, along with the conduction current i 
defines the ond of B. Not tfo magnetos force TL, but the induction B, is 
the primary magnitude. The vector H — B — 4^1, like its sources as 
displayed m fig. 8a, must be regarded as purely artificial, only em- 
ployed for greater convenience in the statement of the formula. 

.The general relation (8), p. 188, connecting B and H oan be put in 
amrpler form if l is known as a function of H. Pint, tflit propor- 

H, 


than B = /iH, (8) 

/* «=» 1 + 4m. (8a) 
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The name magnct/io permeability is given to y, It is therefore lees than 
1 for diamagnetic, and greater t.him 1 far paramagnetic materials. 
In both, however, y differs only very little from 1 (lees than 1 in 
1000). Only in ferromagnetic materials is y decidedly greater than 
1; in these, at the steepest port of the onrve (Ba), p. 134, it can reach 
values between 1000 and 10,000. For permanent magnets, subjected 
to reversible changes of state (D'O'E' in fig. 56), within the narrow 
range of H for which this is possible, we oan express B, by (4o), p. 130, 
in tho form 

B = /*'H+4wI 0 (86) 

of which wo shall moke use later in our discussion of the energy of tho 

TTingnatift finlrl. 


K. Faraday’s Law of Induction. 

In the year 1881 Faraday made the fundamental discovery that 
an eleotrio current is generated in a dosed conducting circuit (a loop 
of wire, for example) when a magnet in its neighbourhood is moved, 
doeer oxperimontal investigation of tho phenomenon led to the follow* 
in g quantitative result with regard to the current so arising. 

Lot R be the ohmio resistance of tho oirouit, 5 a surface having the 
oircuit as its bounding edge but otherwise arbitrary. We ohoose a 
defini te currency da for the oirouit, and accordingly a definite direction 
for the normal to tho snrfaoo, in oooordanoe with the right-handed 
smew rale. Tho ourront 1 is counted positive or negative aooording as 
it flows in the sonso of da, or the opposite. Then the law of induction 
for the ourront in Faraday’s fundamental experiment runs: 

““-ss//*- 48 - <*> 


The product oj resistance and ourront strength it at any one moment 
equal to the quotient by o of the lime rate of diminution of the flux (f in- 
duction though a surface bounded by the oirouit. 

Far tho quantity 

-;£//»•« 

tho conveniently short expression “ magnetic decay ” * will ^ occa- 
sionally be used. It is all tho same whether this 11 docay n is duo 
to tho Hold changing with tho time while tho oironit r emain s at rest, 
or to tho oirouit moving whilo tho field remains oonstant. Tho result 
(fl) provides ub with an entirely now method, of groat practical impoff- 


♦ Gw. Mayufochw Sokmmd. 
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fonoe, far the exploration qf a given magnetic field. For this purpose 
yre take a search oo3 of dimensions small enough to justify us in re- 
garding the field in its neighbourhood as homogeneous. The ooil is 
connected to a ballistio galvanometer. So long as tho ooil is at rest 
in a constant field B, the galvanometer shows no current. Tho flux 
of induction through tho effective area 3 (area X number of tarns) of 
the ooil is B,<S. If we now withdraw the ooil from the field to a plaoe 
where there is no field, then during tho motion a ourront flows in tho 
oofl of amount , 

f “-ssw 


The total quantify of electrioity, which tho ballistio galvanometer 
direotly indicates if the motion of the coil is anJfioiontly rapid, is there- 


fore 




“S'* 


Hence tho throw of the galvanometer in the experiment considered 
measures direotly the component B v perpendicular to the plane of 
the ooil, of the lnduotdon at the place oooupied by the ooil before it 
was withdrawn. 

Another way of making the experiment is to leave the ooil in its 
plaoe, but to turn it through on angle of 180° round an axis in its plane 
(earth inductor). In that oase B n changes sign, and we find for e 
doable the value given above. 

We shall now express the law of induction (9) in a more general 
form, by eliminating the current strength i from it by means of Ohm’s 
law. For this purpose, we shall in the fust place so far generalise the 
law (9) as to suppose that in the circuit considered there is also an 
applied B.M.F. Jr A acting. This EJO, will itself give rise to a 
current FW/2Z, so that (9) must be replaced by 

a//*** 8 - ■ ■■■<!*) 


But by Ohm’s law, in the differential farm in which we bBaII always 
use it, we have 


l.e. the current strength at any point is to be defined solely by the 
combined action of the electric intensity and the impressed foroee at 
the point in question. Bnt we shall than have, after integration over 
the volume of the linear conductor (as at p. 121), 

ili==, + 

Now in the electrostatic field the seoond term here w&a always zero* 
linoe 3 was irrotatdonal, but in the present oase comparison with (&aj 
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shows that when tho flux of induction is changing we must always have 

. . . . ao) 


or the total E.M.F. in the oirouit is equal to the rate of decrease of the 
flux through it, divided by o. 

In (10), tho law of induction (9) is expressed in a form from 
which tho resistanoo R, a constant of the wire, has completely dis- 
appeared. Equation (10) ref ora in tho first instance to the loop of 
wire, but it admits of a remarkable generalisation, which is funda- 
mental for all that follows. We assert in fact that the truth of the 
relation (10) is quite independent of the prosenoe of the wire; in 
other words, that tho total E.M.F. round any dosed curve whatever 
is correctly given by (10). Tho assertion can in the first plaoe be 
justiflod for the oaso when tho path of integration is not along the 
wire itself, but along a curve immediately adjacent to it in empty 
space. For, on oooount of tho continuity of the tangential com- 
ponents of B, tho valuo of j)E, ds 1b not altered by this displacement of 

tho path. However, this new reading of equation (10) is in its com- 
plete generality a hypothesis, which wo must justify by testing its 
oonsoquonccs. 

This new view allows us to pass at once to a differential form qf the 
Ituo of induction ; for, if (10) bolds for any surface element, however 
situated, wo have only to apply Btokos’s thoorom to obtain a differen- 
tial relation connecting tho vectors B and B. 

In media at rest, tho flux of induction only changes so far as the 
vootor B changes. Honoo wo can differentiate nndor tho sign of inte- 
gration on tho right side of (10), and Stokes’s theorem then gives at 


onco 


ourlB 


1 SB 

o 2T 


(11) 


for media at red. 

But whon tho body, in which H is to bo oaloulatod, is moving with 
tho velocity u, tho time into of ohango of tho flux of induction is to be 
taken, according to tho expression for it in (0), for a surface 8 moving 
with tho material. Now, by equation (37a), p. 40, wo h ave in all 
oases whon tho element of area dS is moving with velocity u 


| ff B m dS «// { ^ div B - (ourl [uB]) b } d8. 


Sinoc div B *= 0 boro, we accordingly obtain 

curl B = — ^ — curl [uB]^, . . . (11a) 


for movina media. 
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This equation is frequently written in an abbreviated form, by 
introducing the special fond of time differentiation ozploinod in § 12, 
p. 89; 

A b A + o div A — oral [uA]. 

Equation (11a) then beoomes 

ourl B = — i A. 

o - 

If we jp book again from (11a) to the total EJO\ in a wfro loop, 
we seem the two terms on the right-hand side the two possible oaueos 
of ** magnetic decay first, the time rate of ohongo of B, tho only 
cause acting when the wire is at rest; sooondly, tho motion of tho 
wire, which is the Bole cause of tiie " decay ” whan tho field of induc- 
tion is oonstent in time. It is easy to see that — ds[uB] dt, Lo. BfiuJs] (ft 
represents the flux of indnotion aoross the element of area [tuft, ris] 
swept out by the boundary curve in tima dL 

It should he expressly mentioned that the field equations for moving 
bodies ore in reality essentially mare oomplioated than equation (11a), 
which only represents an approximation, but one whioh is amply sufil- 
oiont for all praotioal applications. To derive tho exact form of tho 
equations for arbitrary values of n, wo require tho theory of oleotronfl 
and tho theory of relativity. A detailed discussion will bo givon in 
VoLH. 



CHAPTER VUI 


Electrodynamics of Media at Rest 

1. KuweQ’i Equations for Bodies at Best. 

We are now in a position to set forth Maxwell's equations for 
bodies at rest in their final form. It is true that equation (la), p. 126, 

curl H = — 1, 
o 

defining the magnetic field of a steady distribution of ourrent, stiQ 
requires for one cose an essential complement of critical import. The 
ease is that in which the currents ore not closed, but begin and end, 
for oxamplo, at the coatings of a condenser. At such plaoee the diver- 
gence of 1 is not zero, whilo the loft side of the above equation is always 
solonoidol (div curl — 0). To obtain an equation which is valid in all 
oases, wo must therefore either find an entirely new relation or else 
make the right side of the equation also solenoids! by adding another 
vector to it. Maxwell chose the latter oourse, Thus, as has already 
been indicated in § 2, p. 118, a souree of 1 neoeesarily implies diminish- 
ing density of ohargo at the point oonoemed; in fact, we have by 
Gauss’s theorem 

diYi 1 

On the other hn.nd, charge donsity is equivalent to divergence of the 
displacement voctor D: 

4tirp = div D. 

Henoo we have 

divf^-^div-^ 


Thifl equation stated that tho voctor 

o i + -p- "b 

4 7T 


is always solenoid al. The required complement of the conduction current 
1 is (herqfore found. It is (he displacement current 





m 



the electromagnetic field 


i ona of dcoioTO importance— in wjuuu «pi — ““ " TTi- 

3JSJ Sbstoatially differ from ttoee of the older action at a ctetanao 

equation (la), p. 126, as now extended, wo add t5 Vi 00 
oar 2/tL law of induction (11), p. 141, and tho two oq™^>ns 
p 76, and (6), p. 136, involving the divergence of D and of B. Wo 
have therefore the four fundamental equation* 


I. 


n. 


ourlH = — 1 + jD, 

0 c 


oorlH- 


-I*. 


TTT, div D =3 4w/>, 

IV. div B «* 0, 

oa (*e final aopreuion cf MaswU’t theory for bodiet at real. To obtain 
a complete system from these equations, we have to odd to thorn throo 
others, connecting the three vectors 1, D, B with tho olootno and nmfl" 
netdo force vectors B and H. It ia only when 1, D, and B can bo olimlnnbod 
from equations I to IV by means of theso supplementary oquotions 
tbst the Btito of the system at any tamn ia uniquely doll nod when ibJ 
initial state is arbitrarily given. In their simplest form tho throo sup- 
plementary equations are the following: 


Y. 


VI. 

D«JB, 

vn. 

B=/iH. 


These are the equations for an isotropic body which is not fenvmojpictio, 
and in which the conductivity is a, the dialect rio constant K , and Uio 
magnetic permeability /*, All three equations V, VI, and VII arc there- 
fore determined by the special properties of tho material prosont in 
the fleli As may therefore be expected, thow novor hold with tho 
rigour and generality which can be claimed far equations I to IV, 
except in a vacuum, where wo have exactly <r » 0, K =» 1, fx =* 1. 

Quite apart from the fact that Vli fail* altogether for forroinognotio 
substances, there are also phenomena such as diolootrio ,f after- o float 
and " residual ch arg e ,J in Leyden jars, which are completely ignored 
in VI, Moreover, Yl fails in the case of rapidly alternating fields (light 
waves), for which, as experiment shows, K becomes a function of Uio 
frequency of the field, bo that we can hardly continue to speak of K 
as a d i e l ectric constant. The interpretation and theoretical calculation 
of the quantities o, K x p which have been introduced hero as constants 
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of the material, will reooive detailed consideration later in the theory 
of electrons. 

The integral of energy for MaxweU’t equations . — If we multiply I by 
— E, II by H, and add, we find 

HonrlH — *ourlH + — 

O 0 0 


We now nso the identity (p. SO) 

H curl H — B ourl H = div [EH], 

and, after integration over any volume and amltiplioation by o/4w, 
obtain 

-^/(HD + HB)dF=/(iB)dF + ^/[KH],*S. (1) 

This equation depend* on the field equations I to IV only, and these 
ore rigorously accurate; we must therefore consider (1) also as exactly 
oorroot for bodies at rest. 

We shall only discuss (1) here for tho oaso when the supplementary 
oqnations Y, YI, and VH are satisfied. We then have 

-*{/(£*+£» W 

~ f^tv- /us w <*7 + /^[BBG.dS. (la) 

We road this equation as follows: the electromagnetic field possesses the 
energy density 

*-£(** + /*») (16) 

II tho total energy U => JudF contained in the volumo F diminishes, 
then according to (la) throe different items of energy may make their 
appearance as the equivalent of the loss. There is first the irreversible 
Joule beat I*/a, along with the work done against the impressed foroos. 
These two items together we call tho thermoohemiool activity of the 
field. They are represented in (1) by tho single term (IB). (CL equation 
(66), p. 161.) 

Again, as a further cause of decrease of tho energy of the field, we 
have in (la) the surface integral 

/tf.dS, where H = £[BH] (2) 

Tile principle of tho conservation of energy therefore requires that 
there should bo a stream of energy H {per sq. cm. per second) across the 
surface of the region considered. The vector If representing this flow of 
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energy is called the Pointing vector. It will occupy our att ention i n 
detail in the theory of electromagnetic waves. It should be expressly 
emphasised, and is inherent in the above method of obtaining {l)j tM» 
it is only when it is token over a dotai surface that the integral Jff* 
has the physical signification of a flow of energy outwards from the 
region enclosed by the surface. 

The vector N itself, may very well have a value other than sero, 
without there being any noticeable transport of energy. We have only 
to think of the case where an electrostatic field is crossed by a magnetic 
field. Hare certainly H oan take values os great as we ploaso, neVM- 
theless divl will always be sero, so that H oan have no effect on the 
energy balance. 

The farm (1) of the theorem of energy holds for bodies at rest any. 
It oontains therefore no term referring to mechanical work, of the 
kind folly considered above foe the case of the electrio Add, and to bo 
separately investigated in next Beotion for the case of the magnetic 
field. 

In Chap. IX, on quasi-steady currents, we shall continue to neglect, 
in comparison with the conduction current i, the displacement current 
i>/4w which is characteristic of Maxwell’s theory. For suffloiontly slow 
' ahongee of the Add this is oertainly permissible. As will appear later, 
the alternating currents of electrical engineering oan from tins point 
of view be considered as only slowly varying. The results which oan 
be obtained in this way are of oouise exclusively those which were 
within the reach of the pre-Maxwell action at a distance theory. As 
we dull see later, when we take the displacement current into account 
we are led to a finite velocity of propagation of electromagnetic distur- 
bances. According to I, p. 144, to neglect D/4w means the same tiring 
as to put drv i =* 0, i.e, to assume that the ourronts are quAsi-steody. 

It may therefore be expected that neglect of D/4w, in the case of cur- 
rents which vary with the time, is justified whenever the time whioh 
the currents take to change sensibly is great oompared with the time 
needed for the dectromagaatio disturbances to traverse the distanoe 
from one end of the apparatus to the other. 

Tbs displacement current does not beoome important until rapidly 
varying processes are considered. The special features and full capa- 
bilitie s of Maxwell ’a theory will therefore not display themselves until 
we are discussing electromagnetic waves. 

3. Energy and Maxwell 1 ! Stresses In the Magnetic Held. 

We have already justified the expression (BD)/8rr, which was 
assumed for the energy density of the electrostatic Add, by proving 
(p- 88) that the work done in a displacement of the material in the field 
is equal to the diminution of the quantity 



ELECTRODYNAMICS OF MEDIA AT REST 


U7 




The proof required that wo should havo 

D=*EH, 

with tho dioleotrio constant K independent of B. But in the magnetio 
field, at least when permanent magnets are present, such proportionality 
of the corresponding voctors B and H is out of the question. We can 
hardly expect then that tho energy of the magnetio field should in 
general bo given by tho expression analogous to U& viz. J (HB) dVj&n. 


That this expression cannot possibly be correct wo recognize at onoe 
from the fact that its value far a field of arbitrary permanent magnets 
(with no currents) is always zero. For in that case curl H =■ 0, whioh, 
along with div B =* 0, is suSkriont to ensure the vanishing of the 
integral J(HB) £V (of. (86m), p. 80). 

We must therefore search for a general expression for the magnetio 
energy bnt in doing so shall still oonfine ouraeLvos to homes in 
whioh changes in tho induction, are uniquely given by the ohanges in 
the magnetio foroe. Wo oonaider first the following elementary ease: 
let a bar of any material, of eroas-aeotion 8 and length l, be bent to a 
circle, and a conducting wire of resistance R wound uniformly on it 
with « turns per cm. Lot a current i be maintained in the wire by a 
battery of electromotive foroe E. Then tho battery in tamo dt does 
work of amount ~W «= Eidl. If tho induction R ohangoe in this time to 
J3+ dB, Faraday’s law of induction gives 

— -?s- 

Further, tho magnetio hold H in the ring is determined by 1 alone: 


Hence 


tj • 

U =* — nt. 
c 

W~Bidi = PRdt+i~dB 

0 

^HdB. 


But Alia tho volume of tho bar. Thus wo hayo tho result that, us tho 
equivalent of the work done by tho battery, beeidca the Joule heat 
thoro ifl also produced a quantity of energy H JB/4 tt per unit volume of 
tho rod, Tine quantity muet bo regarded aa change of the energy of 

tho rod. Tho result agroos with tho expression HB/4tr found in (1), 
p* 14B, for the rate of ohango of tho magnetio onorgy density. In point 
of fact tho aimplo example just oonaiderod 1 b only a special case of the 
general method by which we obtained tho equation of energy (1). 




THE EIJ2CTR0MAGNETIC FIELD 

Strictly spcaAing, it is change in the free energy Quri wo Mft- 
before ns here adnce we have tacitly assumed that tie prow* 

isothermal (of, the remark at p. 861 *Wo shaft retain ^ 
the point in Part IF, but for the purposes of this chapter it ttt&J W 
ignored. 

We now assume that the induction B is known as a funotion ol H, 
*ay from a magnetisation curve lAm that shown in fig. X* Tho Towlfc 

just found suggests that wo should define 
the density ofthe magnatio energy M 

HdB, 

which would oorreepond to th® flbfldtd 
area adbo in fig, J. Th* aholoo oi tha 
lower limit (H «* 0) seams arbitrary 
flat eight, but will be justified by tb& 
oonfrideentione which follow. W® than)' 

' fore obtain for the whole energy of vA 
ma gn etic field the expression 

(*) 

wtaoh putt in evidence the foot that, for every separate elen wn t of 
v^anwi the rotenefcUation curve is to be need in ths calculation, M 
tiSL ? 0 flMl vakw °f H or B. 

erpKBai(m ( 8 ) for t7 m we shall first calculate the mutual 
■j cni *®utB and magnets, For this purpose wo shall oon- 

Jematif -.i 00 *? SWiwd ohange which U can undergo. We toko an 
i»tn« T*i<tv» m “P® 0 *" When motion of the material 

Of B and H in dV change, but so 
the ««wteonding to dV, «o that 04 . 

contour a'VkT l , w ^bwed byfte area a'VJ, where tho 

ntiajw n of **y adotted line. The most general iufiniteennftl 

JSJSjiJP B '"“Pwed of the two strips c 66 'o' and MV. Wc 

8 a BdH. 

X^U'E + brJ* (4) 

Jjj““ f 4110 coeffioient p' ore any given 

marked m (Kma/**®- 

*"“wg W»* re would lead to no essential difficulty though 
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we considered p,' also aa a function of H, but wo shall not do bo hero.) 
From (4) we have 

8,B = H8/*' + 4w8lg, 

" r(t)® = 4 H, + 4 ’t B - 


Suppose now that we are given the very email velocity u, with which 
the individual material elomonta move. Wo havo then to determine 
how the quantities ft! and Ig change with the tune at tho point of epooe 
oonsiderod, in oonaequonoo of this motion. In § 6, p. 61, in calculating 
the forooe in the eleotirio Hold we have admitted a possible "substantial " 
change in the diolootrio oonstant K (equation (12), p. 64). We shall 
here neglect magnetostriction in ohomloally homogeneous medio, and 
accordingly assume that our quantity /*' does not obange for tho material 
particle we are considering. Honco, by the equation just cited, 


0 — + (u grad fO- 


Wo shall llkewiso assume that the moving particles hoop their residual 
magnetisation Ig unchanged. Moreover, for the sate of brevity we 
shall assume that those particles, for which I 0 differs from soro, move 
like rigid bodies. This assumption will in proctioo almost always bo 
justified. It then follows from tho " substantial “ constancy (p. 64) 
of Ig that tho flux of I B across a eurfooo moving with tho material 

must be oonstant. Thus, in equation (37a), p. 40, ig =■ 0, or 
■= onrl [ulj — n div Ig. 


With tho values thus found for dp'/dl and 0I o /9i, (4a) booomos 

— Ju curl [ulj dV + J*Ha div IgdF. 

On tho right-hand side tho first and third terms must bo transformed 
further. For tho third wo obtain by (3D), p, 30, and integration over 
tho entire system, 

y*Hcuri[uIg]dF = J[vl J ouriHiF 

-7 /[»wr — fe/otnjdr. 



150 


THE ELECTROMAGNETIC FIELD 


To evaluate the first term in the expression for dU m /dt we go back to 
the field equations 

curlH = -i, 
o 9 


— curl E = - B. 

o- 


multiply the first by E dV, the second by H dV, add and integrate over 
the whole system. By (35), p. 36, the integral on the left can be trans- 
formed into a surface integral, which vanishes. We are left with 

JiEd7=-^JsBdV. 


But, for matter moving with velocity u, p. 40, 

B = — curl [uB], 

bo that we obtain 

s/ H t dr - -/“ ir + s/ H C “ 1 l ^ iT - 

By (35), p. 36, and (la), p. 126, the second term on the right becomes 
/ [nB] curl BdV= ^ f[uB]i dV=~~ c f u[iB] dV. 

We now collect the various terms, and denote by 

tp=JiE dV, (5) 

the “thermochemical activity ” (cf. p, 145), a name which will bo justi- 
fied in a moment. We then find, for the rate of change of U m , 

~^=^+/(n,f m )dF, (6) 

where 

— * [i» B — hr I 0 ] — H® grad y' + H div (— 1 0 ). (6a) 


Equation (6) supplies complete information on the question of the 
disposition of the magnetic energy in a quasi-steady field, with arbitrary 
relative motion of circuits and magnets. Eirst, the thermoch emi cal 
energy dt is generated at the expense of V m . In fact, since (p. 144) 

i=o-(E + E«), 


we have 
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and xft = f^dV-fiE^dV, (66) 


so that iff is made up of the irreversible Joule heat i 2 /a, and of the work 
done against the impressed fields (— iE (e) ), which may appear as Peltier 
heat or in increase of the free energy of the accumulators or cells present 
in the circuit. To this expenditure of energy has to be added, when 
the material is in motion, the work done by the field per second on 
this account, viz. J(u, t m )dV. 

The force-density represented by (6a) is composed of three charac- 
teristic terms: 

(a) On an element of volume traversed by a current there acts in the 
first place the force 

f — ^ [i> ^H] dV, 

where, by (4), p. 148, yx'H is the induction, with no residual magnetism. 
For an element da of a current filament of cross-section S and current 
strength i, we have 

i dV = | i | S da = i da, 


so that f = - [ds, /x'H] (7) 

c 

When there is no residual magnetism (I 0 = 0) at the place where the 
wire carrying the current is situated, we find for the force on the element 
ds of the wire 

t=-[da,B] (8) 

c 


(i b ) The second term of f m is exactly analogous to the electrostatic 
force (_e 2 grad K)/8tt. Its effect is particularly marked at the mutual 
boundary of two substances for which \j! has different values , the result 
being a tension directed outwards with respect to the surface of the 
more strongly magnetizable material. 

(c) Lastly, the third term H div (— 1 0 ) may be formally interpreted 
by introducing “free magnetism ” p m =— divl 0 , acted on by the 
force Hp m , by analogy with the electrostatic force E p. In a homo- 
geneously polarized bar magnet, for example, p m is concentrated at 
the two ends, this concentration corresponding to the discontinuity in 
the normal component of I 0 . 

The Maxwell stresses in the magnetic field . — For an electrostatic field 
we have seen (§ 8, p. 104) that the resultant force over any region can 
bo represented by a surface integral taken over the boundary of the 
region. We shall show that the expression (6a) for the force admits 
of an exactly analogous transformation. We shall in fact obtain in 
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this way a magnetic stress tensor T m) which only differs from the 
electric T in having H throughout instead of E (of. (18), p. 106), and 
the quantity / introduced in (4), p. 148, instead of K. In other words, 
we say that (6a) is the same thing as 

+ 1, (fc B ‘) + £ (£ E ‘ 

In the first place, whatever /*' and H may he, it is easily verified that 
tie rig ht side of this equation is identical with 

1 H x div (m'H) curl H]«. (9a) 


( 9 ) 


4 77 


But the latter expression agrees exactly with (6a), since we have 
div (// H) + 4 tt div I 0 = 0, 
curl H = 4tfijc. 

The description already given (§ 8, p. 104) of the stresses in the 
electric field can therefore be extended word for word to the magnetic 
field: the force which acts upon the part of the system within any 
given finite region is equivalent to a system of surface forces, or 

Jt m dV = J T m dS. 

The absolute value of T m is 

and T m is in such a direction that the angle it forms with the outward 
normal n is bisected by the line of force, i.e. by the direction of H. 


3. Electric and Magnetic Units. (See also p. 251.) 

In order that the units used in electromagnetism may take their 
place-in an absolute system of measurement it is necessary, as we have 
seen in § 1, p. 1, to have equations connecting them with units already 
defined. The most obvious course is to use the expressions for the 
energy density of the electric and the magnetic fields, or the expres- 
sions — which for the sake of greater clearness we Bhall prefer — giving 
the electrostatic and magnetostatic forces in specially simple cases, 
say the Coulomb laws for the force between two electric point charges 
or two magnetic poles. These relations involve either electric quantities 
only, or else magnetic quantities only. 
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Whatever units be chosen, the Coulomb laws are 

jp 2 l ^1^2 

e ~ K 
_6 m^m 2 

rn — 5 9 

(j, r 2 

where e 1 , e% are the electric charges, and m v m 2 the magnetic pole 
strengths. 

The dielectric constant K and the permeability ft will be assumed 
here to be pure numbers without dimensions, having in a vacuum the 
value 1. 

The numerical values and dimensions of the factors of propor- 
tionality a and b depend on the values and dimensions of the units in 
which e and m are measured; these units being still at our disposal, 
it is simplest to define them in such a way that both a and b are 
dimensionless and equal to 1. The unit of e, or of m, is therefore that 
electric charge, or that magnetic pole, which in a vacuum (K = 1, ft = 1) 
repels an equal charge or pole at a distance r = 1 cm. with a force 
F = 1 dyne. For the dimensions of the two units we have therefore 

[e] = [t»] = [Mi D T- 1 ]. 

The units of [e] and [m] being thus defined, the relations obtained 
in the preceding chapters enable us to determine at once the units 
of potential, field strength, displacement, &c. The system of units 
set up in this way — called the Gaussian system — is the one which we 
employ in this book. 

Thus, by assuming the factors of proportionality in Coulomb’s 
two laws to be dimensionless and equal to 1, we can define units of 
electric charge and magnetic pole strength, and then give absolute 
definitions of the units of all electric and magnetic quantities, starting 
from the unit of electric charge for the electric quantities, and from 
the unit of magnetic pole strength for the magnetic quantities. So long 
as we confine ourselves to electrostatics and magnetostatics, we find 
no connexion between the two domains; electrostatic and magneto- 
static fields can exist simultaneously in the same region of space, 
without affecting each other at all. When we pass to electrodynamics, 
however, Maxwell’s equations bridge the gap between the electric and 
the magnetic quantities. The equations are 

c curl H = ^ + 47ri, 
ot 


c curl E = — 


{E 484 ) 


6 * 
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or, in integral form, 

dS+irrf Ji n dS, 

In the Gaussian system of measurement, in particular, we have the 
constitutive equations 

D = JSE, 

B== /iH, 

with. K and p dimensionless; D and E are therefore of the same dimen- 
sions, and, in a vacu um, identical] and the same is true of the other 
pair, B and H. 

In the Gaussian system, starting from Coulomb’s laws, we have 
now fixed the units of E, H, D, and B; the factor of proportionality c, 
which, as experiment shows, is the same in both of Maxwell’s (vector) 
equations, is therefore not at our disposal, but must be determined by 
experiment. If, for example, we send a steady current i = Jf i n dS 
round a wire ring, we can measure the magnetic field excited by the 

current i 3 and so determine the line integral (f) Eds of the magnetic 

field strength round a path linked with the ring; knowing i and (j) H d$, 

we get c from the first of the fundamental equations. Or, again, we 
may cause magnetic flux JJ B n dS~ O to pass through the area 
enclosed by the ring; if we change the flux, an electromotive force 

(j) E ds is induced in the ring, the amount of which can be determined 

e.g. by an electrostatic voltmeter. The second fundamental equation 
then gives c. Since, as we have already mentioned, E, H, D, and B 
are all of the same dimensions, it follows that the dimensions of c are 
determined solely by the differentiations with respect to time, and 
length (in curl), which occur in the two fundamental equations; we see 
at once that its dimensions are [LT* 1 ]. We call c the “ critical velocity 
in next chapter we shall see that electromagnetic actions are propa- 
gated with this velocity in free space. As to its numerical value, ex- 
periments of the kind just described show that 

o = 300,000 km./sec. = 3 X 10 10 cm./sec. 

Instead of proceeding simultaneously and symmetrically from the 
electric and from the magnetic side, as in the Gaussian system, we can 
follow a different method of using the connexion between the electric 
and magnetic quantities, as expressed in Maxwell’s equations; thus 
we may^ first fix only the electric units, or only the ma gnetic units, 
exactly in fact in either case as in the Gaussian system; but then go 
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on to fix the other quantities by taking the constant o in Maxwell’s 
equations to be dimensionless and equal to 1. 

The so-called electromagnetic system e.g. is obtained as follows. 
We put the factor of proportionality b in the magnetic Coulomb’s law 
equal to 1; we then find, for magnetic pole strength and the rest of the 
magnetic quantities, exactly the same units as in the Gaussian system. 
The electrical units, on the other hand, are found by putting c = 1 in 
Maxwell’s equations; so that if we again consider a wire ring with 
magnetic flux passing through it, the electromagnetic unit of electro- 
motive force is the E.M.F. induced in the ring when the rate of de- 
crease of the flux, — 90/3 L, is equal to 1. If we denote the electric field 
strength in the Gaussian system by E, the same field strength in electro- 
magnetic units by E', then, since the right-hand (magnetic) side of 
Maxwell’s second equation is the same (H = H') in both systems, we 
have 

c curl E = curl E', 

and therefore cE = E'. 


The number measuring the electric field strength electromagnetically 
is accordingly c times the Gaussian number; the electromagnetic unit of 
electric field strength is therefore c times smaller than the Gaussian unit. 

If the product of field strength and charge is to give the same 
force in both systems, then, the number measuring the field strength 
being c times greater in the electromagnetic system, the number measur- 
ing the charge must be c times smaller: 


e 

o 


It then follows from the relation 


that wo must have 


f J D n dS = 4:776 



When we put D = cD' in the first of Maxwell’s equations, the left side 
of which has not changed, the factor c cancels out; in this case also 
the factor of proportionality c is equal to 1. It can be seen that the 
factors in Maxwell’s equations always remain equal to each other 
when wo change to any other system of measurement; D, it is true, 
is transformed in the opposite way from E, but it is also oppositely 
placed in its equation, relatively to c. 

On the other hand, the relation between D and E is changed; in 
fact, from D = KE } with E' = cE and D' = D/c, we find 
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As the result is often put: JST/c 2 is the “ dielectrio constant 55 K ' (which 
is therefore not dimensionless this time) in the electromagnetic system 
of units; the relation 

D'^Z'E' 


is accordingly formally preserved; but K' has not, of course, the same 
physical reality as K. 

If we begin exactly in the same way as above on the electric side, 
and then define the magnetic units by putting the Maxwellian factor 
equal to 1, we obtain the electrostatic system of measurement. Its elec- 
tric side is of course identical with the electric side of the Gaussian 
system. It is hardly ever used; when electrostatic units are referred 
to, what is meant is the electric side of the Gaussian system. 

Most of the units of the systems which have been , mentioned are 
inconveniently large or small for measuring the quantities which 
occur in practice; we therefore multiply them by a suitable numerical 
factor, and thus obtain the practical system of measurement. Its 
importance arises from the fact that nearly all numerical data in the 
literature, as well as the graduation of most instruments, refer to the 
units of this system; to save the necessity of converting such data 
individually, it is often convenient to work with formulae which have 
been adapted to the practical system of units. 

The practical system is derived from the Gaussian system as follows: 

(1) for the unit of electrical energy we take, instead of the erg, 

10 7 ergs =s 1 joule; 

(2) for the unit of pressure we take 1/300 of the Gaussian unit, 

calling this new unit 1 volt. 


We shall denote quantities expressed in practical units by a suffix 1; 
we have therefore , - 

E= —Ei. 

300 1 


Like the unit of energy or work, the unit of force is increased 10 7 
times, or 

P = 10 7 P X ; 


also, since P = eE, we have 




If we are to have P x = then 

e = 3 X 10 9 


i.e. the practical unit of charge is 3 X 10 9 times the Gaussian unit, 
and therefore of the electromagnetic unit. It is called the coulomb ; 
and the unit of current (1 coulomb per second) is called the ampere . 
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It is connected with the Gaussian unit of current by the equation, 
similar to the one for charges, 

i = 3x 10%. 


Since on the magnetic side no change is made from the Gaussian 
system, H and B remain unaltered; the unit for these is called the 
gauss ; the unit of magnetic flux (1 gauss per sq. cm.) is called the 
maxwell. 

We shall now write down Maxwell's equations in terms of practical 
units; we select the integral form, which is the one most frequently 
employed. Faraday's law of induction 


c f Eds =-hffB«M=-™ 

becomes 3 X 10 10 X 1 ^ rs j)E 1 dB = —r, 

or fE 1 ds = — X 10-*: 


the. induced 'pressure in volts is equal to 10~ 8 of the rate of decrease of the 
magnetic flux in maxwell /sec. 

The first fundamental equation, for quasi-steady currents (neglect- 
ing the displacement current), may be written 

c 4ttJ Ji n dS = 47 ri, 


where i is the total current threading the closed path of integration. 
With i=Sx 10%, this gives 

3 X 10 10 ^H 1 ds = 4*r X 3 X 10%, 
or = 


the integral of the magnetic fidd strength round any closed path is equal 
to 47t/10 into the current (in amperes) threading the path . 

We have still to define the practical units of resistance, inductance, 
and capacity. 

If we put E = TnruEv and 10%, in Ohm’s law E=iR, 

we get 

TTUTJ % = 3 X 10%!?, 

so that % = 9 x 10 n I2. 

The practical unit of resistance, called the ohm> is therefore 1/(9 X 10 u ) 
of the Gaussian unit. 
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Inductance (L) and capacity (0) are defined by the equations 


and 



dE i 


dt~ G‘ 


Dimensionally, these equations are exactly similar to Ohm’s law, so 
that we can write down at once 


and 


Xi=9 X 10 n L, 
Gl = 9 X 10 u 


The practical unit of inductance is called the henry, that of capacity 
the farad. 

Filially, we have to determine the relation connecting D and E 
in the practical system of units. From 

E = e= 3 X 10%, and 

ff(D n ) 1 dS= 4^, 


it follows that 
or 


3 X 10»D 1 , 
Dl = 9 x io 11 El ‘ 


To the electrical engineer, of course, this definition of the practical 
system of units is of no more use than the statement, for example, 
that the metre is the forty-millionth part of the earth’s circumference. 
The system must be securely based on the exact specification of two 
or three magnitudes which are specially easy to prepare. According 
to an international agreement, confirmed by statute in most countries, 
the units chosen for the purpose are the units of resistance and current. 
The so-called “ international ohm ” is the resistance of a column of 
mercury of 1 sq. mm. cross-section and length 106*3 cm. at 0° C.; the 
“ international ampere ” is the current which in one second deposits 
1*118 mg. of silver. The “international volt” sends a current of 
1 ampere through a resistance of 1 ohm. 

These numbers once fixed will for reasons of convenience be 
adhered to permanently, just as the unit of length is not liable to 
change, although it is not exactly the forty-millionth part of the earth’s 
meridian. Later measurements have shown that the international value 
of the unit of current is fairly exact; the international unit of resis- 
tance is about *05 per cent too large. In the absence of an express 
statement to the contrary, all data in the literature, and the graduation 
of all instruments, refer to international units. 



CHAPTER IX 


The Electrodynamics of Quasi-steady 
Currents 

1. The Theorem of Energy for a System of Linear Currents. 

The theorems to be developed in this section are to a large extent 
contained in the general results of the discussion of the energy of the 
magnetic field given in § 2, p. 146. The great practical importance of 
the more special arrangements which we are about to consider may 
justify a separate exposition of their theory, on lines independent of 
our previous more general methods. 

We consider a number of circuits, which will be distinguished by 
the indices 1,2 ., n . Let i n be the currents in the 

respective circuits, 1^, . . ., R n their resistances, and E^ e \ . . ., E n & the 
applied electromotive forces aoting in them (from accumulators, alter- 
nating current Bupply lines, thermal sources of E.M.F., &c.). There 
are to be no permanent magnets present. Further, the induction B is 
to be proportional everywhere to the field strength H, or 

B = /zH. 

The permeability /z may be any function of position, but is not to vary 
with H at a given point. We therefore exclude magnetically hard ferro- 
magnetic bodies altogether. If there are any soft ferromagnetic bodies 
in the field, their magnetization must correspond to the rectilinear 
early portion of the curve (fig. 5a, p. 134). In these circumstances the 
magnetic field energy U m is given by 

Since B is solenoidal, we can introduce the vector potential A, and 
replace the induction B by curl A; then (p. 36) 

BH = H curl A = A curl H -f- div [AH]. 

Now curl H = 47ri/c. On integration over the whole system, the sur- 
face integral arising from the divergence term vanishes, so that we 
obtain , 

150 


( 1 ) 
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In a linear current of strength i, if 8 is the cross-section and ds an 
element of length of the conductor, we have 

i dV = | i | S ds = i ds. 

Since i has the same value at all sections of a wire carrying a current, 
the energy of the field in our system of n circuits is 

U m =~^i k f k Ad8 (la) 

But by Stokes’s theorem the integral round the jfcth circuit becomes 


f (A ds) — J f k B n dS = $>„, 


(16) 


where <3> A again stands for the flux of induction through the Ictk circuit . 
Hence, finally, for the energy of the field we hay© the expression 


2c A-l 


( 2 ) 


The energy of the magnetic field is obtained by multiflying the current 
strength of each circuit by the flux of induction through it, summing over 
aU the circuits and dividing by 2o. 

Along with the energy equation (2) we use as our second funda- 
mental theorem Faraday’s law of induction, which for the £th circuit 
runs; 




For the discussion of these energy questions, we make use of the con- 
cept of the thermochemical activity T (cf. pp. 145, 150), the definition 
of which is 

Y = S - t A«) = - 1 s i* . . (3) 

k~i ca« i at 

'F* is therefore the excess of the Joule heat i k 2 R k developed per second 
over the activity of the applied E.M.F. i k Ef e \ If i k E k (e) happens to be 
negative, it means that energy is co mmuni cated to the voltaic cell 
or accumulator in question. The accumulator, for example, is in that 
case being charged, and stores up energy to the amount of (—i k Ef e) ) 
in the form of free chemical energy. Thus in all cases is the energy 
gained per second in the form of heat or of chemical energy. 

We also admit the possibility of the various circuits, or parts of 
them, moving relatively to one another. The instantaneous positions of 
the movable parts are to be defined by certain parameters a 1? a 2 , . . a a . 
If, for example, a certain portion of wire is capable of displacement 
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parallel to the a-axis, a may be taken to be simply the ^co-ordinate 
of a definite point of this portion of wire. We define the force F f 
corresponding to the displacement a r by the following condition: 
when the parameter a T changes to a r da r9 work F r da r i s thereby 
done on the portion of wire in question. If for instance a r is a length, 
F r is a force in the ordinary sense of the word; or if a r is an angle, 
F r is a couple. The motion of our system of wires is described by assign- 
ing the values of %, . . ., a 3 as functions of the time. Since we exclude 
all forces except those arising from the field itself, the work done per 
second during this motion by the forces of the field is 

W=iF r ^ (4) 


The quantity W accordingly represents the amount of energy gained 
per second in the form of mechanical worJc . 

Any other forms of energy than those appearing in (2), (3), and (4) 
will be left out of account. The theorem of the conservation of energy 
for our closed system therefore takes the form: 

^m+r+F=0 (g) 

cit 


Thermochemical or mechanical energy can only be produoed at the 
expense of the field energy U m . 

The state of our system at any moment is uniquely defined by the 
values i v . . ., i n of the current strengths, and the values %, . . a a 
of the parameters which specify the position of the system in space. 
We therefore consider the energy U m and tho flux of induction as 
functions of these n + 5 quantities, 


U m — U m {i± 9 . . ., ifi) 0*1) • • *j #$)> 
= <D /fi (ip . . i n ; a>x j • • *> 

(i = 1,2,..., »). , 


. . ( 6 ) 


The symbol d/di x will therefore denote differentiation with respect to 
ip with the rest of the i’s and all tho a’s kept constant. 

(1) Processes in which no mechanical work is done . — Processes in 
which the parameters a do not change arc of this character.^ We may 
further confine ourselves to tho caso where only tho current i x changes; 
wo therefore take i 2 , . . ., i n and a v . . ., to be constants. It follows 
then from (2) that 


dU m __ 3T7 m (li x 
dt 3 i x ill 



n 


id), + £ v i k 

k - 1 


0d) fc | 

dij 


( }h 

It’ 
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and from (3) that Y= — - S 

c A _i oix at 

Since W is zero here, (5) gives, with these values of dU^Jdl and 'F, 

* 

and 


A=-X 


0^ O 1 


(6a) 


(2) Processes in which mechanical work is done. — The result (6a) 
enables us to make an important transformation of the expression for 
the time rate of increase of the energy, in the general case when the 
i’s and a’s vary in any manner. We have first 


dU, 


a : 


dt 

and therefore, by (6a), 

dU* a 

dt 


- v , v dUg da r 

~t-l dt ~‘ r -l dt ’ 


1 y dk di k • dUg far 

~ cti k It + r-i da r dt' 


( 66 ) 


On the other hand, it follows at once from (2) that, in all cases. 

In* di j. . 1 «.• 


o dZ7 m 




Tlie last two equations give, on subtraction, 

dOg _ 1 y • d<h_ydUg dar 

dt c * dt 3 a T dt' 

This equation, taken along with (3) and (5), gives for the mechanical 
work W obtained per second 

L fe. 

r «l o(Z r at 

The generalized force jF r corresponding to the parameter a r is there- 
fore, in view of (4), 

(&! 

If therefore the magnetic energy U m is given , os iw (6), os a function 
of the current strengths i and the positional co-ordinates a, then the partial 
derivative of U m with respect to i fc gives the flux of induction (6a) through 
the k th circuity and that with respect to a r gives the force corresponding 
to the co-ordinate a r (6c). 
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Special attention should be paid to the algebraic sign in (6c). In 
fact, in ordinary mechanics when the potential energy is given as a 
function of the positional co-ordinates, the forces are found, as we 
know, as the partial derivatives of minus the energy (or minus the 
potential) with respect to the corresponding co-ordinates. Hence, 
according to (6c), minus the magnetic energy plays the part of the 
potential. While in mechanics the forces act in such a direction that 
the potential energy is diminish ed by their action — work done at the 
expense of potential energy — our electrodynamic forces behave in the 
opposite way, viz. they act in such a direction that the energy of the 
magnetic field increases. A particularly clear example of this behaviour 
is shown if the currents are maintained at constant strength during the 
motion, say by suitable changes of the applied E.M.F.s (accumulators 
switched on or off). In that case di k jdt = 0 for every k } and from (4), 
(66), and (6c) we find simply 

(%*) (M) 

Thus the energy of the field increases by exactly the amount of the 
work done: If the wires carrying currents move , with the current strengths 
kept constant , in such a way that mechanical work W is derived from 
them , then the energy of the field increases by the same amount W. The 
double energy gain of amount 2W per second is balanced by the work done 
by the applied E.M.F.s , by means of which the constancy of the currents 
is maintained . In fact, by (5), we have 

2JF = — T. 

Also, by (3), — T = 23^ 

Now i k E k M is the activity of the applied E.M.F.s in the Mk circuit; 
hence (— T) is really the excess of the rate of working of the applied 
E.M.F.s, over the rate of development of Joule heat. 

Considering the direction in which, as we have shown, the mechani- 
cal forces act, we see at once from the formula (2) for U m that every 
wire carrying a current tends to move so as to embrace the greatest 
possible flux of induction. The quantitative value of the force we have 
already obtained (equation (8), p. 161). We shall return to this again 
after a discussion of equations (6a). 

2. Self-induction and Mutual Induction. 

We continue the consideration of the energy 
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of a system of wires carrying currents under the conditions of the 
preceding section, attending specially to the flux of induction 

== f l Bn dS 

which passes through the first circuit. In our system the vector B is 
uniquely defined at any point by the currents i n in the various 

wires. The stipulation that /z is to be independent of H has the further 
consequence that the contributions of the individual currents to the 
resultant vector B are directly proportional to the respective ouxrent 
strengths. Accordingly, we can subdivide the flux of induction <D X also 

into the contributions of the separate currents i 2 , We express 

this fact by putting 

-<!>! = + £ 12 ; a + • • • + L ln i n . ... (7) 


The quantities L ik so introduced have therefore this meaning, that 
cLfik is the flux of induction which passes through the Ath circuit, when 
the current i k = 1 flows in the 4th circuit and all the other currents are 
zero. Clearly L hk depends only on the r dative position of the 4th and the 
4th circuits. 

We call L kk the mutual inductance of the two circuits h and 4, when 
h 4= 4; and L kk is called the self-inductance of the 4th circuit. 

We can of course wnte down an expression corresponding to (7) 
for each of the n circuits, so that we have generally 

^ == ^ &hk h (7a) 


The expression 


XUJ. UJ-LO 


cv 


it n 

Um — $ 2j S L kh i h i k , 

k - 1 A- 1 


(76) 


The energy of the field is a homogeneous quadratic form in the current 
strengths. Hus result could also be deduced from the second of’equations 


1 _ 3Z7 m 

- <E> = 
o 1 dii 


For this gives 


TU m = Sij. 


dn 


Bu ?’ well-known theorem of Euler’s, this equation is equiva- 
ofthe°'’s te Statement is a homogeneous quadratic function 
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Moreover, (7a), combined with. (6a), leads to a most important 
result with respect to the symmetry of the mutual inductances. For 
(7„) gives 3 

X **“5r. \i r 


so that, by (6a), 




di k di h 


From this it follows that wo have in all cases the symmetrical relation 

Lkk — (7c) 

We shall employ this result at once, to transform the expression for 
the force in (6c), viz. ^ 


* 1 = 


dc^’ 


for the case when tho co-ordinate a x refers to the first circuit, so that, 
when only a x changes, all the wires excepting the first remain at rest. 
In this case only those of the L hk will depend on for which, either 
h or k is equal to 1. We find therefore from (76) 




S 

k = 1 


Sit 

da^ 




In the second term we can replace the idex of summation h by 7c, and 
the symmetry relation (7c) then gives 


or, by (7), 


F x - 


A«1 


3 


H, 



3$ 
3 af 


( 8 ) 


The force “ in the direction of ” the co-ordinate a x is, except for the 
factor ijc, equal to the rate {per unit of %) at which the flux of induction 
would increase, for motion in the direction a x with the current strengths 
kept constant . 

We shall illustrate this result by two simple applications. 

(1) Force on an element ds of a conductor carrying a current . — Let tho 
element ds be freely movable, by means of sliding contacts, in tho 
direction r. In a motion of ds represented by the unit vector r 0 , ds 
sweeps out the area [r 0 ds]. The flux of induction crossing this is 

(B [r 0 ds])= (r 0 [ds B]). 

The flux <D X is increased by this amount. For the component, in the 
direction r, of the force on the element ds, wo havo therefore, by (8), 

Fr=\h( J-ot^sB]), 
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and, consequently, for the force itself, 

F = i[dsB], 


(8a) 


which agrees with (8), p. 151. 

(2) The couple acting on a plane circuit in a homogeneous field . — If 
S is the area enclosed hy the plane circuit, and a the angle between the 
normal to the area and the homogeneous field B 0 , then the part of the 
whole induction arising from B 0 is 

® 0 = S | B 0 1 cosa. 

Hence, by (8), the couple on our circuit round an axis perpendicular to 
the field, and tending to increase a, is 


C a = i ^$S = _^]b 0 | si 
“ c 8a « 1 0 1 


sma. 


In. the absence of magnetizable materials B 0 is identical with H 0 . 
Thus C a is the same as the couple which would act on a magnetic 
needle of moment iS/c. This is exactly what we should expect in view 
of the equivalence of currents and magnetic shells (of. p. 127). 

3. Calculation of Inductance in some Special Cases. 

In the two preceding sections, we have supposed that p may vary 
in any way from place to place. If we now assume the permeability to 
have the same value all over the magnetic field, we can find a general 
formula for the mutual inductance of two circuits 1 and 2. By defini- 
tion, cL 12 i 2 is the flux of induction which the current i 2 in the circuit 2 
causes to pass through the circuit 1. If we denote by ds x a line 
element of the circuit 1, and by ds a a similar element of the circuit 2, 
we have, by (16), p. 160, 




where A is the vector potential at ds x due to the current 2. Eor this, 
however, we have previously (cf. e.g. (3a), p. 129) found the value 


so that we obtain 


A = ^<£— 2 , 

C J T 


(ds^ ds 2 ) 
*12 


(9) 


To calculate the mutual inductance we have therefore to take the 
scalar product of every line element of the one circuit by every line 
element of the other, divide by the distance between the two elements, 
integrate over both circuits, and finally multiply by ju/c 2 . 
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The condition of symmetry L 12 = L Z1 is obviously satisfied. 
As an application we shall take a case which is important in practice, 
that of two parallel, coaxial, circular currents. 

Let a l , o 2 be the radii of the two circles, and z the distance between 
their planes. Consider two line elements da x and <2s a , inclined to one 
another at an angle 6. Their distance is 

r 12 = V( z2 + ®i 2 + ®a 2 — cos0). 

If in the double integral (9) wo integrate first over the circuit 2, we 
have, since ds 2 = a 2 dd, 

7 £ cos0 ds 2 r7 raw <z 2 cos<? dd 

9 “S' Jo V(* 2 + ai a + a a a -2a jfl, oostf)’ 


The integration over the first circuit now gives simply f ds x = 2^, 
so that we obtain 

j. 2 rTfji raw Orfli coad dd 

L n = Jo yp + Oi 2 + o 2 2 - 20,0, coa0)‘ 

To reduce the integral to the elliptic integrals given in tables, we put 

p “S+^+^' ' md 


Then cos# = — cos2 <j> = 2 sin 2 ^ — 1, 

and ■ r 12 = \/(z z + a x 2 + «a 2 — ia i a a + 2o 1 o a ) 

= Vfc 2 + K + «a) 2 } VO- - fc2 sin ¥)- 


We thus find 


i. s =^V(«A)X ? v3? 


2 sin 8 <ft — 1 
7c 2 sin 2 ^) ’ 


But we have identically 


2 sin 2 </> — 1 _ 

y^l — k 2 am 2 (j>) 

Hence L n = 


_ I / 2 ~ ^ 2a/( 1 — sin 2 i)l. 

"Jfc 2 l-\/(l-& 2 sia 2 $ V J 

VV 2 {(& “ *) ^ 


where 

1?= E= [* (10a) 

./ 0 V (1 ^ sin - 2 < p ) •'0 

so that K and E arc the complete elliptic integrals of the first and 
second kind respectively, whose values for a given h can lje obtained 
from tables. 
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We fiTin.11 also work out an approximation to the value of (10), 
for the case when the smallest distance b between the two circles is small 
compared to their diameters. We therefore take | ^ — a 2 1 /% and 
s/ctj both small. 

Then k is nearly equal to 1, and we find for E the approximate 

value f 2 cosfi dj>— 1; E, however, becomes infinite for k — 1. To find 
J o . rr , 

an approximate value for K when fc « 1, we first change <f> into ^ — r> 

and split up E into the two parts * 

it & l_ f? ^ 

Jo V(1 - & cos 2 # T U, V(1 - & cos V)’ 


where <f> Q is chosen so that <£ 0 ® is very great compared with 1 — k 2 , 
but very small compared with 1. We can then for a first approxi- 
mation replace cos 2 ^ in the first term by 1 — #, and A® in the second 
term by 1. This gives 


Now put 


E = 


dtf> 




5 »t. 

V 0 sin <f> 


o v((i ~ * 2 ) + W. 

(<*1 + <h r + & \2a/ 


. (106) 
. (10c) 


where 6 is the shortest distance between the circles, and 2 a is their 
mean diameter. In the first integral we can write # simply instead of 
fc 2 #. Then elementary integration gives 


k = bg 4±-^; 2 ..±io 2 


log tan 

2i 


Since #® is very large compared with k' 2 , but very small compared with 
1, wo may therefore take 


JE-log^ — log^-kgj 

, 8<z 

= log T . 


If then we put k — 1 in the terms still outstanding in (10), we find 

hz = —J a { lo g j ~ 3 } (10c*) 

This gives the mutual inductance of two coaxial circles of nearly equal 
radii a, the shortest distance b between the circles being small com- 
pared to a. 
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We shall use the result to deduce the self-inductance of a circular 
wire of radius R, the cross-section of which is a circle of radius r, where 
r : R is small . In this case it is not allowable to regard the conductor 
as linear, since the .energy of the magnetic field would then be infinitely 
great for a finite current. We therefore start from the general formula 
(76), p. 164, which for the case of a single circuit runs 

i///ra«F-tw. 

We divide the integration space into two parts, the first part F 0 in- 
cluding the whole of space outside the wire, and the other part F x 
the space occupied by the wire. The permeabilities /x 0 and may be 
different. Similarly we take 

L = L 0 + L v 

i.e. we regard L as the sum of an outer and an inner self-inductance, 
where 

' « • • • (111 

“ 4 

Our assumption that r/R is small enables us to use the following 
approximate method. In the outer region we make the calculation as 
if the current i were concentrated at the axis, while within the wire 
we assume the field to have the value which it would have if the wire 
were straight and of infinite length. 

To calculate L 0 from (11), we replace the action of the current i 
by that of a magnetic shell bounded by it; the magnetic potential 
</> ra due to this shell therefore changes suddenly by 47ri/c when we 
pass through the shell. Hence, by Green’s theorem, 

i///BHiF„ = i//B.iS. 

Now \\B n dS is the flux of induction which the linear circuit i of radius 
R sends through the circle of radius R — r; so that 

\ffs.ds-iA 


where L 0 is the same as the quantity L X2 given by (lOd), provided we 
put R for a , and r for 6; thus 
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In the interior of the wire, the field at a distanoe y from the axis is given 
(P- 127) by 


The energy per unit length is accordingly 

tfo l H I 22 ^ = ^-S- 

The product of this by 2nR, the length of the wire, is equal to . L lt 
by (11); therefore 

(n & ) 

Tie total self-inductance of our circuit is then 

£ = L 1 + L 0 =^{& + /i0 ( log^-2)}. . (11c) 

In particular, for non-magnetie material (^ = /j. 0 = 1), 

Z = ^{log^-*} (lid) 

Take the numerical example i2 = 5 om., r = 0*5 mm. 

Here log = log, 800 = 6-68, 

eo that (0-25 ft, + 4-08 (x 0 ) (Ue) 

For a *wire of ferromagnetic material, in air, we might have fi x « 500, 
/x 0 = 1. In this case L x jL Q would therefore be large, and the bulk of 
the energy of the field would be within the wire. In contrast to this, 
with nonmagnetic material (/^ = ji 0 = 1) only about 5 per cent of 
the energy resides in the interior of the wire. 

The above process of subdividing L into L 0 and L x is physically 
important in another case also, viz. when we are dealing with high- 
frequency alternating currents. In that case the current density is 
not uniform over the cross-section, as we assumed it to be in the above 
calculation of L v In consequence of the shin-effect , which will be dis- 
cussed later (p. 196), the current prefers a path near the surface of the 
wire, and the field is likewise confined to a thin surface layer. This 
results in a reduction of the value of L v while L 0 is scarcely affected 
by the change. For sufficiently rapid alternations L, therefore be- 
comes 0, and A = Lq. 

An essentially simpler calculation is that of the value of L for a 
long coil wound on a ring. Let r be the mean radius of the ring, S its 


_ , 2 i 
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cross-section, n the number of turns, and / a the permeability of the core. 
Then inside the coil we have 


2irrE = — ni. 


bo that 


liH 2 __ fi nH z 

87 T 2-77 cV‘ 


Multiplying by the volume 2mrS of the field space, we obtain 



whence 


T 2[xn 2 S rcm."| 

L tfU’ • 


• • (HZ) 


If we wish to express L in henrys in formula (10) and (11), we must 
multiply the values calculated from these formidcB by 9 X 10 11 . 

Similarly the formulae of § 5, p. 60, will give the capacity in farads, 
if we divide by 9 X 10 u . 


4. Circuit with Resistance and Self-Inductance. 


We return now to the case of a number of closed conductors with 
ohmic resistances R k} applied E.M.F.s E^ e \ and fluxes of induction 
<&*.. Then the law governing the changes in the current strengths 
is expressed by the equation 




1 a®* 

c dt ’ 


If the special conditions of § 1, p. 159, are satisfied, so that in par- 
ticular the permeability p is everywhere a constant of the material inde- 
pendent of H, then <$> k is a linear function of the current strengths , or, as 
in (7), p. 164, 1 

- 0 * = 2 L^if. 

0 r-1 

Moreover, for circuits at rest , the inductances L kr are constant . The 
law of induction therefore gives the n equations 

n Jn 

ijt k + S L kr ^ = BJ* (h = 1, 2, . . ») • . (12) 


or, written out in full, 
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These are n equations for the n derivatives di k [dt. Hence, if the 
values of i k and are given for each Jc at time t s the values of the 
ifc’s are determined by (12) for time t + cfe. The whole course of the 
changes of the currents in time is therefore defined by (12), provided 
the applied E.M.F. s E k ^ are known as functions of the time. 

We shall discuss a few special cases in greater detail. 

Circuit without applied E.M.F. — Here we have only one equation, 
and in this E® = 0; i.e. 

i*+£| = 0, 

the general solution of which is 

i=i 0 e-^ (0 = L/R) (13) 

The current diminishes at such a rate that in the time &= L/R 
(the “ time constant ” of the circuit), it falls to the eth part of its initial 
value. 

Circuit with periodic applied E.M.F. E& = E 0 cos cot . — Here we 
have 

di 

iR + L^ = E Q cosa>t (13a) 


We can find a particular solution of this non-homogeneous equation 
by putting 

i = i 0 cos (cot — <f>) (136) 

(13a) then becomes 

cosarf {i 0 (R coscf) + o>L sin^) — E 0 ] 

+ sinari i 0 (R sin^ — o)L cos ^) = 0. 


This equation must be satisfied for all values of t; the coefficients of 
cose ot and sina>$ must therefore both vanish. The two equations thus 
obtained for i 0 and <j> give 




V( & + o>*L*) = E 0 

tan^ = coL/R 


(13c) 


The quantity VC® 2 + co 2 L 2 ) is called the impedance of the circuit, and 
4> is called the lag of the current behind the voltage. 


5. The Vector Diagram. 

The calculation of the unknown quantities in alternating current 
work becomes shorter and easier to follow if we use complex quanti- 
ties and graphical processes. As an illustration we shall take the 
simple problem just discussed. 
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Vector diagram . — We represent the alternating quantities as vectors 
in the complex plane. An alternating pressure E = E^e 3 ' 03 *, for example,* 
is represented (fig. 1) by a vector of length E 0 which makes an angle 
wt with the real axis. In the course of a period the extremity of this 
vector describes a circle about the origin. Its projection OA on 
the real axis gives the real value of the pressure at the moment in 
question. 

For calculating with such vectors we have the following rules. 
Addition of the two quanties Aei a and Be 3 ? is equivalent to geometrical 
addition (by the parallelogram law) of the corresponding vectors. 
One quantity Aef* is multiplied by a second quantity Be? 1 * by turning 
the first vector through an angle f} in the positive (i.e. counterclock- 
wise) sense and multiplying its length by B . Multiplication by the 



imaginary unit j = e^ 2 denotes rotation through +90°. In processes 
with a given value of a> — the angular velocity of the vector Ae 3 ’ 03 * — 
differentiation with respect to the time is equivalent to multiplication 
by so that our alternating current equation 

m + L % = E 

becomes the simple vector equation 

Hi + jcoLi = E y 

connecting the complex vectors i and E. 

For any value of i , let OA be equal to Ri (fig. 2). The vector jcoLi 
is then represented by OB at right angles to OA. The vector 00 re- 
presenting E is the vector sum of OA and OB. If we now imagine the 
rectangle OACB to be rotating like a rigid lamina round the origin 
with angular velocity cu, then the projections of OA and OC on the 
real axis give the values of the current and pressure at any time; and 

* Here j~ V —l, so that e 3 * 1 = coswf -j- j sin wt. The symbol j for V^I will be 
used throughout. 
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the imaginary axis can be used in a similar way. The results of (13c) 
for the impedance and the lag can be read off the figure at once. 

The activity (rate of working) of the applied E.M.F. is at any 
moment 

Ei — E 0 cos cot . i 0 coa(wt — <f>) 

= $E Q i Q {cost/> + cos(2 cot — <j >) }. 

The average activity over a period is therefore 

Ei = %E 0 i 0 oos$, 

i.e. half the scalar product of the vectors E and i. 

An equivalent expression for the average activity can be obtained 
immediately from the original real differential equation 

iR + L§=EM, 

at 

which gives E^H = i 2 R + \L ~ (i 2 ). 

In time-periodic processes, such as alternating currents, the mean 
value of the last term is 0, so that E^H = i 2 R; hence, on the average, 
the activity of the alternating current is identical with the rate of 
production of Joule heat. 

This theorem, moreover, continues to hold in the case of the much 
more general equations (12), p. 171. Thus, if we multiply the typical 
equation of (12) by i ki and add all the results, noting that L kr = L rk> 
we find, for time-periodic processes, 

1 ^*= 2 E k ^i k . 

A-l ft-1 

If we multiply (13a), p. 172, not by i, but by dijdt , we find, on taking 
the time average, 



or, after division by ti>, 

p? 0 i 0 sin<£ = icoId Q \ 

Here on the right we have the peak value of the energy of the 
magnetic field, multiplied by to. The quantity E^H = \E Q i Q cos (f> 
is called by electrical engineers the “ power the other quantity 
iE 0 i 0 sin^ is sometimes referred to as the “ wattless ” component 
of iE 0 i 0 . 
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6. Two Circuits (Transformer). 

We consider next two circuits in one of which there is a periodic 
E.M.F. — the cose of a transformer. Here equations (12), p. 171, become 
(fig. 3) 

h.Ri + Ln d i + Lj-£ = E(‘\ 


dt 
d ix 


hfiz + £21 + ^22 jT = 0 . 


dt 



L l 


t < 

Ej ; 

1 j 


[ — | 
• j 

g 

3 







Fig. 3 


For an alternating pressure these can be completely 

solved by a method analogous to the one just used, viz. we put 
i x = i* and i 2 = i 2 ^°) 

We confine ourselves to a direct 
discussion of the relations in an ideal 
transformer with pure ohmic loading. 

This is characterized by vanishingly 
small resistance in the primary winding 
{Ri/coL n very small), and ideal fixed 
coupling between the primary and the 
secondary circuit. The latter condition 

means that the whole of the lines of induction which pass through 
the one circuit also pass through the other. This result can be 
attained very approximately by winding both circuits on the same 
closed iron core; the lines of induction will then nearly all take a 
course through this core. If the flux of induction in the iron core is 
denoted by O, and the number of turns in primary and secondary by 
and ti 2 , then and <t>n 2 are the fluxes through the two windings. 
If R l = 0, wc have therefore 

a d ±=E<-*\ 

c dt 


. n , d$ n 
•*+? dt~ 0 - 


From these we have, first, 

for the effective pressure in the secondary. The most important point, 
however, is that (as we see from the first equation) the flux O is de- 
termined by the primary pressure E ^ alone, independently of the load . 

■ % <d — me) 
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On the other hand, the magnetic field strength, and accordingly the 
flux also in the iron core, are at any one moment proportional to the 
sumn^+ttaV* . , . -- 

where h is a (real) constant of the transformer. We therefore have the 
vector diagram for the ideal transformer 
shown in fig. 4, viz. a vector E for the 
primary pressure, the vector lagging 90° 
behind this, and the vector w 2 i 2 with a 
further lag of 90°. The vector nfa for the 
primary current is then determined as the 
vector difference IcO — w 2 i a . When R% 
diminish es, i.e. when the load increases, 
nfa revolves in the positive sense away from 
the direction of kQ>, with a corresponding 
increase of the “ power 33 (p. 174) in the 
pr ima ry circuit. The te wattless component 33 
of \ E (p. 174) is, on the contrary, independent of J? 2 - 

7. Circuit with Self-Inductance, Capacity, and Resistance. 

When a circuit includes a condenser, the current loses its adenoidal 
character, since the coatings of the condenser act as sources or sinks 
for the current. To calculate the magnetic field we should therefore 
in theory take into account not merely the 
conduction current i, but also the displace- 
ment current D/4n\ So long, however, as 
the distance between the condenser plates 
is small, we can neglect the effect of the 
displacement current on the energy of the 
magnetic field, as compared with the effect 
of the conduction current. This simplifica- 
tion, as we shall see immediately, leads to 
a certain want of definiteness— -which, how- 
ever, is of no practical importance — in the 
application of the law of induction. Consider, for example, a circuit 
(fig. 6) containing a resistance R , a capacity 0, and a self-inductance 
£, connected in series; and let the applied E.M.F. bo represented 
by a potential difference E between the points A and F in the circuit. 
We calculate the pressure round the circuit along the path ARLCEFA, 
which runs in the wire from A to C and from 0 to F, but, in the con- 
denser and from E to A, runs in the dielectric. 

The total pressure, if ^ is the potential difference of the condenser 
coatings, is Ri + cj> — E. But the flux enclosed by the circuit clearly 
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depends On the course taken by the path of integration through the 
condenser. Thus, in taking 

+ (I*) 

and treating L as constant, we are ignoring that portion of the 
magnetic field which lies between the coatings of the condenser. 

Furthermore, the current i is equal to the time rate of change ox 
the charge on the condenser, so that, if the capacity of the condenser 
is 0, we have 

t=<7^. . . . (14a) j — ~ 

For an alternating current varying as «*“*, d'c' 

this gives eoI ‘ l 

i — ju>C<f>, 

and therefore, from (14), 

i . » FiB - 6 

Ri + jo)Li — ^ i = Is. 

It follows that i and E are related in the way represented in the vector 
diagrarn (fig. 6), The impedance of the circuit is given by 


-j] = V {^+ ( a)L ~~^c) } ' 


It has a min imum value when co 2 = 1/LG. For small values of R, 
the minimum is very sharply defined. If then the applied pressure 
is made up of partial pressures of all possible periods superimposed 
on each other, the current, speaking broadly, will contain on y ose 
frequencies which are close to the “ proper frequency 

1 

Wl®)’ 

corresponding to *> = 1 IV(LC). It is a matter of resonance between 
the period of the pressure and the “ proper period of oscillation of 
the circuit. The latter will now be discussed. . , 

Electrical Proper Vibrations .—, If we connect the points A and 1 
of the circuit (fig. 5) by a thick wire (short circuit), then S becomes 
0, and our equations (14) and (14a) give 

Ri + 2* ji ^ 


(E 434) 


7 
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By eliminating <j>, we find 


dH, 

dt* + 


R di 

1 It 


+m i==0 ' 


• • (IB) 


It may be remarked that this equation, which we have deduced from 
the law of induction, can also be obtained very easily by a direct appli- 
cation of the principle of energy. For the whole field energy at any one 
moment is given by 

H=l 7 d +U mas = m z + lW- 

Since there are no external E.M.F.S acting, the rate at which V 
diminishes must be equal to the rate of development of Joule heat, 

• • (ltk,) 

Since we have also C ^ = i, this equation transforms at once into the 
one given above. 

The general solution of (15), with two constants of integration <\ 
and Ca, is 

i ass C ^ 1 CpC***. 

Here, \ and are the two quantities 

_ R , //B a l \ 

2 L ±V \tf? CL, r 


The discharge is therefore periodic, if < -777777; 
B 1 lL ¥ y\ {jJj ) 

2L > -\/(CL) ’ 

If we write for shortness 

8 = 


R 
2 L’ 


co n — 


V(Lcy 


non-periodic, if 


(156) 


then, in the periodic case, we have 

i = Ae-* 1 sin(V / co 0 2 — S 2 1 -(- 8); 


but, for non-periodic discharge, 

i = -f- 


Cases in which the damping is slight are specially important in appli- 
cations. These occur when 8 is so small compared with u> 0 that S 2 
can be neglected in comparison with w 0 2 . We then have 

i = Aer* x sin [cdJ; + b). 
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The period of a vibration is 

t =~=^V(LG). 

The logarithnio decrement D is the logarithm of the ratio of the 
amplitudes of two successive vibrations; or 


o'—&t 


w 0 

= 71 T R V(j) 


(15c) 


The reciprocal of D, viz. ■= = j-A , 

JJ Z7TO 

gives the number of vibrations after which the amplitude is reduced 
to 1/e of its original value. 

As a numerical example, consider a Leyden jar of radius 6 cm., thickn ess 
0*2 cm., and height 20 cm.; by the formula for the plate condenser (p. 70), 

KS 


0 = 


47ttf 


we find, with K = 6 (glass), 8 = (2k X 5 X 20 + k X 25) sq. cm., 
0 = 5x JL X^_6 ==1400onu 


4rc x 0*2 
1400 


9 X 10 u 


farad. 


As short-circuiting wire we take a single copper wire bent to a circle, of the dimen- 
sions used in (lie), p. 170, viz. D = 10 cm., d' = 0*1 cm. Its self-inductance L is, 

by (He), on . 

L = X 4-93 = 34-4 X 10-»° — 
c a cm. 

= 34-4 X 10 -20 X 9 X 10 u henry. 

For the resistance 22 of the wire, we calculate first the ordinary resistance for 
direot current, 


12 = 


k X 10 X 4 


0-01 X tv 
= 6*8 X 10“ 8 ohm. 

With these numbers we get from (166) 

12 


X 1*7 X 10^° ohm 


i= ~ = l'l X 10 4 sec. -1 , 
2 L 


and 


v, - - 1 

0 2k 2k V(LC) 


= 7-3 X 10 8 sec. -1 . 


This frequency would correspond to a wave-length X = c/v 0 = 41 metres. The 
number of vibrations giving damping to the cth part would be v 0 /8 = 660. 
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If the vibrations are excited by discharge across a spark gap, we 
should of course expect decidedly stronger damping, on account of 
the increase in R due to the resistance of the spark gap. Even without 
a spark gap, an essentially higher value of R is to be expected, on 
account of the “ skin effect ” to be discussed in § 5, p. 196, whereby in 
such rapid vibrations the current is crowded towards the surface of 
the wire. In cases of this type, we c ann ot use the whole cross-section 
as one of the data for calculating i R, but only the cross-section of that 
layer near the surface which is occupied by the current; the latter 
area is a function of the frequency. 

But even after this correction our calculation of the damping still 
contains an inaccuracy, highly important in theory, although practi- 
cally insignificant in our numerical example. In our circuit, the elec- 
trical current begins and ends at the coatings of the Leyden jar. 
These act as sources and sinks for the current. Nevertheless, the 
whole of the preceding discussion of the magnetic field is founded upon 
the equation for steady currents, 

curl H = — i, 

0 


which obviously cannot be right, if div i is anywhere different from 
zero — for div curl H is everywhere identically 0. We have therefore, 
in our proof of equation (14), ignored the fact that the conduction cur- 
rent is interrupted by the dielectric in the condenser. A rigorous 
treatment would require to take into account the displacement current 


D/4tt, by which the conduction current must be supplemented to 
produce the Maxwellian solenoidal total current c = i + b/dw. The 
practical effect of this term will be considered in detail later (p. 229). 
It corresponds to radiation of energy in the form of electromagnetic 
waves, radiation which can be described in terms of the Poynting 
vector N (p. 146). In the energy equation (15a), the only transformation 
of the field energy which we have considered is the transformation into 
the Joule heat Ri\ But besides this thermal energy the action of the 
field is also associated with energy of radiation, the mean rate of pro- 
duction of which is likewise proportional to i\ and can therefore bo 
represented by a term R r i 2 . It is therefore the sum R + R r of the 
ru*? rea ^ allce aru ^ ^e resistance due to radiation which determines 
the damping. That we could disregard the displacement current and 
radiation with impunity in our treatment of the condenser dis- 
charge we owe to the facts (1) that the distance between the con- 
denser coatings was small compared to the length of the discharging 
wire, and (2) that the length of the latter was itself small compared 
to the wave-length of the radiation corresponding to its proper fre- 
quency. t was only in consequence of these two circumstances 
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that we committed no very serious mistake when we treated the 
current in the wire as quasi-steady and so assumed that at any 
given moment the current across every cross-section of the wire had 
one and the same value. When the distance between the coatings is 
increased, the capacity of the condenser may become so small that 
the capacity of the conducting wires may become comparatively 
important. But in that case we have to contemplate sources and 
sinks of current, distributed over the whole wire, so that i will certainly 
have different values at different points. If, on the other hand, the 
length of the discharging wire is of the same order of magnitude as 
the wave-length, then the finite velocity of propagation leads to a 
relative phase displacement of the currents in the various parts of the 
circuit. We shall go into these matters more minutely when we come to 
discuss waves in wires (p. 206) and Hertzian waves (p. 223). 



CHAPTER X 


Electromagnetic Waves 


1. Plane Waves in a Homogeneous Isotropic Dielectric. 

We pass in this chapter to the discussion of electromagnetic fields 
which vary rapidly in space and time, especially electromagnetic waves. 
The assumption that the current is quasi-steady is not permissible 
in cases of this type. The mathematical theory of electric waves has 
to be based on the differential equations of the electromagnetic field 
for bodies at rest (§ 1, p. 143). 

We consider in the first place a homogeneous isotropic dielectric; 
there are no applied electromotive forces, K and /a are constant, a is 
equal to 0. The field equations of p. 144 become 

— — = curl H, (la) 

0 ot 


— - ^ — curl E (16) 

o dt 

Since ja is constant, div H = 0 (lc) 

Also, if there are no “ true ” charges (p. 74) in the interior of the 
insulator, 

div E = 0 (Id) 

This system of equations determines the propagation of electro- 
magnetic waves in the dieleotric. We can easily eliminate either of 
the vectors E, H from (la) and (16). To eliminate E, take the curl of 
the first equation; differentiate the second with respect to t, and 
multiply it by Kjc\ then add. 

We thus obtain 

curl curl H. 


In view of (lc) and the identity (33), p. 36, this becomes 

Kt* 3 2 H_ A „ 
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On the other hand, we may eliminate H instead of E by an exactly 
similar process, and so obtain 


Ejj. 0^3 
c a dt* 


= AE. 


a S) 


The two vectors E and H accordingly satisfy the same differential 
equation. For fields which do not vary with the time, the equation 
reduces to Laplace’s equation. 

We shall now look for particular solutions of the field equations, 
corresponding to plane homogeneous wave trains. A wave train is 
called plane when a family of parallel planes can be taken in the field, 
such that the electric and magnetic field strengths are constant in 
magnitude and direction at all points of any given member of the 
family; the planes are called the wave fronts, the direction perpen- 
dicular to them the wave normal. We shall take the axis of a; in the 
direction of the wave normal, so that the wave fronts are parallel to 
the plane of yz. Since E and H are to be constant in any one wave 
front, the partial derivatives with respect to y or z must vanish, and 
the field equations take the form 

K dE *-n 
o 3< ’ 

K 0# J , = _0ff ? 

o dt dx’ 

K 3 E 1= dE v 

e dt ‘ dx’ 

®"= 0 ' ir= a « 

From (26) and the first line of (2a), it follows that the longitudinal 
components E a and E m are constant in space as well as in time. If they 
were different from 0, they could only represent a statical field super- 
imposed on the wave system. Such a field, however, could have no 
effect on the wave propagation and is therefore of no interest for the 
present problem. For this reason we put 

E x = E x = 0. 


dE x „ 

o dt ’ 

(i 3E V dE, 

o dt ~ dx’* 

d 9#* __ , 

o dt ”^ 0 ®* 


(2a) 


aw 


With regard to the four remaining equations of (2a) we note that 
two of them connect E v and E z , the other two E z and E v . We can 
therefore deal with these pairs of components separately. The equations 


K dE v dE e 




dE z 


, dE v 
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give, on e l i min ation of H e and E y respectively, 

c 2 dfi Hof 9 m 

Eft 8 2 # g _ dm, 

<? Si 2 do ? 9 ' 


(SM) 

(2e) 


equations which might be got at once from (le) and (1/) by deleting 
the derivatives with respect to y and z, which v anis h for the homo- 
geneous plane waves we are considering. The partial differential 
equations (2i), (2e) are familiar from their occurrence in the theory of 
vibrating strings. The general solution of (2d) can be written in the 
form ' 

— <^)+/ 2 (a? + at), . . . . (3) 


where 


vm 1 ■ 


fv f% are an y functions of the single arguments x — at. x 4- at 
respectively. 

The equations (2c) axe then both satisfied if we also take 


3 z — <s/(K I fi) {/ x (x ~at)—f 2 (x - f at)}. . . (36) 

The arbitrary functions f x {x at), ffx -j- at) represent waves propa- 
gatea m the positive and negative directions of the a?-axis respectively. 

. confine ourselves in what follows to the discussion of the par- 
tacular solution given by the function f x (x — at). The form of the 
function f x is determined by the wave form at the time t = 0; t his 
wave form is propagated without change of type with the velocity a . 
■ ~v 0 lo ci ty. of a plane electromagnetic wave in an isotropic insulator 
is therefore independent of the wave form and the wave length. In 
free space, where K = 1 and /z = 1 in the Gaussian system of units, 
the velocity becomes by (3a) the universal constant c, which by com- 
paring the electrostatic and electromagnetic units is found (p 154) 
to have the value ; 


c = 3 X 10 10 cm./sec. 


This number agrees with the velocity of light in vacuo , i.e. in free space 
the velocity of plane electromagnetic waves is equal to c, the velocity of light. 

It is not their velocity only which light waves and electromagnetic 
waves have in common. Electromagnetic loaves, like light wav as, are 
transverse to the direction of propagation. We have found, in fact, that 
neither E nor H can have a periodically changing longitudinal com- 
ponent. Both vectors are perpendicular to the wave normal. In free 
space electromagnetic waves and light waves therefore behave in an 
exactly similar way. 



ELECTROMAGNETIC WAVES 


18B 


These consequences of his field equations were what led Maxwell 
bo formulate the electromagnetic theory of light This theory regards 
light and radiant heat as phenomena of electromagnetic wave motion. 
It is superior to the old mechanical theory of light, first, because it . 
enables the velocity of light to be deduced from purely electromagnetic 
measurements; and, secondly, because by its very nature it allows 
only transversal plane light waves. On the old theory, which regarded 
light as wave motion of an elastic medium, it was difficult to explain 
the non-occurrence of longitudinal light. The electromagnetic theory 
exdudes longitudinal light from the beginning . 

If Ught is really an electromagnetic process, then all the optical proper- 
ties of a substance must be completely determined when its electrical con- 
stants are given . It follows in fact from the Maxwellian theory, as we 
shall see immediately, that the optical index of refraction is effectively 
determined by the dielectric constant, and the coefficient of absorp- 
tion by the electric conductivity. It is only, it is true, in the case 
of sufficiently long waves — infra-red or Hertzian waves — that these 
quantitative requirements of the theory are in accord with experimental 
facts. The difficulty is explained and removed by the theory of electrons, 
which shows that electric polarization, on account of the inertia of the 
electrons, must be treated as a kinetic process, in which the frequency 
of the incident light plays a dominating part. This additional con- 
sideration-dependence of K and a upon frequency — must be taken 
into account if Maxwell’s theory is to give a description of optical 
phenomena which fits the facts. 

In dielectric bodies, whose dielectric constant and magnetic per- 
meability are different from 1, the velocity of electromagnetic waves 
is given by (3a). The index of refraction of a dielectric is accordingly 
given in the general case by 

n=z-~\I K [jl (3c) 

a 


In the special case when ft = 1, we have the so-called cc Maxwell’s 
rdation ” «* = *. (3 id) 


For insulators , which are neither paramagnetic nor diamagnetic , the 
dielectric constant , according to the electromagnetic theory of light , must 
be equal to the square of the optical index of refraction. By testing this 
result experimentally, we are in a position to judge, assuming the 
correctness of the electromagnetic theory of light, whether the field 
equations do correctly describe the behaviour of dielectrics in the 
presence of very rapid electrical vibrations. In point of fact, the field 
equations for insulators were derived from the general fundamental 
equations I to IV (§ 1, p. 144) by extending the relation 

D = KE 


(E484) 


7* 
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from electrostatic fields to alternating the 

ever high. Maxwell’s relation (3d) gives us a means or veev. & 

legitimacy of this extension. 0 9 , the relation (3# 

For many gases, as for example H a , v Uj> f 12 -’ rocion. 

is in fairly good agreement with experiment m t mjj \ 

hi tiJe, tow.™ it foils for “ polar ,g»» ( l*» TO 

from the ohemiosl behaviour of which wo conjecturo th y cases, 
of ions field together in pairs fiy Coulomb attractions. invitation 

of course, inertia must have a much greater influence, p • . 

by the alternating field of the ligfit wave, tfian m tfi r „i„tion 
gases, in which electrons only have to be moved. Tfie Maxw 
fails in the visible part of tfie spectrum in those bodies wl> , 

selective absorption in tfie infra-red. Tfie failure is particularly 
e.g. in water (K — 81, n — 1-33). 

The question whether the plane of polarization of a plane-po ' 
ray is defined by the vector E or by H cannot fie decided by men 
of the theory as developed up to this point;. It follows, fiowover, iroi 
the extension of the electromagnetic theory to crystals that wo arrive 
at the correct laws of crystal optics if we refer optical aeolotropy to 
aeolotropy of the dielectric, and take tfie plane of polarization through 
H and the wave normal. It may also be mentioned, without going 
into details, that the laws of reflexion of light at tfie surface of trans- 
parent bodies, as deduced from the electromagnetic theory, arc in 
agreement with Fresnel’s formulas, provided we take the piano of 
polarization of a plane-polarized ray to be at right angles to tfio 
vector E. 

We shall now calculate the energy transmitted fiy tfie plane electro- 
magnetic wave for which. 

E t =f(x - at), E, = ViK/v) /(* — ««)• 

By the energy theorems (1), (2), p. 145, tfie energy which posses per 
second across 1 s<j. cm. of the t/ 2 -plane is given by the Poynting vector 

N=A [EH ], 


1 . 6 . 




(p? 145) by” tand ’ tiie ener sy deusity u in the wave field is given 

“ = ^ (ZE2 +^ H2 > 

E 
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Foi a velocity of propagation a = o/-y/(Eii) of the plane wave we have 
therefore 

N„ = aw, 

1. e. the energy which crosses 1 sq. cm. of the yz-plane per second is 
exactly the amount contained in a cylinder of unit cross-section and 
length a. 

2. Plane Waves in Homogeneous Conductors. 

When the homogeneous isotropic body, through which the electro- 
magnetic wave is passing, is a conductor of electricity, equation (la), 
p- 182, must be extended by including the conduction current. The 


general field equations of § 1, p. 144, give in this case 

K d E . 4w „ lTT .. . 

— 37 -f oE = curl H, ( 4 a) 

o at o 

~o~^ = CUX * E ’ (4&) 

and, since there is no “ true ” magnetism, 

div H = 0 (4c) 


Equation (Id), p. 182, which expresses the absence of free electricity 
in the interior of the homogeneous dielectric, continues to hold for the 
waves in the interior of the homogeneous conductor. To see this, 
form the divergence of (4a). We find 

— J -div E + div E = 0. 
c at c 

From this equation we have already deduced (p. 115) that the volume 
density of free electricity at every point in the field diminishes accord- 
ing to the law 

p' = ^ div E= Po'e-" 9 , 

where 9 = E/incr is the so-called “ time of relaxation The rate of 
decay of an original distribution of free electricity p 0 ' is therefore 
entirely independent of the electromagnetic disturbances which 
penetrate the interior of the homogeneous conductor. If, for example, 
we assume that at time t = 0 the field within the conductor was zero, 
then p Q f is also zero, and therefore p, the density of free electricity, 
is permanently zero. From the equation thus obtained, viz. 

div E = 0, (id) 



188 


THE ELECTROMAGNETIC FIELD 


and from (4a), (46), (4c), wo now conclude, exactly as in the preceding 
section (p. 183), that only transverse plane electromagnetic waves can 
be propagated in the interior of the homogeneous conductor. The 
elimination of E, or of H, can also be carried out in precisely the same 
way as at the place mentioned. We thus obtain for these two vectors 
the differential equations 

... (4s) 


K/jl 3 2 H irrafi 

IF W + 

Kp a 2 E 
c 2 8t a 




+ 


inctfi 3E 

~ir ¥ 


= AE, 


( 4 /) 


which take the place of (le), (1/), p. 182. 

We again investigate homogeneous plane waves; we take the 
a-axis in the direction of propagation, and split up the vectors E, H, 
which lie in the wave fronts, into their components. As before,, we 
consider only the components E v , H„ whioh, optically speaking, 
correspond to a plane wave polarized parallel to the z-axis. For E v 
we ha^e then the partial differential equation 

K/Jt, d 2 E v . 4 'nap, dE v _ d 2 E v u \ 

c a dfi i " c 2 dt ~ 3a? * ‘ V w 


which is called the “ equation of telegraphy ” (cf. § 8, p. 211). The 
same equation has to be satisfied by H z also. 

For plane waves, with wave normals in the direction of the z-axis, 
we obtain from (4a), (46) 

K 3 E v . 4ffg p dH, 

~c dt + ~T 

ft. 3 E z dE v 

c dt ~ dx' 

If we put E v = H t = 6e^‘“** w , ... (5) 


U=V=i), we find from these equations for the two amplitudes 
a and 6, and for the index of refraction p, the equations 

(jcoK + 4:7ra)a = jcopb, 
ph = pa. 


from which we have 

and 


p 2 = p.K - j brag. 


b—-a. 


O) 



M 


We therefore obtain a complex index of refraction p, i.e. absorption of 
the wave 3 and a complex amplitude ratio 6/a; the latter denotes a 
phase-displacement of the magnetic relative to the electric vector. 
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In (5a) we introduce the period r and the vacuum wave-length 
A 0 of the light wave by putting 


and we also write 



p = n — j'k. 


• (56) 


Tor the constants of the material thus introduced, (5a) gives the two 
equations 

n 2 — k 2 = K[i , 

2 w/c = 2jjlcjt, 

By solving these we obtain, for the “ refractive index ” n , 

{V(^ a + 4o 2 r 2 ) + K}, .... (5c) 
and, for the “ coefficient of extinction ” /c, 

« 2 = ^{V(^ 2 + 4aV)-Z}. . . , . (ffd) 

If, finally, we write jp in the form 

p = V( n2 + ^ 2 ) e_/y > 
then the ;p4o$c y is defined by 

tany = k/u (5e) 

In terms of the constants thus defined, equations (5) give, for the real 
parts of E v and H Zi 

E v = aer ZirKX ^ cos — " X" ') 1 

b. - ^ (n * + *•> « h~k. ' <6) 

[X \ T A 0 V J 

The coefficient /c is therefore characterized by the property that the 
amplitudes are reduced in the ratio e 27r : 1 when the wave travels a 
distance A 0 //c. It follows that this distance may be regarded as a con- 
venient measure of the range or penetrating power of the wave. 
The quantitative discussion of those equations is, for metals , greatly 
facilitated by the fact that in these we have usually 

2 ar>/C* (7) 

Eor the wave-length 1/x, in the short-wave infra-red, we have e.g. 

T = A 0 /c = 10- 4 / (3 X 10 10 ) = 3-3 X 10- 15 . 

Also, for copper, o- = 5T4 X 10 17 , so that in this case 

2 or = 3400. 


* Tlio symbol means u much greater than *\ 
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With regard to the dielectric constants of metals, there is at the outse 
the difficulty that the customary electrostatic methods for determining 
them are not applicable. On the contrary, the application of equation 
(6) to the optical behaviour of metals is precisely the method by wnion 
we determine their dielectric constant. Absolutely unequivocal ex- 
perimental results are not available, but so much may be said, tna 
there is no ground, either experimental or theoretical, for attributing 
to K values of a different order of magnitude in metals from those 
which occur in insulators. If this is so, then in our numerical example 
the relation (7) is actually satisfied. Further— and this is specially 
important for the discussion of Hertzian waves — the relation is the 
better satisfied, the greater the wave-length of the waves considered. 

On the other hand, for very short waves (ultra-violet and especially 
X-rays) the inequality (7) completely fails. In the limiting case 
extremely short waves, 2or becomes even vanishingly small, so that 
the effect of the conductivity becomes ultimately unimportant. 

In the region within which the relation (7) is valid, (5c) and (ou) 
become 

n= k= -\/(n err), y = Jv (7 ft ) 

For the depth of penetration, or range, d, of the wave we have accord- 

(M> 

For copper (or = 5*14 X 10 17 , /z = 1) we therefore obtain the following 
values of the range d : 


X 

1 cm. 

1 m. 

100 m. 

10 km. 

d 

2*4 X 10~ 4 cm. 

0*024 mm. 

0*24 mm. 

2*4 mm. 


These are at the same time the approximate thicknesses of metal plate 
required to screen off the wave-lengths concerned. 

For the ratio of the electric to the magnetic fidd energy (time average), 
we obtain from (6), (5c), and (5 d)> in the first place generally, 


jL L0* 2 n 2 + K 2 


vi'+C-rf}- 


. • (7c) 


In an insulator ( a = 0) the energy is equally divided between the two 
types. In a metal, on the contrary, in the region for which (7) is valid, 
the energy of the field is almost entirely magnetic. Even for 
A = lO” 4 cm., in the preceding numerical example, the electrical 
energy amounts to only about *03 per cent of the total For longer 
waves the proportion becomes even less. 
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For an experimental test of the theory the most obvious suggestion 
is to compare the results of experiment with the expression (76), which 
gives the range of penetration d in terms of the conductivity. In the 
optical region, however, extremely thin films (thickness 10~ 6 cm. at 
most) would be required; these would be very diffi cult, to prepare 
and employ in a manner that would be free from objection. But an 
alternative method, more convenient than the direct measurement of 
absorption, is available, viz. the measurement of reflecting power. 


3. Reflecting Power cf Metals. 

Boundary Conditions . — In dealing with the problem of the passage 
of a wave from a dielectric into a metal, the simplest method of attack 
is to begin by determining the boundary conditions which 
the vectors E and H must satisfy in all circumstances, 
deducing these from equations (4a), (46), p. 187, by an 
application of Stokes’s theorem. Consider an element dS 
of the bounding surface between the media (1) and (2), the 
normal to which is in the direction of the ir-axis (fig. 1). 

We shall calculate the line integral <j) E 1 ds for a small 
rectangle of breadth £, whose two long sides (of unit ^ 


I 


length) lie in the two media respectively and along the 
y-cfirection, We find from (4a) and (46), p. 187, 


L Vi 




**-j :*“(!$+ v*)* 


i 

Fig. x 


For finite values of K, a, p the right-hand sides vanish in the limit 
f -> 0, since we assume that the field strengths are in all cases finite. 
Hence the result: the tangential components of E and H are continuous 
across the boundary between the one medium and the other. 

We now consider a plane wave, originating in free space, and incident 
at right angles to the surface of a metal, which we take as the plane of 
yz. We have therefore to put, for the complex index of refraction 
introduced in (5) and (56), p. 188: 

for x < 0, p = 1 (vacuum), 

x > 0, p = n — jK (metal). 

At the metal surface, the incident wave is split up into a reflected 
wave which travels in the vacuum in the negative direction of the 
E-axis, and a wave which penetrates into the metal (in the positive 
direction of the x-axis). We can satisfy Maxwell’s equations for homo- 
geneous media by the following general assumptions: 



192 


THE ELECTROMAGNETIC FIELD 


In tike vacuum r Incident wave, Ef® = Hf** — ae J ' a( - t ~ xlc \ 
x<0 l Reflected wave, —Ef^ = H e M — a'e 1 ^ t+xlc \ 

In tke metal f Transmitted wave, - * E„ = a"eM*-P*h\ 
x > 0 1 by (5) and (5a), j H s = a"(phi)e J ' u (‘~ px l‘). 

Tke amplitudes a, a', a " are in tke first instance undefined, but tke 
boundary conditions (at x = 0) lead to two relations wkich tkey must 
satisfy: 

continuity of E v : a — a' = a", 

„ „ H z : a + a' = a" p/p. 

If e.g, tke amplitude a of tke incident wave is given, we find: 


reflected wave: a! — a P , 

P + P 

transmitted wave: a" = a —■ •• 

P + P 

Tke intensity of the radiation is in each case proportional to tke square 
of tke absolute value (modulus) of tke amplitude. By tke “ reflecting 
power ” R of tke metal we mean tke ratio of the intensities in tke 
reflected and incident waves; if we denote the complex quantities 
conjugate to a and a' by a and o', we have then 



aa (p + p)(p + p) 


With p = n — ik, p = n + i/c, this becomes 
p _ (n — ft) a + a? 
(n + [if + K r 


(8a) 


In tke region within which the relation (7), p. 189, is valid, we have 
n = k— ^/{par ) >• 1. 


In non-ferromagnetic bodies we have also p = 1, so that we obtain 

2 


j? _ 2ffT-2V(gT) + 1 _ 

2ot+ V(«rr)+1 vV)' 


( 86 ) 


This theoretical formula for the reflecting power was found by Hagen and 
Rubens in their experiments in the long-wave infra-red (A about 25 p) to 
be quantitatively verified. They thus proved that in this long-wave 
region tke optical behaviour of metals is determined by the electro- 
statically measured conductivity a, as in equation (86). 

Some of their results are shown in the following table. The con- 
ductivity is expressed as the reciprocal of tke resistance in ohms of 
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a wire 1 m. long and 1 sq. mm. in section. If the conductivity thus 
measured is denoted by tj, we have 

a= 9 X 10 18 ij. 

The wave-lengths A (1 are measured in microns (p), so that A (in cm.) 
= A^ x 10~*. Lastly, the reflecting power is expressed as a per- 
centage, so that R% — 1002?. With this notation the Hagen-Rubens 
formula (86) becomes _ 

(100 

The quantity (100 — J?)\A? should therefore be independent of the 
material, and have the value stated in the last line of the Table. 


■I 

V 

A 

= 4/x 

A 

= 8/i 

A 

-12/* 






(100— B) Vv 

mm 

61-4 

1-9 

14-9 

1-26 

9-8 

1*15 

9*0 


57-2 

2-7 

20-6 

1*4 

10-6 

1*6 

12-1 


8-5 

8-2 

23-9 

4*65 

13-6 

4*1 

12*0 


0-84 

24-8 

22-7 

18*5 

16*9 

17*8 

16*3 

36-5/3V 



19-4 


13*0 


110 


For shorter waves the observed reflecting power is definitely smaller 
than that calculated from (86). Qualitatively, this is what, on the 
electron theory, we ought to expect. On account of their inortia, the 
electrons are incapable of exactly following the rapidly changing 
field, and the electric current will therefore fail to attain the value crE 
at each instant. In point of fact, the deviations are such as would 
occur if the metal possessed a smaller conductivity for the shorter 
waves. This inertia effect becomes even more marked in electrolytes 
which (like H 2 S0 4 in water) statically show a high degree of conduc- 
tivity, but nevertheless are perfectly transparent. Here the carriers 
of the current are ions with masses many thousand times greater 
than the masses of the electrons. It is therefore easy to understand 
how electrolytes should behave like insulators with respect to the 
electric field of the light wave. 

4. The Poynting Vector in the Steady and in the Periodic Field. 

In § 1, p. 145, wc saw that the Poynting vector 

N=£[EH] 

can be taken as representing the stream or flow of energy (per sq. cm. 
per sec.). For a region bounded by any closed surface, the rate of 
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di m i n ution in time of the field energy contained in this region was 
found to he equal to the thermochemical activity, added to the flow 
of energy through the boundary, as given by the vector N. Now in a 
steady field the energy of the field is constant with respect to the time. 
Hence in this case the flow of energy, — J N n dS , into the region 
considered is equal to the thermochemical activity in the region. In 
a time-periodic field, on the other hand, the energy content is of course 
continually changing, but only in such a way that it oscillates up and 
down about a definite mean value. Here also, then, the mean value 
of the field energy taken over a period will have a constant value, so 
that, on a time average, the Poynting vector will again directly indicate 
the Joule heat developed in a closed region. 

We consider first a steady Unear current maintained by applied 
dectromotive forces. If S is the cross-section of the conductor at any 
point, then in the first place, by § 3, p. 116, we have quite generally for 
the total current i, 

i — Ji„dS = f a{E n + E„M) dS. 

In. a “ linear ” current we regard or, E, and E w as constant over the 
section. Also, we can confine ourselves to the components E a and 
E a M in the direction of the axis of the wire. We denote by 



the ohmic resistance of the conductor per unit length, so that 


E 0 i = E a + E^. 



Fig. a 


We shall calculate the Poynting stream of energy through 
a cylindrical surface of unit length, lying in the vacuum 
outside but closely surrounding the wire. E is parallel to 
the axis of the wire, H along a circle round the axis, so 
that N is definitely perpendicular to the surface of the wire. 
The flow of energy N into the cylinder considered is therefore 

(fig- 2) 

N = E a H e ds = E a i. 


since J H 0 ds = — i. The energy flowing into the wire per 
c 

unit length and unit time is therefore 


N=Rf,*~EMi. 


Hence at those places where applied E.M.F.s are acting, energy flows 
from the wire into the field; where Joule heat is being developed, the 
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energy streams back from the field into the wire. The total flow of 
energy, summed over the whole circuit, is of course zero, as also follows 
immediately — since E is irrotational— from the equation N = E a i. 
When there are no E.M.F.s present, N is equal simply to the Joule 
heat Q developed per unit length. 

In time-periodic fields this relation between the average values of 
N and Q continues to hold. We may put the result in a somewhat 
different fonn, which is convenient for many applications. We confine 
ourselves to oscillations which are strictly sinusoidal in respect of 
their variation with the time, and make use of the complex notation. 
The most general function f(x, y 3 z, t) representing such an oscillation 
may be written 

f= a(x, y, z) cos {a>« + b(x, y, z)} 

= real part of 

or /= real part of a(a, y , z)e^ (at , 

where a = ae^ h is a complex function of position only. We shall denote 
average values with respect to the time by a horizontal bar, a nd a 
conjug ate complex value by an asterisk. Then, since cos cot = 0, 
cosW = we have obviously 

7-0, 

jf 2 = %a 2 = £aa*. 

We shall require at a later point the product of the real parts of the 
two complex functions 

g — aeH^\ 0 = Ae iS e ib>t . 

If we denote the real part of g by R we have 

**-«* + *•). ReG = l(G+G*), 

so that R # . R e G = i(gG + g*Q* + gG* + £*(?)• 

But, on taking the time average, gG = 0, and g*Q* = 0; also g*G is 
the conjugate of gG *. Hence 

%9 . R q G = $R e (gQ*); {JW = $99*- - ■ ■ (a) 


The complex notation has the great advantage, in analysis relating to 
periodic fields, that all differentiations with respect to t in linear 
differential equations can be replaced by multiplication by the corre- 
sponding power of jco: e.g. 
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Maxwell’s equations therefore become 

(ffl 

curl E = — ^ H (y) 

c 


In order that we may be able to apply the rule (a) to the complex 
vectors E and H, we write (/9) in the conjugate complex form (replacing 
3 by -j) 

cuxlH*=(-M + ^E*. . . . (/S') 

Multiplying (/S') by cE J8tt, and (y) by —cB*/8tt, and using (35), 
p. 36, we find 

- ^ div &EH*] = a • -JEE* + 2 \j (0 {£ pH* - ~ pE*). (9) 

If then we form the complex Poynting vector 

N' = ±i[EH*J (9a) 

the real part of — div N' will give the Joule heat which is developed. 
For £EE* is, by (a), the time-average of the square of the (real) field 
strength. But, besides this, the imaginary part of div N' is also given 
a concrete interpretation by (9); it represents the difference between 
the mean magnetic and the mean electrio field energy, multiplied by 
2co. For a closed region we have therefore 

J{-)N n ' dS = Q + • • (96) 

where Q denotes the Joule heat developed per second, and U the 
average field energy, magnetic or electric, within this region. 

In the following section we shall apply this theorem to the interior 
of a wire carrying an alternating current which is not unif ormly distri- 
buted over the cToss-section of the wire (the akin effect). Since in this 
case EJej is always, by (Tc), vanishingly small compared to E7 mag , the 
real part of (9a) will give the Joule heat and therefore the o hmi c re- 
sistance, while the imaginary part will give the magnetic field energy 
and consequently the part of the inductance contributed by the interior 
of the wire. 

5. The Skin Effect. 

We consider a straight wire of circular section and radius r 0 , along 
which there flows an alternating current of frequency co fair. At the 
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surface of the wire there will be an electric field in the direction of the 
axis, and a magnetic field at right angles to E, but also parallel to the 
surface. Qualitatively, therefore, the circumstances are the same as 
in the case considered above, that of a light wave entering the metal. 
We should in fact have a similar type of field near any given point of 
the surface if, in place of the alternating current, we had a light wave, 
of frequency a) /2 tt } polarized perpendicular to the direction of the axis 
of the wire, and incident perpendicular to its surface. 

For such a light wave, in the case of a metal with a plane surface, 
we have already (p. 190) calculated the depth the wave penetrates 
before the amplitude is reduced to the fraction l/e 2 "* of its original value. 
For the sake of simplifying the expressions which occur, we shall 
employ in this section, as the measure of the depth of penetration, 
not precisely the quantity defined in (76), p. 190, but this divided by 
2 ttY 2, i.e. with ju = 1, 

c It o 

27t\/2 Vo 's/{i'rT<A)c r)* 

Although of course the detailed analysis is rather more complicated, 
as we shall see immediately, for the cylindrical surface than for the 
plane, there are two limit ing cases in which the result, qualitatively 
speaking, can be predicted at once. 

(1) Radius of wire, r 0 , small compared to c/V^coo). Here the 
alternating field has not become appreciably weaker when the wave 
has penetrated as far as the axis; the current density is distributed 
uniformly over the section of the wire. 

(2) r 0 > c/V( 47 tcu( 7). The field has completely faded away, before 
it has penetrated a distance which is a sensible fraction of the radius. 
Only in a thin superficial layer (“ skin ”) is the current density ap- 
preciably different from 0. The whole interior of the wire is practically 
free from field. 

It may be noted that this penetration of the alternating field into 
the metal follows the same law as the penetration of temperature 
oscillations into a body whose surface is alternately heated and cooled. 
In fact, since the displacement current in the metal can be neglected 
in comparison with the conduction current ((7), p. 189), the equation 
giving the oscillations in the metal, ((4/), p. 188), becomes 

^•^=AE (10) 

c 2 ot 

But, for a material of specific heat y per unit volume, thermal con- 
ductivity A, and temperature 0, the conduction of heat is governed by 
the equation 

= div (A g 1 ^ 0). 
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or 


i*-* 


The intensification of the skin effect with increasing frequency is accord- 
ingly strictly analogous to the fact that the annual oscillations of tem- 
perature penetrate farther into the ground than the diurnal oscillations. 

To deal with the skin effect quantitatively, we have to integrate 
equation (10) for the particular cross-section concerned. First, however, 
we shall apply the Poynting vector (9a) to the present example. We 
confine ourselves from the beg inning to the case when the current, 
and hence the field also, are everywhere parallel to the axis of the wire. 
We take the axis of z parallel to the wire, and put B n = E. By integrat- 
ing (9) over unit length of the wire, and neglecting the electrical part 
of the field energy, we find 

£ j>EE* ds = of \EE* dS + 2 jco . £; j\EH* dS. (11) 

We now introduce the total current 

i= JcrE dS. (11a) 

The time average of the square of the real current is, by (o), p. 195, 

(Rfi)* = 

The resistance R and the “ internal ” self-inductance L< are defined by 
the equations 


\Eii* = <7 / \EE* dS, 


j ‘ 


and 


\.\L i ii* = £-f\HE*dS. 


Thus, according to these definitions, R . (R e i) 2 is the heat developed 
per second, and . {R e i) 2 is the mean magnetic field energy in the 
interior of the wire. If we note further that 




we see that (11) becomes 

= £Rii* + 2jco^Z i ii* } 

or (E)a = Hi + jwLji, (^ 2 ) 

where (E) a m the value of E at the surface of the wire. The field strength 
at the surface of the wire consists , therefore , of an ohmic -part Ri, and 
an inductive part coL ; i, the two parts differing in phase by 90°. 
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In order to deduce the actual values of R and coL { from (12), we 
nave stall to express i in terms of E. Now, from (10), 

j ‘ ^ E — div grad E. 


Integrating over tlie cross-section, we find, since JoE dS = i, 
. irrwfj, . /d E\ » 


We now write 


V (4ro)g/t) = d ( de P th of penetration), 

1 

1 — R 0 (resistance for direct current), 


(12o) 


and (12) becomes 


R j- ja )L { 
R n 


- 13 ( £ /“)„ r . < 1S > 


r r—r. 


After we have integrated the differential equation (10) for E , (13) 
gives, us at once the technically important quantities R/R 0 and a >L { \ 
that is to say, the increase in the resistance due to the skin effect, as 
well as the internal inductance. 

When the section is circular, (10) becomes 




r dr \ dr J 9 


(14) 


where r is the distance from the axis, and d is as defined in (12a). 

The general solution of this equation involves the Bessel function 
of order zero, and complex argument V^jr/d. We shall content our- 
selves with a direct deduction of the approximate solution in the two 
limiting cases mentioned above (r 0 > d and r 0 <C d). 

Strong Skin Effect (r 0 > d ). — In this particularly simple case the 
action is confined to the neighbourhood of the surface, r r 0 , so that 
the factor r within the bracket in (11) can be treated as constant, i.e. 
the surface may be regarded as plane. We thus have 



so that, by (13), 


E=E 0 e^7rid- ^ = ^E 0 e^r!d t 

R + jct)L { _Vjr 0 _ r 0 M A 
E 0 ~ 2 d ~2V5d { +j) ' 
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The ohmic resistance is therefore increased in the, ratio r 0 : 2 a/ 2 d as 
compared with its direct-current value. 

Weak Skin Effect (r 0 < d) — In (14) we take a new independent 
variable y = rjd, and put y 0 — r 0 /d. The equation becomes 

We may expand the required function E in powers of y 2 : 

E—[ a a-\- <hf + a ^/ i + a s!/ a +•■•)■ 


We have therefore the identity 


j 2 a„ y 2v — 2 (2vfa v y 2l '~ 2 , 

v**0 v**l 

and therefore, to determine a„, the recurrence equation 

. 3°-v - i 


o„ = 


(2v) 

TT 1 ? 

Hence a 1 = a 0 ^* «2 = « 0 




■ • •} cl v — a 0 


(2v!) a 


These coefficients now give in (13) 

R + jojL { _ j / idE\ 

—& — 2^r/3vL 


y-y. 


_ 3 


Sa„y o 2 ” 
0 


2 60 

S2va„2/ 0 2 ^ 2 

1 

If wo again expand on the right in powers of y 0i and put in the values 
found for c^, a 2 , a 3 , , . we find 

V 0 " " = 1 + 5 (272) + ^(v2) + --*- 

As an index of the strength of the skin effect we may use the number 
z, where 

(&)• ‘ 14 »> 




2\/2d 

We then have the results: 

When 2 is small: — = 1 -f fa* -f . . L { = ] 

When z is large: 


Rn Rn 


( 146 ) 
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The relationship between R 0 and z is shown graphically in fig, 3. The 
index numbers z for copper wire of various radii, and for various wave- 
lengths A, aTe tabulated below, For the calculation, the value of 
V(<x/c) for copper is taken as 4-2 X 10 3 This gives, by (14a), 

z/rr = 4-2 x 10 3 r 0 /VA. 


Table or Values of zjn 


*0“ 

1 

0*1 

001 

Number of Periods 
per second =c/ A. 

X = 6 X 10 8 cm. 

0-17 

0-017 

0-0017 

50 

X = 6 X 10 Q cm. 

1-7 

0-17 

0-017 

5000 

X — 6 X 10 4 cm. 

17 

1*7 

0-17 

5 X 10 s 

X = G cm. 

1700 

170 

17 

5 X 10° 


Intensity of the Bkin effect in copper wire; 
r 0 = radius, X = wave-length. 


A phenomenon closely related to the skin effect occurs in the so- 
called high-frequency heating of cylindrical rods. The rod to be heated 
is placed in a longitudinal magnetic alternating field of high frequency. 
This field generates in the rod an electric field, the lines of force of 
which are circles round the axis. 

The Joule heat of the currents thus 
induced causes the increase of tem- 
perature which is desired. Here, 
therefore, we have again at the 
surface of the rod the same electro- 
magnetic condition as would be pro- 
duced by a plane polarized wave 
incident at right angles to the sur- 
face; only in this case the wave is 
polarized parallel to the axis of 
the wire. Comparing this case with 
that of the skin effect, we see that 
the magnetic and electric intensities 
have changed places with each other, 
now the equation defining the penetration of the magnetic field into 
the rod which is being heated. When that equation has been integrated, 
the complex Poynting vector gives immediately in this case also the 
Joule heat, and the magnetic field energy, in the rod. 

6. Self Inductance and Capacity of Twin Circuits, 

As a preliminary to the theory of waves in wires, we shall in this 
section deal with the steady field of a double circuit. 

We consider two straight cylindrical conductors parallel to one 
another, the lengths of which are very great compared to their distance 



In particular, equation (14) is 
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apart; e.g. two parallel wires (a twin circuit in the proper sense), 
or a wire (a cable) enclosed in an insulating cover and laid in sea-water. 
In the latter case, the wire would represent the one conductor, and 
the sea-water the other. The two conductors carry opposite electro- 
static charges, and are also traversed by currents, which are equal 
to each other, but in opposite directions. The resistance of the con- 
ductors will in the first instance be taken as nil, so that there is no 
pressure drop along the wires. It follows that both the electrical field 
E of the statical surface charge and the magnetic field H of the cur- 
rents are everywhere perpendicular to the direction of the wires. 
Hence, if we take the xy plane perpendicular to that direction, we 
shall have E t — E z — 0. 

We shall calculate the field in the insulator (E, fi), regarded as homo- 
geneous, between the two conductors. The electric field is irrotational, 
and bo derivable from a potential x, y): 


(16) 


The magnetic field, being solenoidal, can be derived from a vector 
potential. Since, however, all the currents are parallel to the z-ans, 
the vector potential has only the one component, viz. A, — > 2/)> 

so that 


E e = 


0 ¥ 
dy 5 




0T 

0SC* ‘ 


(15a) 


These two functions in the plane of lie croBS-section have to satisfy 
certain conditions, obtained as follows. 

Within the insulator, which is free from charges and currents, we 
have div E = 0 and curl H = 0, i.e. 


0^0 8 2 T , 8 2 T 

9a b 2 ' dy 2 ’ 8x 2 ' dy 2 


. • (16) 


We denote by +e the charge per unit length of the conductor 1, by i 
the current (in the z-direction) in the same conductor. If ds is the line 
element of a path of integration which encircles the first conductor 
but not the second, then 

E n ds, and inilc-= £ (H ds), 

the normal n being drawn outwards from the conductor. The element 
of length ds, with the absolute value ds, and components dx and dy, 
is connected with the components n„ and n v of the unit vector n by 
the equations 

dx= — n v ds, dy — n a ds (16a) 


— K (j) 
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Thus 


(H da) = H u dx+H v dy 

_ , /3¥ . 3¥ x 

““*(■& n “ + &7 n >') = 


<Zs 


3T 


Again, since E n = — 3<D/3n, we have the fuither conditions 
4we r 30 , 47ri r BY , 

T’-k^T Is*! ' ' < 17 > 

and similaxly, for every path of integration encircling the second con- 
ductor, 

4we_ f 30 j 47rt’_ ^ 3T 1 
Z 




, ini 

S*' — 


7a 3n 


(17a) 


There is an obvious analogy between tbe functions <D and Y. 
To make tbe analogy complete, we now make tbe restrictive assumption 
that tbe magnetic field at tbe surface of tbe conductor is purely tan- 
gential, Tbis assumption is certainly correct for a single-core cable 
having tbe form of a circular cylinder, as is clear from tbe sy mm etry. 
For a twin circuit, consisting of two parallel wires, it is approxi- 
nuztely correct, provided that tbe distance between tbe wires is great 
compared to tbeir diameter. (We shall bave to apply our results later 
to rapidly varying fields. In tbis case, so long as tbe wire can be treated 
as a perfect conductor, tbe above assumption is always strictly correct; 
for an alternating field does not penetrate into sucb a conductor, and 
H is solenoidal; whence the normal component of H must vanish at 
the surface.) But tbe lines of magnetic force coincide with tbe curves 
T* = const., and our assumption is therefore equivalent to this, that 
at tbe surfaces of tbe conductors 1 and 2, Y takes tbe constant values 

and Y 2 respectively. 

The corresponding equation of course always bolds for tbe electro- 
static potential <E>. Thus 


= const.) on tbe surfaces of the) 
<S> = const. / conductors 1 and 2. J 


(18) 


The functions <D and \F are uniquely defined — except for an additive 
constant of no importance — by tbe three conditions (16), (17), (18). 
Further, since both functions (apart from tbe numerical values in 
(17)) bave tbe same conditions to satisfy, they are identical except for a 
numerical factor. In fact, we see from (17) that 

K 




(19) 

V o 

The vectors E and H are everywhere at right angles to each other, 
Their numerical values are likewise in a constant ratio: 

Ei 


Hi = I E I 


ce 


. . (19a) 
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A physical interpretation of Y may be derived from (17a) as follows. 
We consider an arbitrary curve s joining the two points a and b in the 
plane of xy, and define its normal by (16a). We displace this curve 
through 1 cm. parallel to the 2 -axis, and propose to calculate the flux 

of ioioej a E n ds which passes through the strip abb' a' thus generated. 
Clearly, from (15a) and (16a) we have 


E„ds = E tt n x ds + E„n y ds 


3Y, . 9Y, 9Y, 

" V 4H "5»* i= " ST*' 


«othat r„- 

We now imagine a strip of tlie bind mentioned, of unit breadth, to be 
attached at its ends to the two conductors respectively ; and we define 
the . external self -inductance ” L 6 per unit length of our double 
circuit to be the flux of induction (multiplied by 1/c) which passes 
through this strip when the current strength i is equal to 1. Hence 




= LJ (20) 

(The name “ external self -inductance ” and the subscript e are intended 
as a reminder that a contribution L t from the magnetic field within the 
conductors must be taken into account if we wish to calculate the 
total self-inductance L.) 

• Next, we define in the ordinary way the capacity 0 of the double 
circuit per unit length by the equation 


But, by equation (19), 


6=0(4*!- <3> a ). 


4> 1 ~4y Y t -Y, L 
e i K’ 


Hence 

or 



1 _ c 

VWVP) 


F. 


(20a) 


. ( 21 ) 


The reciprocal of the product of the capacity and the external self-inductance 
ts e?wat to the square of the velocity V of light in the surrounding medium. 

We arrive at the same result, if we define 0 and L, in terms of tho 
held energy stored up in the insulator (always per unit length of the 
double circuit): 6 

^mag — g 2 . 


. . ( 22 ) 
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Foi it follows from (19a) that 

U d _ KJ E 2 dS K c 2 e 2 c 2 e 2 
^mag ^IH 2 [L KH 2 jxK i 2 ' 

(Here again, the part of the magnetic field energy, $L{i 2 , associated with 
the interior of the conductors is left out of account.) Taken along 
with (22), this gives (21) at once. 

The Poynting vector of the system is everywhere parallel to the 
*-ams. We have in fact, from (15) and (15a), 


= JL d _^\ 

4tt \ dx dx 9 y dy / 


In virtue of (16), Green’s theorem now gives for the total stream of 
energy through the xy plane 


N = jN t dxdy 

= - f ®~ds- £- f d> 

4:77 jl on 4:77 Ji 


dn 


ds. 


On account of the constancy of d> on the surfaces of the two con- 
ductors, we have from the second equations of (17) and (17a) 

N = (O x — 

We may note that this would be the value of the Joule heat, if we 
regarded the double circuit (which has no resistance) as having a resis- 
tance given by 22 = (O t — O a )/i. 

In conclusion, we shall find the values of 0 explicitly in two simple 
cases. 

Twin Circuit in the Strict Sense . — Let the distance d between the 
two wires be very great compared to their radius 6. Then we have, at 
any point in the field (cf. e.g. fig. 3, p. 130), 

# = ~ J kg’! + J l°g»V 


At the surface of 1, we have = b, and (since d b) r a » d, so that 


2e , d , 2c , d 

ft 7 , > ^ ‘ 


Hence 


C = 


K b ’ 
e 


K 


4 log (d/by 

for a twin circuit, with d » 6. 


. . (23a) 
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Concentric Gable (copper wire of radius a, insulation of radius b, 
beyond r = b sea-water as second conductor). 

In the insulator 4> = —(2 e/K) logr. Hence 

2e, 




= loga; <t> a = — ^ log b. 


Thus, for a cable, C — 


4> x — 0 2 2 log (b/a)‘ 


(235) 


It may be noted that in the expressions (23a) and (236) C is a pure 
number which, in such applications as occur in practice, will lie, say, 
between 1 and Similarly, the order of magnitude of L 0 by (21), is 
from 10- a to 10 X 10" 21 . 

7. Waves along Perfectly Conducting Wires. 

We consider the same twin circuit (two parallel wires) as in the 
preceding seotion; the field is to be transverse as before, but is now 
to depend ontas wdl as on z. We first write down Maxwell’s equations 
for the insulator, for the case in which E ss = E t — 0: 

(a) 


— E = curl H, or 
c 


-H = —curl E, or \ 


[E 

dH„ 

0 

dt 

dz 

E 3 E v _ 

dH 9 

c 

dt 

dz 

» 

0 = 

dH v 

dx 

r /£ 

dE a 

dE v 

0 

dt ~ 

dz 

£ 

dH v __ 

dE x 

0 

dt 

dz 


0 = 

9 B. 

t, 


dy 


dy’ 


a Ey 
dx ’ 


- t+f =»■ 


( 6 ) 

(c) 

(d) 

(e) 
if) 
ia) 

(h) 


(24) 


So far as dependence on x and y is concerned, these equations are 
exactly the same as in the steady case. We can therefore again intro- 
duce functions <D and Y which now, however, depend on z and i 
as well as on x and y. 
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Thus the four equations (c, f, g, h) are satisfied by 


E *~~w x ~ a y 


E v =- 


3® 

dy’ 


E„ = 


9Y 

0CD 


(25a) 


0 2 <D , 3 2 <D W 
So 2 + ~ U ’ 0X 2 ^ fy 2 


. . (256) 


If +e and — e are again the charges per unit length on the two 
conductors for the section considered, and i and — i are the current 
strengths, where of course e and i are now functions of 2 and £, then 
O and T have to satisfy all the conditions (16), (17), (18) laid down 
in the preceding section (pp. 202, 203). The conditions (18) are m the 
present case — an alterna ting field — rigorously satisfied, since the held 
in the conductor vanishes. Next, the tangential component of E is 
continuous at the surface, likewise the normal component of H. (The 
tangential component of H, on the contrary, in a perfect conductor is 
in general discontinuous, on account of the “ skin current at the 
surface of the conductor.) If then we denote by the suffix 0 four tui- 
tions Y 0 , i 0 , e 0 related to each other as in the analysis of the 
preceding section, the solution of (25a) and (256) for the present case 
will be 


®(a, y, z, t) = e (z, i), ' 

e 0 

* 0 


(25c) 


But, by equation (19), p. 203, 

»o 0 e o ’ 

.u s , „ = 5 2te>, 


(25d) 


We have still to satisfy the four remaining equations (24 a, b, d, e ). 
If we introduce $ and Y from (25a, c, d), we obtain from (24a) or 
(246), and (24d) or (24e), 

9e 4-- = 0 (26a) 

Ft + dz ’ 


y-K di. de_ Q 
c 3 dz 


. ( 266 ) 
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On eliminating e we find foi i the wave equation 

aH c 2 dH _ 

dP~]lK <P ; 

3 2 s c 2 0 2 e 

Writing a for the wave velocity c/y^/xiT), we have therefore the general 
solution 

e= /i(^ — z I a ) + 4" z l a ) 9 ■ • ■ (2Gc) 

i = af x {t — a/a) — a/ 2 (« 4- s/a), . . . (26 d) 

containing two arbitrary functions f x and / 2 . 

By making use of the concepts of “ self -inductance ” and “ capa- 
city ”, we can obtain the fundamental equations (26a) and (266) for 
waves along wires in another way, as 
follows. 

In the first place, we noto that tho 
charge on the element dz of a wire can only 
change if the current entering differs in 
amount from the current leaving. This 
gives the “ equation of continuity ” 
de/dt= —di/dz, in agreement with (26a). 

Next, we may apply Faraday’s law of 
induction to a strip of breadth dz lying 
between the two conductors (the area abed 
of fig. "4). By the definition of (20), p. 204, 
the flux of induction through this strip is 
equal to cL e i dz. Now the line integral 


ff 


m 

i 

a b 

i 

i 

1 

i 

pej 

i 

i 

! 

1 

cL c 

i 

1 

U= 

i 


i 

■¥ 


Kg. 4 

/I? a ds, along the path abed? is 

(®.-®a)-(< 

Ike line integral is equal to tke rate of decrease of L,i, so that 




d($i— ffig) T di 

dz L 'dt' 


When we introduce the capacity 0= e/(< ^ — 0> 2 ), this becomes 


l c d i+ L 'h°- 


Ss“' = /if/o2 (p - 204)> We 866 ttat tMs e< l ua tion is the 
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Consider in particular a wave of frequency w /2tt, advancing in the 
positive ^direction. From (26c, d) we have the solution 

O = O 0 sin o)(t — zja ), 
i = Ca sino) [t — z/a), 


where, fox brevity, we have written <J> for 0> x — <J> 2 . 

The field E, H thus obtained differs from that of a plane wave in a 
homogeneous medium in this respect only, that in the wave plane (xy 
plane) the direction of polarization and the intensity are both functions 
of position. It is only in the neighbourhood of the wires that the 
intensity is sensibly different from zero; and at any point of the sur- 
face of either wire the electric vector is perpendicular to the wire. 
The picture suggested is that of a wave sliding along the double circuit. 
The general course of the field for the plane wave has already been 
depicted in fig. 4, p. 131. 

Among the multifarious applications of waves along wires, we shall 
only briefly consider the following example. 

Let the twin circuit extend from the plane z = — l to z = 0. 
At the latter plane let the circuit be closed by an ohmic resistance R. 
At the other plane z = — l, let thexe be a source of alternating current 
of frequency a) /2rr. In order to get a convenient view of the resulting 
distribution of pressure and current, we first, from (26c) and (26cf), 
write down the general solution of frequency co /2 tt: 


*/a) — 

Ca 


where p and q' axe any complex numbers. We may, however, without 
loss of generality, take p to be real, and put q f = je#, where q and ft 
axe also real numbers. Further, we put for brevity 


2o)Z 

a 



i.e. we measure lengths along the twin circuit with A/4 tt as unit; 
£ increases by 27 t when z increases by half a wave-length. Our solution 
uow runs 

<J> — ^ p -j- qe^+f ) } , 

— = ^ p — qQi(3+4) j. . 



We can now construct the vector diagram giving ® and i for an 
arbitrary section z. For this purpose the common phase-factor 
is of no consequence. The meaning of the three constants p, q, ft is 
f E484) 8 
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evident from fig. -5. Describe a circle of radius q, with centre at B, where 
OB = p. (The centre B is not marked in fig. 5.) Then turn the diameter 
which passes through 0, viz. GH, through the angle £ + £> so that it 
takes up the position 3TB. (In the figure £, as in our example, is nega- 
tive.) Then, as follows from.427), the quantities O and ijCa are cor- 
rectly represented by the vectors 
OF and OE both in amplitude and 
in difference of phase, for the 
section z= £A/4 tt. The state of 
affairs at any point along the 
22 circuit can accordingly be made 
out very easily by simply turning 
the diameter through the proper 
angle. 

This general description may 
Fig. s now be particularized according 

to the condition prescribed at the 
far end of the circuit, which in our case is: at £ = 0, there is an 
ohmic resistance R, so that <$ = iR there. The equality of phase 
between <D and i for £ = 0 requires ft = 0. Also, by (27), for this 
boundary condition at £ = 0, we have 

p — q _ i __ 1 
p + 2 ~~ <DCa ~ ROa 



Hence the ratio of OG to OH is also determined, and with it (except 
for a numerical factor) the circumstances at every point of the circuit. 

We may note the following limiting cases. 

(i) R = oo. Circuit open at the end. Here q = p, so that the circle 
passes through 0; and O, i have at every point the phase-difference 
90°. For z = 0, |A, A, . . . , we have i = 0, and for z = £A, £ A, £ A, . . . , 
<E> = 0. {Standing waves.) 

(ii) R = 1 JCa — La. This gives q = 0. The reflected wave dis- 
appears altogether, the resistance completely absorbing the incident 
wave. In this ease ijCa and $> have at any given point equal values 
and the same phase. 

(iii) R = 0. Short-circuit at the end. Here q = — p. This case only 
differs from that in which R = oo in respect that i and O have to be 
interchanged in the results as stated. 


The energy transmitted along the circuit has of course the same 
value for every section, as may be seen at once from fig. 5. It is given 
in fact, except for the factor \Ca, if the angle EOF is </>, by 

OF . 0E cos 4 = OF' . 0E = 0G . OH* 
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For example, it is always zero if the circuit is closed at the end by 
seld-inductances or capacities only, without o hmi c resistance. For in 
that case the phaBe angle <f> at the end of the circuit is + 90°, and this 
requires | q I = p . The circle in the diagram must therefore always 
pass through the origin 0. 


8. Waves along Wires of Finite Resistance. 


It may now be asked: what modifications must be made in the 
above picture of the propagation of waves in perfect conductors, when 
the ohmic resistance which is always present is taken into account? 
The question is one of fundamental importance for practical tele- 
graphy. It is obvious from the outset that the Joule heat which is 
necessarily developed will cause a damping of the waves. Moreover, 
as we shall see, both damping and wave velocity will depend on the 
frequency, and this will introduce distortion of the signals transmitted, 
those representing speech, for example. 

From the standpoint of Maxwell’s theory ohmic resistance in the 
wire implies a longitudinal component in the electric field; we cannot 
now put E z = 0. Of the eight equations (24), p. 206, it follows that only 
the four (a), (6), (/), (h) remain as they were, while the other four 
require to be supplemented by a term containing the derivative of E„ 
with respect to one of the four variables x } y, z, t . Further, the field 
now penetrates into the conductor, so that we can no longer confine 
ourselves to the consideration of the insulator. On this account the 
problem becomes so complicated that a rigorous general solution cannot 
be given. Fortunately, however, in all cases of practical importance 
the circumstances are such that we can simplify the problem by making 
certain assumptions with respect to the order of magnitude of E z . 
These can be expressed briefly — though not absolutely correctly— in 
the form: 


electric transverse field in the insulator 1 

> longitudinal field 

> transverse field in the metal. 


(28) 


These relations are to bo understood in the following sense. 

(a) Since equations (24/, h) still hold, we can, as before, represent 
the transverse field by 


„ _a<i> „ _ ar 

m ~ W dy’ 


e = _ — n = 

dy 5 Uv 


ST 

dx' 


(With respect to the assumption H„ = 0, see (6) below.) 
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K dE 

Then the equations div E = 0, and (cuxl B) z = — give. 


0*0 . 0 2 $ _ dE a , ' 
3a; 2 dy 2 3 z 

/ 0 2 t , 02T\ __ k as * 

\ 0a 2 dy 2 ) ~~~ c dt 9 


■ • (29) 


Thus 0 and T do not now satisfy (256) of the preceding section 
(p. 207). If, however, 0E*/02 and 02^/0$ are sufficiently small, we 
may for practical purposes take it that equations (256) still hold good. 

We shaE begin by dealing with the problem to this approximation, 
and afterwards show by means of the solution we obtain that the 
assumption (28) is, in the sense mentioned, actually justified. (Of. 
equation (33), p. 216.) 

(b) The second assumption in (28), that E z the transverse field 
in the metal, is necessary if, as we shall always do, we are to put 
H s = 0. Otherwise, in fact, the current would, have a transverse com- 
PO*^ n t, which in turn would give rise to a longitudinal component 

. Since equations (17), p. 203, for the charge e on unit length of the 
wue, and for the current i, continue to hold in all cases, the neglect of 
oEJdz and dEJdt in (29) implies that the transverse field in the insu- 
or will agree exactly with that for the steady case, as calculated in 
S t>, p. ^01 In particular, therefore, the quantities O and L„ which 
were mtroduced there, can be taken over without change. Thus wo 
nave as before the equations 


0(® i-<J> 8 ) = e, 
= Y a ) 


f 6 ° f ^ duction though a strip of breadth 
1 extending from wire to wire. We can now, exactly as in the pro- 

( g l- 4> P ‘ 208) ’ de ^nmne the law of propagation by 
° f C ° n ^ and the law of induction But 

Se twoSsTandl'^ P ^ contrib ^ons from 

° ades b0 and **• ~K and B v so that we obtain 


9(Oi- 

dz 


if+lb 0 

'■ + E tl — E, t = — L, 


di 

dt 


(30) 


ai 2, iStto'in d S?2 8 s^ UM “ 1 B - *■ S* mtm 01 «» °°»- 
8 ““ ° S E '*** & 
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within the wire has been disregarded. By taking it into account, the 
quantities iL and E Zt can be eliminated from the equation last written. 
This is done by remarking that within the wire the circumstances are 
the same as those already considered in connexion with the skin effect 
(p. 196). Hence equation (12), p. 198, i.e. in effect 


can be extended at once to the present case. Here, it is true, R and L { 
are not constants; they depend essentially on the frequency a> of the 
alternating field (p. 199). The present solution, like the other, is there- 
fore applicable to a sinusoidal field only. 

If we now write 

R\-\~ — R, and L ix -f- L^ t = L iy 


so that R is the ohmic resistance and L { the internal self-inductance 
of our double circuit, the second equation of (30) becomes 


os+®+ £ 


0» j- 

*dt~ e dt’ 


so that, by the first of (30), 


dH 

dz 2 


= GR^+C(L i + 



(31) 


For a wave of frequency oj/27t, we therefore have, if we write L for the 
total self-inductance L { + L e , 

d ^=(ja>CR-a> 2 CL)i. 


We can satisfy this equation by putting 

i = i 0 

This gives for y the equation 

y*=a>*CL-ja*CR. 

If we split up y into a real and an imaginary part, 

y= a — jp, . . . 

we have 


© 2 = IT + M(C£) 2 + (CRH 2 }, ' 
0 2==_ T + MW + (OR/<o)% 


(32) 

(32a) 

( 326 ) 



2U the electromagnetic field 

With, these values our solution becomes 

% =s i Q e -Px e A<*t-az)' 

Hence co /a is the phase velocity of the wave, and 1 I ft is that distance 
after traversing which the amplitude of the wave is damped to the &th part 
of Us original value . 

In order to throw into relief the effect of the field which penetrates 
into the metal, we split up L again in (32) into its components L e and 
L {i and use the relation (p. 204), which holds here also, 



where a is the velocity of light in the dielectric. Then (32) may be 
written in the form 



The numbers I = and r = = — — — . . . (325) 

q)L 6 co 

may be taken as characterizing the “ inductive ” and the “ ohmic ’ 
contributions of the metal to the action of the field as a whole. If 
these numbers are both small compared with unity, the expansion 

V(i + 1 - y) «! + *(*- jr) - i(! - JTf + . . ■ 

gives, for the components a and p of a — j p = y = (oj /a)V(l + l — 3 r )> 

+ + + 

To a first approximation, the fractional fall (a — V) ja in the velocity 
of the wave is $ or ^r 2 , whichever of these numbers is the greater. 
The interpretation of r is that the amplitudes are diminished in the 
ratio e VT : 1 when the wave traverses a wave-length X = 2t ra/a). The 
number r therefore determines the damping; its order of magnitude is 
found as follows. 

We have, as in (325), r = 

(JoL t CD 

If i! is measured in ohms per cm., and we put a = 3 X 10 10 cm. /sec., 
then 

A (cm.) (ohms /cm . ) ~ fl 

r 2 tT~ C "'9 x io u ~ X 8 X 1Ql0== 2w (oluns/cm.) X 
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For copper wires of 1 sq. mm. section, neglecting the aVin effect, we 
have 

R= 2 x 0-00017= Zi X 10" 5 , 
so that r = x 1*1 A (km.), 

ATT 

where A (km.) = A (cm.) X 10 -6 denotes the wave-length in kilometres. 
Since G is of the order of magnitude 1, it follows that for the fre- 
quencies usually occurring (w^tt = 3000; A « 3 X 10 10 /(3 X 10 8 ) 
= 10 7 = 100 km.) the number r is not small, but so great compared 
with 1 that in this case 1 and l are relatively negligible. We have 
therefore the approximation r > 1, or 

r_£v=j_V(£)( 

as might be obtained at once from (32a) and (326), for the case La) < ii. 

Thus if the wave-length is decidedly greater than 1 km., we have 
the results: 

co 

phase velocity = - = 
a 

depth of penetration = ^ = 

We have now obtained the solution of the problem, viz. i = 
it remains to determine the limits of its validity. For this purpose we 
must obtain an estimate of the order of magnitude of the error which 
we may have committed in neglecting the right sides of equations (29). 
Along with i , we of course know e and E 9 — E z% also, from (30), viz. 



K - E h = i (- jwL e + j ^ ) . 

Since 2^0=1 /a 2 , and, by (32c) and (32 d), y 2 a 2 /<o 2 == 1 + Z — jr, the 
latter equation becomes 

-E s ,= i- ju£e{l — jr). 

We now return to equation (29), p. 212, which wo shall deal with by 
considering the values of 

[~ds and f d Jds 
J on J on 
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taken round a curve encircling the first conductor at a distance d. 
the first integral we have 



For 


where dS denotes an element of the area bounded by the curve. JS % 
has its greatest value E Zl at the surface of the wire. The area JJ dS is 
of the order of mag nitude ffi. The contribution from dEJdz to the flux 
of force JJ (3<t>/3 n)dS can therefore be regarded as unimportant if 


e><p %. '?■ 


where i is a transverse dimension of the cirouit, say the distance be- 
tween the wires. 

Again, the integral 


is determined by the sum of the conduction current i and the total 
displacement current 



Accordingly, the neglect of the displacement current in (29) will bo 
justified if 



If in these two results we insert the values for e and E Zt as noted above, 
we obtain the same condition in both cases, viz. 

1 >> d?aPL 0 (jr — Z), (33) 


or, in view of the meaning of r and Z, 

l>d*cjR, and 1 » cZVZ*. 


We consider the first of these two conditions under the most un- 
favourable assumption for 12, i.e. for the case of a strong skin effect. 
If 6 is the radius of the wires, then, by (14a) and (146), p. 200, 


7?_ p W(™a) m 


Rq = 


1 

7r6 a a’ 


Our condition therefore runs 
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It may be infringed by extremely large values of co (waves too short), 
or by too small a wire-radius b. For short electric waves w 10 7 sec.- 1 , 
and for metals a & 10 17 sec.** 1 . With these values 

V (a) °c ~ 10 ” 5 X "IP 5=3 3 X (V cm -)- 

For an interval between the wires of 10 cm., we have therefore the 
condition for b 

6/d 2 > 3 X 10~° (1/cm.), or 6 > 3 X 10~ 7 cm., 
a condition which in practice is satisfied as a matter of course. 


9. The Complex Poynting Vector and the Equation of Telegraphy. 

We shall now give another discussion of the problem of last section. 
This time we shall from the outset use the fact explicitly that the field 
Variables only involve t and z by their containing the factor 

eiC 


In Maxwell’s equations we again put H z = 0; and, if ^ is any field 
function which occurs, we write 


d<j> 

dt 



We shall not, however, confine our equations to the insulator, and 
shall therefore include the term 47 to*E/c for the conduction current. 
Thus we have the equations 


c 

. TT 477*0* 4- jEo) r, 
- 3 yII m = E v 


dH v _ dll x __ ina + jKco ^ 
dx dy c 1 


a®. 

dy 

dE z 


+ ,VB,= 




9 E y 9 E x q 

dx dy ~ 


(a) 

(&) 

(o) 

(d) 

(e) 

(/) 

j 


• • ( 34 ) 
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We can satisfy (/), (a), and (6) by means of a single function <t>, putting 

3<E> „ Ku> — 4ti y'g 9^ 1 

* lx’ ®~ yc 9j/ ’ l . (35) 

S® „ Act) — Arrja 9^ 

> a v z: 


K= ~ w 


yC 


For i? s we then find two equations, one from (c), viz. 

J, _ 1 (W , <M\ 

*~~Tv w + fyv’ ' 

and a second from (d) and (e). If we write for shortness 

r z 

ffl,a = g L- • • • 

(iK — ftwjfioya) 


(зба) 

(збб) 


the second equation for E„ becomes 

(36c) 

From (36a) and (36c) we obtain for the complex function the equation 


92 ® 3^ 

dx 2 ‘ dy 2 



. - (36$) 


which, when integrated subject to the appropriate boundary con- 
ditions, must determine the complex wave-number y. This integration, 
however, with arbitrary given values of a ' for insulator and metals, 
is not an easy matter. The approximate treatment given in the pre- 
ceding section amounts to putting the right side of (36$) == 0 in the 
insulator; and in the metal taking y 2 as small compared with (ojja ) , 
in accordance with the theory of the skin effect (p. 196). Consequently 
y disappears from the differential equation altogether. It is determined 
at a later stage by means of the boundary conditions (continuity 01 
the tangential components of E and H). 

We shall now show how the results of the preceding section can 
be arrived at directly by means of the complex Poynting vector 
((9a) and (96), p. 196) 


For the ^-component of this, we obtain at once from (34a, b) 


N' = ± < W - 1W) 


c_ j yc 

8w 4:77 (J -f- jKu> 


W + e v e*). 
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Now {HJ1* -f E V H v *)/8tt is equal to twice the magnetic energy 
density U mag . By integrating N„' over a plane area perpendicular to 
the wires, we therefore obtain a relation between the total flux F' of 
the Poynting vector in the direction of the double circuit, and the 
magnetio field energy per unit length in that direction. Since we are 
putting K = 0 in the metal, and a = 0 in the insulator, this relation is 

F’ =ff- N.; dS = • 2 (U m „ B in insulator) 

La ‘ ■ • (37) 

+ • 2 (U maB in metai). 


We now take two cross-sections of the double circuit I cm. apart. 
Then —dF'jdz is the part of the “complex stream of energy” N' 
which is left behind between these two sections. But, by (96), p. 196, 


g jjit 

— -g— = Joule heat + 2 jw (magnetic energy — electric energy). (37a) 


We can work this out approximately, as follows. 

In calculating the electric field energy we neglect the longitudinal 
component E t of E. Then, by (34a, 6), 


HEE* = 


_-.gyr!^ hh* 

(Kwf + (4- ttct ) 2 


Prather, it is only in the insulator that we need consider the electrio 
energy, so that 


u*-. 


yy*(? 

liaF 


(U, 


mag 


in insulator). 


Again, we bring in the resistance, as also the external and internal 
self-inductance, by the equations: 

Joule heat = 

U maB (in insulator) = 

U mas (in metal) = 

Then in (37a) we carry out the ^-differentiation. Since F r depends on 
z in virtue of the factor 

e ~jy* e jy*s =z e -j(y-y*)^ 

we have - ~j(y — y*) F'. 

We have now to insert the value of F from (37). In doing so, we can 
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neglect the second part (that relative to the metal). Thus, fin a lly , from 
(37a), on rejecting the factor %ii*, we find 

jy(Y ~ V*) L > = R + fa (A + L » ~ &•)> 


L> {y(y — y*) + yy*} = — ^ + A + L, 


so that 



which agrees exactly with the result (32c), p. 214, obtained and dis- 
cussed in last section. 


10. The General Electrodynamic Potentials. 

In this section and the next, we set ourselves the problem of calcu- 
lating the field which is produced by an assigned distribution of charge 
and current density, which varies with the time in any given manner. 

Let the current density be i(x, y, z, t), and the density of charge 
p( x > y> t), these being given functions of •position and of the time . 

We shall confine the discussion to the case of propagation of the 
field in empty space, so that we put K = ju, = 1. The field is therefore 
defined by the equations 

curlH-^E = ^i, (a)j curl E + i H = 0, (o)\ 

div E = 4^rp, (6)J divH=0. (d). 

From (a) and ( b ) it follows in the first place that i and p cannot be 
quite arbitrarily prescribed, but that the equation of continuity 

div i + p = 0 

must be satisfied everywhere and always. We can satisfy (38 d) identi- 
cally by introducing the vector potential A, so that 

H = curl A ( 39 a) 

With this value of H, (38c) states that E -f- A/c is irrotational. Hence 
this equation is satisfied if we put 

E = — ^ A — grad 


. . (396) 
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When we insert these values of E and H in (38a, 6) they become 
curl curl A + ^ A + ~ grad ^ ^ i, 

— - div A — A(f> = 47 Tp. 


Now (39a) only specifies the curl of the vector A. Its sources are still 
at oux disposal. We define them by laying down the condition 


div A = — 6. 

c r 


(39c) 


Hence, when we take account of (33), p. 36, the two preceding equations 
become 


AA- 


1 9 2 A 
c 2 dt 2 : 


&7T . 

L 

C 


A(f> 


_ i 3V ^ _ 


47 Tp. 


. (40a) 
. (406) 


For the case of the steady field these equations pass immediately into 
the equations of electrostatics and of steady currents, which have 

already been treated in detail (cf. § 7, p. 24; § 11, p. 37). The familiar 

02 02 32 

statical equations involving the operator 3^2 + 3^2 + are su Ppl 6 ' 
mented in (40a, 6) by terms in ™ — y which take explicit account of 


the propagation of the field in time. 

The general integral of (40a, 6) can be put into a form very similar 
to the one which holds for steady fields. The general integral, as we 
shall immediately verify, is as follows: 


At *, = % V ~ r/ - *€ *n • («<*) 

4(x, y,z, ff p{ ^ ^ | d£ dr, dl, . (416) 
where r = <1/ {(x — £) 2 + (y ““ v) z + ( z ~~ £) 2 }* 


These equations state that the contribution of the clement of volume 
d£ drj dl, to the potentials at the field point (x, y, z) at time t differs 
from that in the statical case in this only , that the values of the den- 
sities of charge and current which arc to be inserted in the integrand 
are the values at the point (£, 77, £), not at the time t, but at the earlier 
time t — rjc. The contributions i/cr and pj r which a source makes to the 
potentials at a point in the field do not arrive at that point till after a time 
r/c. For this reason A and cf) are often called retarded potentials . 
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t° satisfy ourselves that ( 41 a, 5) do actually give a 
i 0Q ( 40 a, 6) It will be sufficient to prove this for ( 416 ). To 
, < ^ LVlc * e “ ie integration space into two parts V 1 and 7 S , 

- 1 3 fi. a v ?7 sma ^ v °inme containing the field point (x, y, 2), 
ancl v , ,ib the whole of the rest of the space. We then divide <f> into 
the parts contnbuted by these volumes, viz. 

^ = & + f P(* ~ r/c) d y + r p^zlMdV. 
jv\ r jv, r 

In the integral over the small volume V t the retardation is obviously 
f>tt\ a C0 * S6 T^ ce ’ s< ? that in this integral we can replace p(t — r/o) by 
^ integral is then precisely the same as in the statical 

case. We therefore have (p, 24 ) 

= — 4 wp(aj, y, z, t). 

bSTSf °% r sj 7 (s ° “ 018 spaM 

a M-lSun. 


SO that Atf> 2 = / F J p p(t, r,, It- r/o) d£ dr, d£. 

But, for any function F of (t — r/c), 

9 2 f_ 1 a aj 

Sr 2 — ? Up' 

Hence 

^2 — 35 f f J ~ ^ P(£ r,, £, t — r/c) d£ dr, <f£ = i 
We have therefore verified that 


A^=A^+A^ 2 , 

= - 4 w P+ l^. 

a< 2 

«ESfiS£S* M “ d b ,Ui) d0 “ aotaa " 5 ’ ““ irfjr 4116 

3 6 ^ ove solution of Maxwell’s equations is perfectly general In 
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11. Hertz’s Solution. 

In this section we shell specially consider the field duo to that class 
of varying currents and charges, in which the whole generating system 
(the transmitter, or “ sender ”) is concentrated within a small region 
in the neighbourhood of the origin of co-ordinates. Physically, this 
means that the dimensions of the sender are to he small compared to 
the wave-length A of the emitted ra diat ion, sma11 a * so compared 
to the distance r at which we investigate the field of the sender. Hence 
the potentials A and <f>, from which the field is deduced by means of 
(39a, 6), satisfy the following equations everywhere except in the 
immediate neighbourhood of the origin: 


A. 1 3 s * A 

4 ‘-fV = 0 ' • • • • 

. . (42a) 

£ 

1 

»|3i 

II 

© 

. . (426) 

div A + - 6 = 0. • • • 

c 

. . (42c) 


The simplest solution for our purpose is obtained by imposing 
the condition that A is to depend only on the distance r from the 
origin, and that it is to have the same direction everywhere. We take 
the axis of z in this direction, and therefore put tentatively 

A tt = 0 ,A v = 0,AA,-\A'<=0. 

0 

Since A z is to depend on r only, we have 


AA, = l - 

r dr 2 

bo that a solution is 

A a — 0, A v = 0, A z = l/(t-r/c), 
cr 


• ( 43 ) 


where / is a function, in the first instance arbitrary, of the Bingle argu- 
ment t — r/c. Equation (42c) now practically defines <f> also: 




But 


dA, _ 3 A, dr 
dz dr dz 



-r/c)-h^f(*~ '!<=)}? 


We may therefore take 

^ = {or ^ 1 ~ r / c) + ji / (*"«)} r * ' ( 43a > 
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This value of <j> satisfies (426) also, as we may see at once by comparing 
its functional form with that of dAjdz, which obviously satisfies the 
wave equation. 

To get a preliminary idea of the physical meaning of this solution, 
let us consider its behaviour at points so near the sender that we can 
neglect the retardation r/c in comparison with t, and the term which 
has r in the denominator in comparison with the one which has r 2 . 
If, for example, as is usually the case in applications, / is a periodic 
function of the time, or 

f=f Q sin27rv(£ — r/c) =/ 0 sin 27r(vt — r/A), 


we shall have, by (43a), 

i> —ft j ^ cos2t r(vt — r/A) + i sin 2n(vt — rj A) ) Z ~, 

or i ( 2,r cos 2t r(vt - r/A) + £ sin 2n(vt — r/A) J Z -. 

If we now take r A, we see that we can in the first place cut out the 
term r/A in (vt — r/A), and secondly reject the cosine term. 

Hence, in the neighbourhood of the sender (r A), our solution has 
the form 


A ^ / j / 2 


r 2 i- e * (“/ is the electrostatic potential of an electric dipole, 

the moment / of which is in the direction of the positive 2 -axis. Also, 
y t e Biot-Savart law, A is the vector potential of a current filament 
ids~f 

how two metal balls, which carry charges +e and —e 3 placed at a 
T f K \» nce , 5 om each other, are equivalent to a dipole of moment e ds. 

e c arges . change owing to the balls being connected by a spark 
* Up or by a wire, then a current i (or de/dt) flows along ds . The con- 
dition ids==f is therefore satisfied in this system. 

we no^nr^poH 0 ! 11 ^ 11 ^ ^ nd for arbitrary values of r, which 
*“ <*• direction On * °’ W,Mk 

now^v",^ 5 »< «!"» «f E and H, which are 

0* in th. diWo L o *^”' $?£££%£ ^ 


r /(< ~ C03d ‘ A ° = ~ ~f(t - rjc) sme, A a = 0, 

^ ~ icr^ 1 ~ r /°) + — r/c)j cos0. 


( 436 ) 
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Now H = curl A, and therefore, by (38/), p. 43, 
E r — 0, #,= 0, 


225 


(44a) 


Also, from (396), p. 220, 

E '=~h 0080 +(ir + i + f) COB0, 

# N 

®r“2cOS0 (£+£), 

* • 

®*=i 8M+ (i + ^“ e -. 




These equations give the field of our sender at any distance. We shaL 

discuss the two limiting cases r< A and r > A. 

In the neighbourhood of the sender (r < A) the predominating terms 
are those with the highest powers of r in the denominator, i.e. 

E a = i- 2 Bind; E r =f cosd; £«==£ . (44c) 

As might have been expected from results already found (p. 223), these 
represent the statical magnetic field of a current element tds=f, an 

the statical field of a dipole of moment/. . , 

At a great lisltmxfrm tie senior (r > A), on theotherhand, the 
L ! llr » the .by import onea- » the reg>oi of the 
in which we therefore have (fxg. 7) 
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E r = 0 , H e = 0 , E a = ^ &m0, 

E r =0, E 9 =£ew 9, E a — 0. 


. • ( 45 ) 


Accordingly , in the wave-zone the vectors H and E are of equal mag* 
niiude , and perpendicular to each other and to the radius vector r. Their 
magnitude diminishes from the equator to the pole m proportion to 
sin0. We can now visualize the main features of our plane polarized 
wave, radiating from the sender in the direction r. The electric vector 
vibrates in the meridian , the magnetic in the parallel of latitude , 

We shall also calculate the amount of the radiation U r , i.e. the 
energy which the spherical wave described by (45) transmits per second 
across a spherical surface of radius r. The two parallels 9 and 9 -\-d,9 
include between them the area 277T 2 sin0 dd. The Poynting vector being 



we have V r = J J N n dS 

= ~ (i-X 2t7T 2 r sin 2 0 . sin0 d9. 
in \rcV Jo 

On putting cos0 = x, the integral becomes 

(l — x i )dx=$, 

so that tfr = p (f)\-ric (46) 

The radiation TJ r is, as it must be, only in so far independent of the 
radius r, that its value at time t is determined by the state of the 
sender at the previous time t — r/c. 

It is also worthy of remark that it is the retardation in (43) and (43a), 
p. 223, which is responsible for the spherical character of the wave in 
(45). In fact, (45) is obtained at once if, when we are differentiating 
with respect to r, we only consider the r in the combination t — r/c, 
and therefore treat the “ Coulomb ” r in the denominator as constant. 
Conversely we obtain the result in the neighbourhood of the sender 
if we differentiate with respect to the Coulomb r only, and treat the 
“ Maxwell ” r in the numerator as constant. 
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12. The Radiation from a Linear Oscillator. 

In. periodic processes we are specially interested in the mean value 
of the radiation taken over a whole period. For this mean value, the 
retardation is clearly of no importance. To obtain the time average 
we can regard the sender either as an oscillating dipole, or as a current 
filament. The representation as a dipole is particularly suitable for 
the purposes of atomic physics , where the dipole moment of the indi- 
vidual atoms is the natural starting-point for the calculation of the 
radiation they emit. The view of the oscillator as a current filament, 
on the other hand, is the natural one to take when discussing the 

antennae used in wireless telegraphy . . a r A 

If the frequency of the dipole vibrations is v, and their ampii e 

/ 0 , we have 

/=/o sin 27 rv$ 

mid (««) 

On the other hand, if l is the length of the dipole, and therefore also 
of the straight current filament joining the poles, 

/’= il 


Hence, if the current oscillates with amplitude i 0 , we have 
i = i 0 cos27tv£; i 2 = 
and /= — 2? Tvi 0 l sin27rv£, 

so that (7^=0 m 

We therefore obtain for the radiation U r the two equivalent expressions 
w /„ 2 (2w) 4 (48a) 

... (486) 


and 




For wirdess telegraphy, (48 b) gives the radiatioE of an acriol o 

for the wave-length A and the effective aeml current ^ 

Sutton geneXr la* t. aopply, taito "****■ ^ 

heat Q = Rl\ 
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the generator is then (R + R u ) (i) 2 , where R denotes the ohmio resis- 
tance (taking into account the skin effect) and R u is given by 




87T 2 P 

^ c.g.s. units, 


or 


P 


R u == 790 ^ ohms (I and A in cm.). 


In the emission of light by atoms , where a continuous supply of 
energy is out of the question, (48a) indicates a rate of loss of energy 
carried off by the radiation, and consequently a damping of the emission; 
and this is capable of being observed spectroscopically, as a broadening 
of the spectral line. Also, (48a) gives the time of fading of the emission 
of light from a single atom, a quantity which, as the average duration 
of the excited state of an atom, has acquired fundamental importance 
in the quantum theory. 

Up to tKis point we have considered only the special solution (43) 
of the general wave-equations (42). For an elementary current filament 
i(t) ds it runs 

A=tl IM* (49) 

On going back, however, to the general expressions (41) for A and cf> 
we see that, as regards the processes which take place in the wave- 
zone, this solution has a much more general character, provided only 
that the orders of magnitude of the quantities involved satisfy the 
relation: 

dimensions of sender A < r (50) 

If the part of the sender which carries the current consists of a 
curved wire of cross-section S y and having ds as an element of its axis, 
then, in (41a), i d£ dr\ d£ = i ds, and we obtain 

A = \ /*(£» V> — r/c) £ da. 

If (50) is satisfied, we may replace r here by the distance r 0 of the field 
point from the origin, bo that 

A = — { fids} . 
or o W J t-ric 

In particular, let the sender consist of two metallic pieces joined by 
a curved wire of any form, the capacity of the metal pieces being large 
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compared with that of the wire. In this case the current at any 
has the same value at every section of the wire. Hence (fig 

1 


A(ar, ?/, z, t) ■■ 


'o/Of 


The only difference between this expression and (49) is that the Ha 
element (h appearing there is now replaced by the vector J 2 ds which 
is represented by the straight line joining 


the two ends of the wire. It is therefore 
this straight line alone which determines 
the radiation emitted. It has its maximum 
value in the straight antenna) of wireless 
telegraphy (open oscillation circuits). It is 
vanishingly small when the wire conveying 
the current connects the coatings of a 



condenser of the usual typo (closed osoil- F£ »*s 

lation circuits). 


This property constitutes the justification of our neglect of the 
radiation in our previous treatment (p. 176) of a circuit consisting of 
a capacity and a self-inductance. By means of the last formula we 
can in any concrete case estimate the error committed in neglecting 
the radiation in comparison with the Joule heat. ° 




Part IV 

ENERGY AND FORCES IN MAXWELL’S 

THEORY 


CHAPTER XI 


Thermodynamics of Field Energy 


1. The Field Energy as Free Energy* 

In our earlier discussions (pp. 151, 165) of the connexion, between 
field energy and ponderomotive forces, we have tacitly assumed tha 
when the changes in the field energy are sufficiently slow the Die 
chanieal and electrical work obtained is equal to the diminution of the 
field energy. From this assumption, and the assumed expression 

i- EdD + r-HdB 
4tt 4ot 


for the change of the energy density in a given element of volume, 
we were able to deduce both the ponderomotive forces and the law 
of induction. In this energy balance, development of heat occurred 
only in the form of the “ thermochemical ” activity associated with 
conduction currents; that is to say, the heat was other Joule heat or 
Peltier heat. We shall now consider specially the mtenor of a non- 
conducting dielectric. With such a material, in our previous discussions, 
no development of heat occurred. The results found were therefore 
incorrect, unless in the course of the change of the dielectnc polarasa- 
tion of individual elements no energy in the form of heat was mthOT 
taken in or given out. But we must reckon with the posmbdrfcy in 
the general case that in consequence of the polarization of a themally 
insulated portion of matter, its temperature may change. lt nnght 
appear indeed as if no difficulty in point of principle would arise on 
this account with respect to our former energy balance 
introduce the supplementary condition that aU ( il 
magnetic) changes of state are to take place adiabaMcaUy. . This w 
mean it is true, that in a non-homogeneous field the thermal con- 
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ductivity of the substance would require to bo put equal to jzero, 
..since elements not equally strongly polarized will ass um e different 
temperatures. In point of fact, however, this artificial expedient for 
saving the former investigation would be most inconvenient and hardly 
practicable. In the first place, all substances do in fact possess a 
finite conductivity for heat. Experiments to test the theory will 
therefore never be carried out adiabatically, but as far as possible 
isothermally, i.e. with complete equalization of any diff erences of 
temperature that may occur. Further, the following point must also 
be noted: the dielectric constant K is in general a function of the tem- 
perature. As a rule it diminishes as the temperature increases. If, 
therefore, the temperature changes in the course of a process, K 
cannot be regarded as constant in the calculation of the field energy 

r RE dE, 

iff Jo ’ 

even if the vectors D and E are strictly proportional to one another 
when the temperature is kept constant. The fundamental expression 
KE 2 /8tt for the energy density, in Maxwell’s theory, can therefore 
by no means lay claim to general validity; and yet the whole of our 
discussion of ponderomotive forces is directly based upon the assumed 
correctness of this expression. 

The only reasonable way of escape from the difficulty is to adopt 
the view that KE z f 8n does not represent the energy density at all, 
but the density of the free energy , in the thermodynamical sense. It 
is only by introducing this quantity, and making use of the second 
law of thermodynamics, that our earlier discussion can be completely 
justified. Consequently, we shall not accept the suggested proviso 
P rey * ous investigation is to be considered as referring to 
adiabatic processes;, what we shall rather do is to lay it down as a 
definite, understanding that the electric (and magnetic) polarizations 
dealt with in our earlier work are to take place isothermally . Thus, when- 
ever the field is changing, such quantities of heat will be continuously 
absorbed or emitted, both in individual elements and in the system as 
a whole, as may be required to maintain the temperature constant. 

We shall specially consider, with reference to § 2, p. 8i , a cubic 
centimetre of a dielectric between the plates of a condenser. We can 
add energy to this portion of the dielectric in two ways: either by 
doing electrical work EdD/4rr (alteration of the charge on the 
condenser coatings), or by communicating a quantity of beat d'Q. 
Hence, if no other changes take place, the energy U of the system, 
condenser + dielectno, is increased by the amount 

dU=d'Q-J r ~’E dB n\ 
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For an adiabatic change, we of course fall back upon the relation 
already discussed, ATJ = (E dD)/4^r. According to the second law there 
exists a function S of the state of the system, called the entropy, 
which is such that 

tfQ^TdS, ( 1 «) 

in reversible processes; i.e. when a small quantity d'Q of heat is added, 
8 increases by the amount d'QjT . 

Since we have identically 

TdS=d(TS)-SdT , 

(1) can be written 

d(U-TS)=-SdT+^EdD. . . . (W) 

If we now charge the condenser isotJiermdtty (dT = 0), the free energy 

U~ TS 

is changed by the amount E <2D/4?r. If D = JBTE, we have therefore 

F = ~ f a EdD=~ E 2 , .... (lo) 

4t t Jo o tt 


where K can now be an arbitrary function of the temperature. 

If, generalizing (1), we denote by d' A the work done on the system 
in a small change, then by the first law we have 

dU = d'Q + d'A (!$ 

For reversible processes, by the second law, d'Q = T dS, and therefore 
d(0 ~TS) = — SiT + d'A (1«) 


Accordingly, for adiabatio processes 31 A = dV, but for isotherm 
processes d'A — dF. So far as this goes, the free energy plays tbe 
same kind of part in isothermal reversible processes as the energy 

itself does in adiabatic processes. 

We have therefore justified our previous statement of account, 
bnt it has to be recognized that the balance arrived at is no a c ® 
of the energy itself, but only a balance of the free energy, an _ a 
the genexal principle in question is the Becond law of ermo ynamica, 

n ° t That fi bdng understood, we are now faced with the problan of 
actually estimating the quantities of heat involved m cases of^tno 
and magnetic polarization. In particular, we have stall ^ determm 
how the energy U changes in our isothermal processes, now that 
know that our statements up to this point are to be taken as referring 
to the free energy only. 
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2. Thermal Effects at Constant Volume. 

We shall apply the fundamental thermodynamical equations (Id) 
and (le) to a cubic centimetre of a substance, whose energy can be 
changed, first by the addition of a quantity of heat d'Q, and secondly 
by the performance of work, electrical or magnetic. We assume that 
the specific volume of the substance is not thereby altered to any 
sensible extent. Further, we confine ourselves to the case when the 
vectors E and D are parallel to one another at every point, and 
similarly H and B, so that from the start we can deal with the numerical 
values E , Z), H, B. By the first law (Id) we have then 

1 

dTJ = d'Q + -p- S dZ) (in the electrical case), 

4:77 


and 


dU = d'Q + JJ d2? (for magnetization). 


It is easy to see from the elementary treatment of the plate condenser 
(p. 70), and of the coil wound on a ring (p. 127), that the quantities of 
work there written down represent actual concrete amounts of energy, 
measurable e.g. in kilowatt-hours, and that no assumptions of any 
sort are made as to the form of the functions B = B(H) and D — D(E). 

In what follows we confine ourselves to the case of electric polariza- 
tion, seeing that the formulae for the magnetic case can be deduced 
from the others by simply altering the symbols, i.e. by changing E, 
Z>, E into If, B, p. 

We also introduce, instead of D, the electric polarization P, by means 
of the equation 

D = E + 4ttP; 

we then have dU = d'Q + d(#2/87r) + E dP. 

Ih order to simplify the notation, we shall split up the total energy 
into a “ vacuum part ” # 2 /8 tt and a part JJ' belonging to the material 
of the dielectric: 

17 = #2/877+ V' (2a) 

It follows that dTJ' = T dS + E dP (26) 

We shall not assume to begin with that P is directly proportional 
to the field strength #, but shall suppose instead that the polarization 

P = P(#, T) 

has been determined by experiment for the substance in question, 
so that P is known as a function of E and T. We have now to determine 
what these data enable us to say about the function 

U' = U'(E, T). 
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If we solve (26) for dS, and regard U' and P as expressed in terms 
of E and T, we find 

In order that the right-hand side may be the complete differential of 
the function S = S(E, T) } we must have the identity 

_9_ (dS\ _ d_ (d3\ 
dE \W ~ d T \d EF 


where dSfdT and dS/dE are given by the factors of dT and dE on the 
right side of the preceding equation. On working out this “ condition 
of integrability ”, we find at once 


se dE~ dr 


(2d) 


Since we are regarding the function P(E, T) as empirically given, 
this equation gives the information we wanted about the change 
in E7' due to a change in E under isothermal conditions. 

If , as a special case, the function P is linear in E, Le. if 

P(P,P)= X (T)P, (26) 


the ratio P : E for the substance, though still depending on T } will 
be independent of E . This is the case in most fluids. We shall then 
have, by (2d), 

A ^ - y-f 3. . . . (2/) 

E dE dT dT {J) 


Here the right side is independent of E. 

1 317 ' _ 9 dlT 
EdE~ 9 P 2 ’ 

U'(E, T) =f(T) + W (x+T J|), ..•(%) 

where /, a function of the temperature alone, is entirely unknown to 
begin with, and in particular involves the specific heat of the substance. 
By (2a) we now obtain for the total energy density 

v =/(T) + ^ s 2 {l + + T ^Sr)> 

ox, introducing the dielectric constant 

K= l+±7T X , 


Since 
(2/) gives 
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So long as we only consider isothermal changes, the function of the 
temperature, f(T) } is of no sig nifi cance. In that case, therefore, the 
energy density bears to the free energy KE 2 j8iT the ratio 


T dK 
1 + E dT : 


1 . 


Hence it is only when the dielectric constant is independent of the tem- 
perature that the energy density can be taken as simply KE 2 /87r.. ^ 

In many substances the ratio P : E (the “ susceptibility ’ ) is 
inversely proportional to T, or x(^) = s0 
pendent of the temperature. In this case, by (2/), U' is independent 
of jB; and the electrical part of the energy density, viz. U—f{T), 
is, not KB* /Bn, but simply EP/Ott. . 

We shall now investigate the quantity of heat d'Q = T dS which 
must be supplied to the substance in order to keep its temperature 
constant when E changes. The result comes at once from (2c), by 
putting dT = 0 and taking account of (2d); thus 


d ' Q ^ T ® dE (2i) 


Hence, in those cases for which (2c) holds, 

d'Q=iT^d(&). 

The quantity of heat absorbed per unit volume, while the intensity 
of the field increases from 0 to U, is therefore 


q=WT%. 


(27c) 


Hence, if x diminis hes as the temperature increases, electric polariza- 
tion is associated with negative absorption, i.e. the substance gives 
up heat to the surroundings. 

The Specific Heats . — We can heat the dielectric either at constant 
polarization P (i.e. without change of its electrical state), or at constant 
field strength E. The latter case is the simpler to realize experimentally, 
since all that is necessary for the purpose is to keep the difference 
of potential of the condenser plates constant. The difference of the 
corresponding specific heats y P and y B can be determined completely, 
whenever the function P(E, T) is known. To calculate y P , regard 
17' in (26), p. 234, as a function of P and T . We then have 




( 27 ) 
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(T dS\ 

,dU\ 

Ur ) P ~ 

\dT/ P 


On the other hand, for dE = 0 we have from (2e) 

/dU\ 

v * (sr), E (ar)/ 

Bnt if we regard the value of P (as a function of E and T) as inserted 
in the equation V = V'(P, T), we have 

( d IL\ -(*E\ + fiZ\ ( dP \ 

\WJ M \dTJ P + \dP) r \dT); 

It follow, that ft®,- *}• 

Also, from (21), by the condition of integrability, 




Hence 


-i'- 2 '©,©, ( 2 “> 


The last differential coefficient here is found from the function P(E, T), 
which we are regarding as given: 


©.--©/© 

*—*+'©7© 


(2n) 


Hence, finally 

If in particular we put P = x(T)E, 

then y, = y,+ ^(^)V 

If — to specialize still further — x is inversely proportional to the 
absolute temperature, or x = C/T, then 

y*=y/> + ifi-E a - 


3* Thermodynamical Theory of Electrostriction. 

In this section we shall apply the first and second laws of thermo- 
dynamics to the arrangement shown in fig. 2, p. 102, viz. two plates A and 
B of a condenser connected with the poles of a battery, so that there 
is a definite homogeneous field between them of strength E. The plates 
are partially immersed in a liquid dielectric, the boundary of which — 
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apart from mere rigid walls— consists of two pistons; one of these, fitted 
between the plates, is -under a pressure p'\ and the other, which is outside 
the field, under a pressure p Q . The whole system is in thermal contact 
with a large reservoir of heat at the absolute temperature T. 

The four quantities mentioned, E , p\ p Q , and T, cannot, it is clear, 
be arbitrarily assigned independently of one another, if there is 
equilibrium. It is intuitively evident, in fact, that three of them, 
say E , p 0 , and T, can be given arbitrary values, but that there is only 
one definite value of p' compatible with these, if the whole of the 
liquid is not to be driven into or out of the condenser. Hence time 
must be one relation , and one only , between the above four quantities . 
The object of this section is to find this relation. 

We shall use the following notation. For the part of the dielectric 
between the condenser plates, let V x be the total volume, v x the 
specific volume, the mass. For the part of the dielectric outside 
the field, let the corresponding quantities be denoted by F 0 , % m 0 . 
Let J7, S, M be the energy, entropy, and mass of the whole dielectric. 
Then obviously we have 

Vi = nhK V 0 = m 0 v 0 ) M = mi + m 0 . . . (3a) 

We suppose the physical nature of the dielectric to be defined by an 
electrical and a thermal equation of state; that is to say, the polariza- 
tion P is a given function of the field strength, specific volume, and 
temperature; and similarly the pressure p in the dielectric, when 
there is no field, is a given function of the specific volume and the 
temperature. We therefore know the two functions 


P = P(E, v v T) (36) 

and p = p(v 9 T) (3c) 


For a reversible change of JJ the general equation (Id), p. 233, becomes 
in the present case 

dU = TdS+E d(V x P) - p f dV x - p 0 dV 0 . . (3d) 

Now, for an isolated system, the condition of equilibrium is that the 
entropy has its greatest possible value. If then S is the entropy of 
our dielectric, S' that of other systems associated with ours (i.e. the 
heat reservoir, the electric battery, and the apparatus for maintaining 
the pressures p' and p Q ), then we have equilibrium when, for given 
values of T, E , p', p 0 , the total entropy S + S' is a maximum with 
respect to flow of the liquid into or out of the condenser. Such flow 
implies changes in the masses and m 2 , subject to the fixed relation 
7% m 2 = ikf . The condition of equilibrium is therefore that 

8&+8£' = 0, (3e) 

when 8% = — 8m 2 , and 8T = SE= 8 p' = 8 p Q == 0. But, if we 
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consider the external part of tie system alone, the entropy of which 

is 6 , we see that 

T 8S' = -817 + B 8 (F X P) - p’ bV x - p Q SF 0 . 

in this part of the system, the change of energy, as also the 
separate items of work, have always in a given process the opposite 
signs to the corresponding quantities in the dielectric. 

If we multiply (3e) by (— T), and substitute the expression just 
onna fox T aS , noting that T, E, p’, p 0 can be taken within the sign S, 
since oT — 8 E = Sp' = Sp 0 = 0, we obtain, with reference to the 
variation indicated in (be), 

S(U -TS- EV X P + p'V x + PqVq) - 0. . (3/) 

The quantity whose variation is taken in (3 f) is called the thermo- 
dynamic potential p. By (3d), for an arbitrary change of p, with 
reversible changes of T 9 E, p\ p 0 , we have 

dip = — £ dT — V x PdE + V x dp' + F 0 dp 0 . . (3 g) 

On the other hand, we can write S in the form 


S = 7n l s 1 -f 7 )i c js 0 , 

where ^ and s 0 denote the entropies per unit mass m the field and 
outside it; then, using (3a), we find 

dip = ?%(— - s x dT — v x P dE + v x dp') + w 0 (— s 0 dT + * o ^Po)- 

Hence, introducing the specific potentials, i.e. the potentials per unit 
mass, we have 

#i = — *i dT — v x P dE + i\ dp'; ip x = tp x (T, E , p') ) 
and #o = ~s 0 dT + v 0 dp Q ; p Q = p 0 (T, p 0 ). ) 

The thermodynamical potential 

ip s i p{m x , m 0 , T } E, p\ p 0 ) = m x p x + m o p o 


may be regarded as a function of the six variables mj, m 0 , T, E t p\ 
and p Q . If the total difierential of this function of six variables is to 
be consistent with the formula (3^), which holds for equilibrium pro- 
cesses, we must have 


8 m x + bm 2 = 0 , 

dm x 1 * c inu - * 


whenever 


8% + Sm 2 = 0. 


Hence 


dp dp 

dtn^ dm. I 


or (since p = m x p x + m 0 p 0 ) 

<i>i = k 


E, p') = J> 0 {T, p Q ) 


(3t) 
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This equation gives the required general relation between the four variables 
T, E, p', and p 0 . 

We shall discuss (3i) for the special case of isothermal changes of 
Ey p' } p 0 ) i.e. we regard T as having a given fixed value, and study 
the relationship between E, p\ and p 0 which is defined by (3 i). In 
differential form it becomes 




or, if we insert from (3 h) the values of the partial derivatives, 

— v x P dE + v x dp' = v Q dpQ (3 h) 


This simple equation summarizes the facts about electrostriction (§ 6, p, 95) 
and also about electrical surface forces (§ 7, p. 100). Note in the first 
place that the right-hand term in (3 k), in virtue of the thermal equation 
of state (3c), can be regarded as the complete differential of the 
function 


I*- <*> 


On the other hand, p' must be uniquely determinate when v x and E 
are given, so that we have 

= !;*> + S'®. 

and therefore, from (3 It), 


[- 1 h p +^%']dE + v l d J~dv 1 = df(v 0 ). . (3m) 


Here the left side, like the right, must be a complete differential. 



We shall now suppose that the electrical equation of state (36) takes 
the special form 

P= x (T,v x )E (3o) 


Then (3n) becomes 
or, on integration, 


8j/ _ , 8(v lX ) 

d(E 2 ) ~ * a®! 


9 




. . ( 3 p) 


wMch agrees exactly with the results of the electrodynamical treat- 
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ment of § 7, p. 102. Here y>(%) is the pressure which, the dielectric, in 
accordance with the equation of state (3c), would exert on the walls 
of the containing vessel, at specific volume v l3 and with no electric 
field. 

If in (3m) we insert the values (3o) for P and (3 p) for p' we obtain 

01, by (SI), i(K E*) + <!/(»,) = <!/(»„). 

Hence (3/c) can he completely integrated for the special case (3o). 
Clearly we have 

m )-/ k ) =iy d £ dv > 

so that the integral is 



which is exactly equivalent to the formula (14c) for electrostriction 
already proved and discussed in detail (p. 97). There, however, instead 
of the specific volume v we used the reciprocal l/o of the density, 
and instead of the susceptibility x the dielectric constant E ( = 1~\-4lttx). 
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CHAPTER XH 


The Forces in Fields which Vary with 
the Time 

L The Maxwell Stresses and the Principle of Action and Reaction, 

In the discussions of § 5 (p. 91) and § 2 (p. 146) on mechanical 
forces we confined ourselves to bodies at rest in a steady electro- 
magnetic field. In § 8 (p. 104) and § 2 (p. 146) we succeeded in represent- 
ing the mutual action between two systems of charges and material 
bodies, by means of forces acting across any surface separating the 
too systems. For these forces, action and reaction arc certainly equal, 
as they are required to be by Newton’s third law; in fact, when the 
direction of the normal to an element of surface is reversed, the surface 
traction derived from the stress tensor changes its sign. 

The question arises: what happens with regard to these forces in 
fields which vary rapidly with the time? The Maxwell-Hertzian 
theory assumes that the whole force exerted on a bounded region 
can still be represented, even in an electromagnetic field varying 
as rapidly as we please, by the surface tractions derived from the 
Maxwellian stress tensor, so that the force may be expressed in 
the form 

¥=Jf(’C d + 1 mie )dS (la) 

If n is the outward normal to dS, the ^-components of T e i and T maff are 
given by 

(T d ) x = K (E* - B* - B*) oos(n, x) 

+ ^ EJE v cos(ji, y) + f~ cos(m, z); 

(2W) a = £ (B* - H* - H*) cos {n, x) 

+ ^ cos(n, y) + £ HJEI , cos(n, z). 

We shall now, for the case of fields varying rapidly with the 

242 




FIELDS VARYING WITH THE TIME 243 

time, investigate tie value of the force f per unit volume, where 

F= JfdV (lc) 

In the first place, we find by means of (9) and (9a), p. 152, that 
f = ~ E div (HE) — i- E 2 grad H + -jL [curl E, HE] 

+ div (/xH) — -^H 2 grad p. + ^ [curl H, pH]. 

This expression for the force density is obviously composed of three 
distinct parts. In fact, if we take account of Maxwell’s equations, viz. 

div (EE) = 4:7rp ; div (jiE) = 0; 

curl E = — - H; curlH= — i-f-E; 
c c e 

wo find f = f e i + w + f* (Id) 

where f d = pE — ^ E 2 grad H, (le) 

fmas = " P B] H 2 grad p, .... (1/) 

<« 


Of these three component parts of the force density the two first have 
already come before our notice (pp. 95, 150). They are zero, except 
at places where there are either charges or matter; we are therefore 
entitled to regard the sum f e i + f mag as the actual density of the force 
acting on the matter in the field — and that is what we did before. 
The third part of (Id), however, is new. It occurs only in fields which 
vary with the time. It is connected in the closest way with the 
Poynting vector representing the stream of energy (p. 145), viz. 


We have in fact 


N=£[EH]. 
- Hp 811 

W 


The remarkable thing about this force is that its existence does not 
presuppose the presence of matter; the Maxwellian stresses provide 
a “ moving ” force at points of empty space, even though there is 
no matter there for the force to move. 

This result is of fundamental importance for the further develop- 
ment of the theory. Originally — i.e. in the time of Maxwell and Hertz 
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— fy was interpreted as an actual force acting upon the “ aether ”, 
At one time, when the tendency in all cases was to endow the aether 
in the most liberal way with mechanical properties, this interpretation 
was undoubtedly appropriate enough. Newton’s third law is satisfied 
by the expression taken for the force in (la); nevertheless the law of 
action and reaction is no longer true for matter by itself alone . 

The reaction of the aether on matter is immediately accessible to 
observation in the form of radiation pressure. Imagine a finite train 
of waves originating at a source of fight to be incident on a mirror. 
Further, let the source be so far away that the wave train has com- 
pletely left it by the time the front of the wave reaches the mirror. 
The mirror will then be subjected to radiation pressure, which is 
practically the force defined by t # — but the light source is by that 
time entirely out of action. We have therefore here a force actually 
exerted by vacuous Bpace on the mirror, and — since action and re- 
action are equal — an equal and opposite force exerted by the mirror 
on vacuous space. 

The conception of a substantial aether, which may be acted upon 
by force, is incompatible with the views held at the present day. 
The modern theories ( Relativity , Theory of Electrons) developed in the 
sixth volume of this series take no account of any forces beyond 
those which act on matter. The expression for the force density f 
to which these recent theories lead is accordingly different from that 
of (Id). The difference simply amounts to leaving out that part of 
f which, as we have just seen, implies the existence of a force acting on 
vacuous space. The force density obtained by the theory of relativity is 


f -f if , Kn 0N 1 0N 

c 2 g C 2 ft- 


. . ( 2 ) 


(The terms additional to f el + f mag , which still appear on the right, 
vanish in a vacuum. In an experimental determination of f raat they 
might, on account of their smallness, be omitted altogether.) The 
resultant force which, according to (2), acts on a finite volume, is 
therefore 

= / (Tel + T maa ) dS-if'xdV. . . (2a) 

If we denote by G mat the momentum of the matter contained in the 
volume considered, and by the momentum density, we have 



The significance of F mat is due to the fact that it defines the time rate 
of increase of C L., : 


d 
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We Lave therefore from (2a) 

/ (T d + T mag ) dS = | / ( gmat + ~ N) d7. 

We shall now apply this equation to a bounded system, i.e. a system 
whose electromagnetic field lies entirely at a finite distance. In this 
case we may take the volume through which we integrate so large 
that the field vanishes all over its external boundary; hence we obtain 

Jg mat dV + J ^ N dV — const. . . . (26) 

But it follows from Newton’s third law that the momentum of an 
isolated system is constant with respect to the time. Hence, if we 
wish to adhere to the third law, we are compelled by equation (26) 
to regard the quantity 

. 1 
&mat ‘ ^2 

as the density of momentum. We have here an example of the important 
result of the Theory of Relativity, that every stream of energy N 
has associated with it a momentum density 

gy = ^N (3) 

(equivalence of energy and inertial mass). 

In particular, electromagnetic radiation always carries with it 
the momentum specified in (3). We call g* the momentum density of 
the radiation, and 

=/gy dV 

we call the total momentum of the radiation contained in F. The 
theorem of momentum (26) now takes the form: 

The sum G mt + Gt N 

of the mo?nentum of matter and the momentum of radiation in an isolated 
system is constant with respect to the time . 




SYNOPSIS OF FORMULAE AND NOTATION 


VECTORS AND VECTOR MELDS 


Vectors are printed in heavy type, as A, v. The components of 
a vector A parallel to the co-ordinate axes are A x , A v , A t ; the absolute 
value of A is | A | ox A. A scalar product is denoted by AB or, where 
necessary, by (AB). A vector product is denoted by square brackets, 
as [AB]. 


Vectors 

Page 

a, = a x cos(s, x) + a v cos(s, y) -f- a z cos(s, z). 6 

AB = AJB U -J- A V B V -)- A Z B Z . 8 


[AB] = — [BA] = 


i 3 k 

Ay Ay Ay a 
By By By 


The volume of the parallelepiped having the vectors A, B, 0 
as concurrent edges is 


9 


A[BC] = B[CA] = C[AB] = 


Ay Ay 
By By 

Cy Oy 


A, 

By 

Oy 


[A[BC]] = B(AC) - 0(AB) 

iw- £»] + [**]. 


Gradient : 


Vector Fields 

grad^=.l| + i|+k|, 
f* (grad </>, da) = fa- fa. 
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11 

11 

12 


14 . 


15 
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tv j- , dv„ . dv t 

Divergence: ^ v== + 3T 

Page 

18 

Gauss’s theorem, : J Jv n dS —J J Jdivv dV. 

18 

Green's theorem : 


ff^ dS= If ‘fa ^ + ^ grad & 

19 


19 

Potential of point souices of strengths 


v = —grad <}>. 

20 

Double source of moment m: 


, / , 1\ (mr) 1 m I . cos0 

<f> = — \m, grad; - j — r8 — L 

23 

Surface of discontmuity: 


<f>=f Jj dS n -f fr (n, grad/ dS n . 

29 

Uniform double stratum: v = r j) ^ . 

32 

Curl: 


ourlv= l(b- ?“s\ + j (^s- *!i\ + k^- ?&V 

\0jr 02/ \02 cte/ \3a; 0y/ 

33 

Stokes's theorem : £vds=f J (curl v) n dS. 

35 

Expression for v in terms of its sources /> and vortices c: 



38 

Rules for calculation with vectors: 


div <£A = div A + A grad<£, 

18 

curl (f>A=<fi curl A + [grad^ 5 A], 

129 

div [AB] = B curl A — A curl B, 

36 

cud curl A ~ grad div A— AA. 

36 
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ELECTRODYNAMICS 


Page 

Maxwell’s equations for bodies at rest; I to IY, general; Y 


to VII, constitutive: 144 

I. curlH= — i+-D. 144 

C 0 

H. curl E = - - B. 141 

c 

III. div D = inp. 75 

IV. div B = 0. 136 


Here H = magnetic field strength, 

E = electric field strength, 

D = dielectric displacement, 

B = magnetic induction, 
i = current density, 
p — density of (true) charge. 

We have also the vectors 

P = dielectric polarization, 

I = intensity of magnetization, 

with the relations 

D = E + 4ttP, 74 

B = H + 4ttI. 136 

Hence, from III, 

div E = 4?r(p — div P). 

For isotropic substances, 

V. i=o-(E+E^). 116 


VI. p= x E;D = /fE; 74 

where <7 — electric conductivity, 

E (,,) = impressed electromotivo force, 

X = dielectric susceptibility, 

K = dielectric constant (== 1 + 4 tt^). 


For substances not ferromagnetic, 

VII. I=#cH; B = /aH; 

where k = magnetic susceptibility, 

fx = permeability (— 1 + 47r/c). 


(E 484) 





250 


SYNOPSIS OF FORMULAS AND NOTATION 


Equation of Energy— From I to VII it foEows that 
l(AE2 + At H 2 ) = divN+(iE), 

where N is the Poynting vector [EH]. 

Energy density of the field: 

«=^(ZE 2 + /xH 2 ). 

Thermochemical activity: 

(iE) =s i i a — (iE w ). 

Wave Equation. — For homogeneous uncharged media 
(K, n, o constant in space; E w = 0; p = 0): 

E/i 8 2 E , 4w o-ju 0E . 

c 2 w + ~ir ¥ - AB - 

Hence, for insulators: 

Velocity of wave propagation a — . c , 

, Index of refraction n — -\/(. Kg ) ; 

and, for conductors: 

Depth of penetration d = -4= -J ^2? . 

V/i ’ a 


Page 

145 

145 

145 

150 

188 

184 

185 

190 


FURTHER SPECIALIZATIONS OF I TO Vn 

Quasi-steady fields-, neglect of D/c in I; equivalent to the 146 
assumption div i = 0, and the assumption of infinitely great 
wave-velocity a. For a quasi-steady current i the self-inductance 
L is defined in terms of the magnetic field energy: 

U atlS =±fixWdV = \U\ 164 

Steady fields: D = 0, B = 0. 109 

E is irrotational, so that a potential <f> exists: 

E = —grad <f>, 109 

curl B = — (i + c curl I). 


136 
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Pago 

Static fields: i) = 0, B = 0, i = 0. 

The fields E and H are irrotational, and independent of one 
another: 

magnetostatics: div H = — in div I; 132 

electrostatics: div ( KE ) = in p. 75 

Hence, in homogeneous insulators ( K constant in space), 

—div E = A </> = — 75 

NUMERICAL RELATIONSHIPS OF UNITS 



Name of 

Measure in 

Measure in 

Measure in 


Practical 

Electromagnetic 

Electrostatic 

Gaussian 


Unit 

Units 

Units 

Units* 

Eleotric charge . . 

Coulomb 

10- 1 



Electromotive force 
(and electrio potential) 

) Volt 

10 8 


1 

Electric intensity 

Volt/cm. 

10 8 

mBM 

H 

Capacity 

Farad 

10-° 

9 X 10 11 

9 X 10 u 

Current . . 

Ampere 

10- 1 

3X10® 

3 X10 8 

Resistance 

Ohm 

10® 

1/(9 x 10 11 ) 

1/(9 X10 11 ) 

Inductance 

Henry 

10® 

1/(9 x 10 11 ) 

1/(9 XlO 11 ) 

Magnetio pole strength 

1 

1/(3 X10 10 ) 

1 

Magnetic intensity 

Gauss 

1 

3 X 10 10 

1 

Magnetic flux . . 

Maxwell , 

1 

1/(3 XlO 10 ) 

1 

Energy (and work) . . ; 

Joule 




Power 


10 7 ergs /sec. 

10 7 orgs/seo. 

10 7 orgs/seo. 


The tabic shows tho conversion factor required to change from 
any one to any other of the four systems of units. If, for example, 
a capacity is given in electrostatic units, and is to be expressed in 
electromagnetic units, wo can use tho relation stated in the table 
that 9 X 10 u c.s.u. = 10“° e.m.u., so that 1 o.s.u. = 1/(9 X 10 20 ) 
e.m.u. A useful mnemonic is the fact that the equation 


dS 

<U* 


+ *i + 0 


dE 

¥ 


holds in all four systems of units. 


*I.e. electrical quantities in electrostatic units, magnetio quantities in electro- 
magnetic units. 













EXAMPLES 


But be ye doers of the word , and not 
hearers only, deceiving your own selves . — 
James, i, 22. 


Vectors 

1. The length of the vector A is | A | = 5; it mokes an angle of 30° with 
the z-axis; its projection on the ay-plane makes an angle of 46° with the a-axis. 

The projection of the vcotor B on the z-axis is B z = +4; its projection on 
the ay-plane has the length 0, and makes with the a-axis an angle +120°. 

Find A + B. Give the length of this vector, its Cartesian components, and 
the angles it makes with the co-ordinate axes. 

2. The point of application of the force P = (5, 10, 15) kg. is displaced from 
the point (1, 0, 3) to the point (3, —l, —6). Find the work done by the foroe, 
in kg.-cm. (The co-ordinates are in cm.) 

3. Find the scalar product of two diagonals of a unit cube. What is the angle 
between them? 

4. The unit vectors i, j, k of a Cartesian co-ordinate system doflno a cube 
of volume 1, of which they form the edges. Find tlio scalar and the vector produot 
of two faco-dingonals start in.- from the origin. What angle do they form with 
one another? What is tho area of a face of a tetrahedron insoribed in the cube? 

5. Find tho Cartesian components of that vector, of length 3, which makes 
equal angles with tho negative a-axis, the positive y-axis and tho negative 
z-axis; tho vector being drawn from the origin in tho ootant formed by the parts 
of the axes os stated. 

0. Lot a bo a voctor drawn from tho origin, and a 0 the corresponding unit 
vector; also lot r bo tho vcotor drawn from tho origin to tho variable point P* 
Prove that 

(a 0 . r) = | a | 

is the equation of tho plane at right angles to a through its end-point. 

7. The perpondicular from tho origin of co-ordinates to tho plane P is p » (2, 
4, 6). A straight lino through the origin has tho direction cosines (1/V2, 1/V2, 0). 
Find the co ordinates of its point of intersection with tho plane P. 

268 
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8. Let n be a unit vector and A an arbitrary veotor; prove the formula 
A = n(A . n) + [n . [A . n]] 

and show that it represents the decomposition of A into two components, one 
parallel to n and the other perpendicular to n. 

?•. The vector (2, 2, 5) is drawn from the origin: find the veotor perpendicular 
to this from the point (1, 2, 1). 

10* ^h 0 veotors a = (2, 1, 1) and b = (—1, 3, 2); find the components 

of the fundamental vectors of the Cartesian left-handed co-ordinate system, 
whose a:- axis is in the direction of a, while its t^-axis is in the plane of a and b 
and on the same side of a as b is. 

11. Find the components of the vector r = (6, 8, 10) in the co-ordinate system 
specified in the preceding example. 

12. The end-points of the three veotors a, b, c drawn from the origin of co- 
ordinates define a plane. What is its distance from the origin? 

[Use the scalar products of a, b, and o with the (unit) normal to the plane, 
each of which is equal to the distance required; then solve the equations for the 
components of the unit normal.] x 

What is the geometrical interpretation of the final formula? 

[Note that the volume of the tetrahedron formed by three adjaoent edges 
of a parallelepiped is £ the volume of the parallelepiped.] 

13. A body is rotating about a fixed axis; the angular velocity veotor is 
( 50, +80, +100); the velocity v of the point r = (4, 5, 6) has the ^com- 
ponent v a a=s 20,^ and the ^-component v v = 30. Find the shortest distance of 
the axis of rotation from the origin. 

rigid, hody rotates at 300 revolutions per min ute about an axis whioh 
makes with the rc-axis an angle of 50° and with the y-axis an angle of 70°, and 
passes through the origin in the first ootant. Find the components of the velocity 
of the point r = (4, 5, 6) cm. 

15. ^ The end-points of three veotors a, b, c lying in a plane, and drawn from 
title origin of co-ordinates, determine a triangle. Find its area, having given 
a - (5, 1), b « (8, 0), c - (2, 10). 6 & 

10. The veotors a - (0, 3, 1), b = (3, 0, 1), 0 = (1, 3, 6) start from the 
origin of co-ordinates. Find the area of the triangle formed by their end-points. 

17. For any determinant 


<hl> 

• 

* * » ^ln 

a 21> 

&22J • 

* ’ » a 2n 

• • 

* • • 

. . • 

a nl» 

a nt> • 

* * > a nn 


Hadamard has proved the inequality 


(a {j real) 


< 5 ( S aj) 

= W+V+. • -+<V) (V“+« 22 s +... + a !!n a )... (a Bl »+a na , +. . . +«„„*). 

Consider the case of a three-rowed determinant, and regard the elements of 
a row as components of a vector; what geometrical theorem is then expressed 
by the inequality? What theorem of plane geometry corresponds to the case of 
a two-rowed determinant? 



EXAMPLES 


255 


18. Witiii ©very point of a curve in space there is associated a unit vector t, 
the direction of which ia that of the velocity of a point describing the curve in 
an assigned sense. This vector therefore gives at the same time the direction 

of the tangent. Prove that = 0, where 8 is the length of the arc of the 

curve measured from a fixed point on it. What is the geometrical meaning of -gf 


19. Let r be the radius vector from the origin to any point, and a a constant 
vector. Find the gradient of the scalar product of a and r. 

20. If 9 and ^ are two functions of a point in space, so that 9 = 9(3, y, z ) 

and ^ y, z), what is the geometrical signification of [grad 9 , grad Ji]? 

21. A circular disk rotates about a fixed point in its plane with angular 
velocity co. Every point of the plane lying within the circle has thus a definite 
velocity vector v associated with it. Find an expression for curl v. 

22. The points of a plane rotate about a fixed point in the plane, but with 
angular velocities which depend on the distance from the fixed point: <0 = co(r). 
Determine the function co, if the velocity field is irrotationaL 

23. A plane central field A is defined by A = r ./(I r |) = r ./(r). Deter min e 
/ (r) so that the field may be irrotational and solenoidaL 

24. A central field A in space is defined by A = r ./(| r |) = r . /(r). Determine 
f{r) so that the field may be irrotational and adenoidal. 

25. The rectangular components of a veotor A are: 


A a =y 8 l-z 8 l, A v = z 8 l-x 8 i 
« y a.,’ v iu. 


¥ 


dx dz 


A -x 8 * 
A '~ x ej 



where / is a given funotion of the co-ordinates x, y, z. Express A as the vecior 
produot of two vectors, and prove that 


(A . r) = 0 and (A . grad/) = 0. 


Electrostatics 

26. Find the force of attraction between two equal and opposite charges 
of 1 coulomb distant 1 km. from each other. 

27. A quantity of positive eleotrioity +e is distributed uniformly throughout 
the volume of a sphere of radius a . A negative point charge —a is situated at a 
point within this “ charge-cloud **. Find the force acting on the point charge, 
as a funotion of the distance from the centre of the sphere. 

28. A dipole m is situated at a certain point in a field of strength E. Find 
the work required to remove the dipole to an infinite distance. (The angle 
between E and m is a.) 

What does the result beoome in the special case when the dipole can rotate 
freely? 

29. A point charge of 0*5 electrostatic units is placed at a distance of I cm. 
from the plane face of a large body of 

(a) metal (conducting plane), or 

(b) glass with dielectrio constant 7 (dielcctrio half-space). 

Find in each case the force which acts on the charge. 
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!?• a P^ er ® of radius a is placed in a homogeneous eleotrio field E. 

sur ^ a,ce density of the induced charge. Find also the surface density 
of the free charge on a dieleotrio sphere whose dielectrio constant is K, 

31. Find the force between a metal sphere of radius Jt carrying a charge E, 
ana a small body with a charge e, at a distance d from the centre of the sphere. 
Jrrove that the two bodies in certain circumstances may attraot each other, 
even if the charges E and e are of like sign. 

in ^e g^atest charge which can be carried by a metal sphere of 

1U cm. diameter, if the dielectric strength of the air is 20,000 volta/om. 

33. Find the limiting radius of curvature to whioh the comers of a conductor 

^0,000 volts must be rounded, if the dieleotrio strength of the air is 
20,000 volts /cm. (Take the rate of fall of potential in the imm ediate neigh- 
bourhood of the surface as approximately equal to that for a sphere.) 

34. What is the surfaoe density of electric oharge at a plaoe on the earth’s 
surface where the rate of fall of potential is 250 volts/m.? Find the foroe acting 
on 1 sq. m. of the earth’s surface at this plaoe. 

35. A soap bubble hanging from the end of a glass tube sh rinks towards the 
opening of the tube under the action of surface tension. Is it possible, in view 
of the fact that air has a dielectrio strength of 20,000 volts/om., to prevent the 
soap bubble from collapsing completely by giving it a strong electrio oharge? 
If so, find its limiting diameter. (Surface tension = 48-5 dynes/om.) 

38, In a charged soap bubble of radius r the air pressure is the same inside 
and outside the bubble. Find the relation between the radius, potential and 
surface tension. 

37. A very long thin rod of dieleotrio constant K is placed in a homogeneous 
field E 0I parallel to the direction of the field. Find the values of E and D in the 
interior of the rod. 

38. A homogeneous field of intensity E exists within a dieleotrio of which 
the dielectrio constant is K. Find the intensity in a hollow space wit hin the 
dielectrio in the three cases when the hollow has the form of 

(а) a very long thin cylinder parallel to the lines of force; 

(б) a thin plate perpendicular to the direction of the field; 

(c) a sphere (of. p. 80). 

38. In a plate condenser (plate distance d) which is connected to a battery 
of V volts, glass plates (dieleotrio constant E) of different thi ckn esses are inserted 
in turn. How do the two values of the field strength, viz. in the glass and in 
the residual air space, depend on the thickness x of the glass plate? How does 
the capacity of the oondensor vary with xl Also find the values of the field strength 
in the glass and in the air space when the condenser is disconnected from the 
battery before the glass plate is inserted. 

40. (a) With what force (per sq. cm.) do the coatings of a plate condenser 
attraot each other, at 1000 volts pressure and 1 mm. plate distance? 

(6) What is the value of the force when the condenser is disconnected from 
the battery of 1000 volts after charging, and is then filled up with petroleum 
(K = 2 - 0 )? * 

(c) What is the value of the force when fihe condenser is first fille d up with 
petroleum and then charged? 
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41. (a) What is the value of the force which aots on the plates of the plate 
3 ondenser in the preceding problem, if the oondenser is separated from the 
battery after charging, and a plate of paraffin (K = 2*0) 1 mm. in thickness 
is then inserted so as just not to touch the plates? 

(b) What is the value of the foroe, if the paraffin plate is inserted before 
ffiarging the condenser ? 

42. In the Gaussian system of units the sources of the eleotrio field are given 
3y the relation divE= 4Tcp. The units of the Heaviside-Lorentz “ rational” 
system are defined in such a way that the factor drops out of this equation, 
jo that div E = p. 

What is the constant faotor for Coulomb’s law in the rational system? What 
s the relation between the rational and Gaussian units of charge, intensity, 
pressure, and capacity? 

43. Two condensers, whose capacities are C x = 0*5 and 0 2 =3 0-2 micro- 
farads, are connected in series to a source of continuous pressure of 220 volts. 
What is the charge on the coatings, and what are the pressures in the two 
condensers ? 

44. Two equal air condensers, originally uncharged, are connected in series 
so a battery of pressure V . Find the change of potential in the wire connecting 
jhe two condensers, when one of the condensers is filled with a liquid of dielectric 
jonstant K. 

45. Two condensers of capacities C x = 1 and 0 2 — 10 microfarads, originally 
mcharged, are set up in series and connected to a battery the poles of which, 
lave potentials -{-100 and —100 volts relative to the earth. If the wire connecti- 
ng the condensers is then earthed, find the quantity of electricity which is 
lischarged through the earthing wire. 

46. Assuming that the potential problem has been solved for the oase of two 
nfinitoly long cylindrical conductors, one within the other, i.e. that the potential 
p(se, y) has been found, which takes constant values at the surfaces of the 
jylinders, and which satisfies Laplace’s equation 

&!?jl £!f = 0 
dx * T dy* 


it all points of the space between them — how is the mutual capacity of the two 
sylinders obtained? 

47. In a plane problem, lot the cross-sections of two cylindrical conductors 
30 given, and a family of equi potential lines drawn, so that the difference of 
potential for any two adjacent lines is constant. How can we calculate from this 
liagram the mutual capacity of the two conductors (subject to the error arising 
rom the limited number of the equipotential lines)? 

48. By means of the function w = u + iv — f(z) of the oomplox ^ variable 
f = x + iy, a value u = u(x t y) and a value v = v(x , y) are associated with every 
)oint of the plane of xy. If the limit 

Lim 

*!— >• z z i — 2 dz 


crists, so that in particular it is independent of the path along which approaches 
prove that both u and v satisfy Laplace’s equation, i.e. that 


d*u 

8x* 


8hi 
dy 2 


= 0 , 


md similarly for v. 

In other words, if we have two curves, 1 and 2, on which e.g, u takes the 
sonstant values u x and w 2 , then u is the solution of the potential problem for 
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a plane (cylindrical) field, whioh is generated by the two cylindrical conductors 
with the oross-eeotions 1 and 2, when the pressure between these is — i^. 
If we multiply u by a suitable constant, we obtain the distribution of potential 
for a prescribed difference of potential between 1 and 2. 

49. The complex function 

% — x + iy = F(w) — F(u + it?) 

(for which we assume the existence of the derivative dz/dw 4= 0, cf. Ex. 48) 
associates a point (x, y) of the 2-plane with every point («, v) of the w-plane. 
In the 25-plane let a system B of conductors (or rather, of cross-sections of cylindrical 
conductors) be given, for which the potential problem has been solved, i.e. for 
which a function 9 of x and y has been found which satisfies Laplace’s equation 
and takes constant values at the given curves B. Let <p be the real part of the 
funotion f(z) = 9 + it]?* Further, in the 10-plane let a system A be given, for 
which the solution of the potential problem is wanted. Prove the following: 
if a function F(w) is known which represents the 10-plane on the 2-plane in such 
a way that it makes the figure A correspond to the figure B, then the real part 
of f{F(w)} — f{F(u -J- it;)} is the potential function required for the system A. 

What is the ratio of the capacity of two conductors in A to that of the oon- 
duotors corresponding to them in B? 

50. Use the method of conformal representation (Ex. 49) as follows to 
determine the capacity (in cm.) of a twin circuit, i.e. of two parallel oircular 
cylinders of the same radius r, the mean distance d between which is very great 
compared to r. Begin with a condenser formed by two concentric circular 
cylinders; then, by means of the funotion w = 1/2, with proper ohoice of the 
origin, represent this conformally on the given twin oircuit. (In a transformation 
defined by «? = 1/2, all circles remain circles, exoept such as pass through the 
origin, which become straight lines. The capacity of a cylindrical condenser 
ia 1 -r (2 log 6/a), where a and 6 are the radii of the cylinders.) 

51. From the fact that 1/r is a solution of the potential equation A9 == 0, 
deduce that 


—£©• —£C) 


are also solutions of A9 = 0; a, 6, c being constants. 

By what arrangements of point charges near the origin are the potentials /, g , h 
respectively produced, at a great distance? [Two point charges for /, four for 
g or A.] 


Electrodynamics 

52. What is the length of tungsten wire in an incandescent lamp, if the lamp 
consumes 50 watts at 220 volts, and the diameter of the wire is 25 p.? [The 
specific resistance of the tungsten may be taken as proportional to the absolute 
temperature; at 18° 0. it is 0*056 X 10” 4 ohm-cm. The temperature of the wire 
may be put at 2600° abs.] 

53. A tungsten filament lamp takes 50 watts at 220 volts. Find the value 
of the current immediately after the lamp has been switched in. How many 
times greater is it than the working current? The room temperature is 18° O. 
[For other data see Ex. 52.] 

54. In an electric circuit the copper wire (cross-section 1 sq. mm.) ia 
protected by a fuse of silver wire, the diameter of which is 0*2 mm. Calculate 
approximately (neglecting heat lost by conduction, &c.) how long it will take 
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for the fuse to he completely melted by a short-circuit current of 20 amperes; 
also the rise of temperature in the copper wire. [The specific heat of silver is 
0*056 oal./gr. °C.; its specific resistance is 0*016 X 10~ 4 ohm-cm.; melting-point 
961° C. Copper has the specifio heat 0*091 caL/gr. °0, and the specific resistance 
0*017 X 10~ 4 ohm-cm.] 

55. A twin conductor (copper cross-section =2x1 mm. 8 ) 300 m. in length 
connects a 220-volt generator to a point where the current is taken by two 
100-watt lamps. By how much will the pressure at the lamps he lowered, if an 
electric box-iron consuming 600 watts is inserted in the circuit? 

60. The following consuming devices are connected to a 220-volt supply: 
6 lamps for 220 volts, 50 watts; 1 lamp for 8 volts and 6 amperes, with the 
requisite inserted resistance; and a motor, which at 220 volts develops $ h.p., 
with an efficiency of 75 per cent. Find the total resistance of the lo a d, the 
current taken, arid the power used. What resistance is needed for the 8-volfc 
lamp? 


57. An electric kettle taking 3 amperes at 220 volts brings 1 litre of water 
from 18° C. to boiling-point in 11 minutes. Find its efficiency, i.e. the percentage 
of the energy supplied which goes towards heating the water. 

58. (a) The internal resistance of an ammeter is B. What resistance must be 
inserted in parallel to multiply the working range of the instrument n times? 

(b) The internal resistance of a volt-meter is B. What resistance must be 
inserted in series to multiply the working range of the instrument n times? 

69. The internal resistance of an accumulator is R, and the E.M.F. is V; 
and n of these are available. If the battery is divided into groups, each consisting 
of h accumulators connected in series, and the (njh) groups thus arising are 
arranged in parallel, find the value of h for which the current is a maximum, 
the external resistance being 


60. The deflection of a suspended coil galvanometer is proportional to the 

current and to n, the number of turns in the coil. Since, the d 

the winding is fixed, we have a choice between a few turns o j 

a large number of turns of thin ■wire; the product of the num 61 0 

the cross-section of the wire A is appropriately constant, say nA -F. how 
should the coil he wound in order that, for a given E.M.F. ( )> „ 

external reeietanoe (R), the deflection of the galvanometer may be a maximum? 

61. The capacity O of an arrangement of two metallic conductors of any 
given shapes (or the oapacity of a conductor standing by itself) 13 ^P™- 

low that a medium of specific resistance p ohm-cm. is ?*°*™*^**^ 
between the conductors, so as to fill it completely; f J® ^P. electrodes 

specific resistance of the metals, so that the pressure drop m the metai eltotro^ 
can be neglected. Determine the resistance R of the arrangement for the passag 
of current from the one conductor to the other. 

62. An apparatus is earthed by means of a hemispherical metal ete^od^ 

HSH . ‘otoT Find the earthing 

resistance. (Radius of electrode = 10 cm.) 

no A -naniell cell consists of two concentric cylinders, one of copper (radm* 

„), «v 

an d b are the radii of the cylinders.) 
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64. The interior of a plate condenser (plate distance d) is composed of two 
layers having respectively the thicknesses and d 2 , dielectric constants 
and K 2 > aEL d conductivities o x and cr 2 ; and d — d 1 -(- d 2 . The pressure between 
the plates is 7. Find the intensities E x and E 2 , and the displacements D x and 

Rind also the densities of the true and the free charge on the plane surface 
bounding the two layers. Determine the strength of the current through the 
condenser, and discuss the limiting case = 0. 

65. A plate condenser is filled with material of conductivity a and dielectric 
constant K, By momentary oontact with the terminal of a battery it is charged 
to potential 7. Calculate the “time of relaxation”, i.e. the time after which 
the charge (or pressure) of the condenser has fallen to the fraction (1/e) of its 
original value. 

66. The equation p = is always true (as the proof on p. 115 

shows), provided a and K are constant in the spaoe considered. Suppose e.g. 
that at time i = 0 a definite quantity of electricity was concentrated within a 
very small sphere, while the remainder of the medium carried no charge; then 
the equation states that every part of the medium which was originally un- 
charged, even if it is in the immediate neighbourhood of the charged part, 
remains electrically neutral while the charge on the sphere is disappearing. A 
quantity of heat existing in the small sphere at t = 0 would behave quite 
differently; it would flow out into the surro unding part of the medium, instead 
of merely fading away where it stands, like the electric charge. Explain this 
difference between the two oases. 

67. A very large sphere of conductivity a and dieleotrio constant K is plaoed 
in a vacuum; at its centre, as in the preceding problem, at t = 0, a given ohargo 
is confined within a very small sphere. Since the total charge of the system must 
remain oonstant, the exponentially vanishing charge at the centre must begin 
even from the very first to appear at the surface of the large sphere, no matter 
how great the radius of the latter may be. Prove that this phenomenon cannot 
be employed to transmit signals with infinite velooity, so that in spite of appear- 
ances the relativity postulate is not contradicted. 

68. A large sphere of radius b consists of material of conductivity a and 
dieleotrio constant K. At time t = 0 a oharge Q is uniformly distributed over 
the surface of a small concentric sphere of radius a. Calculate the Joule heat 
developed during the disoharge, and prove that it is equal to the loss of electro- 
static energy due to the dispersal of the charge. 

69. Rind the intensity of the field generated by a dipole m, at the end of a 
radius vector r drawn from the dipole. 

70. The magnetio field of the earth can be represented with good approxi- 

mation as the field of a magnetio dipole. Rind the moment of this dipole, having 
given that the mean value of the horizontal intensity in magnetic latitude 45° 
15 ^ ^ S^uss. What relation must exist between the horizontal intensity 

at the magnetio equator and the vertical intensity at the magnetio poles? 

71. M a king the same assumption as in question 70, find how the dip i depends 
on the magnetio latitude. 

72. The moleoules of a paramagnetio gas are small magnetio dipoles of moment 

^ * homogeneous magnetio field H they would set themselves in the direction 

or the held, were they not disturbed by the thermal motion. As the effect of the 
thermal motion, at a given moment molecules of every orientation are present, 
but there is a smaller number of dipoles in directions differing greatly from the 
direction of the field. The distribution of the dipoles round the direction of the 
field is given by the MaxweU-Boltzmann formula 

dn = AerEIkT 
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where dn is the number of dipoles with directions lying within the solid angle 
da*; E is the energy of a dipole making the angle a with the field (E ~ —{lH cos a); 
h is the Boltzmann constant 1*36 X 10 -18 ergs/°C.; and the constant factor 
A is defined by the condition that the integral of dn over all directions in space 
(Le. over the whole solid angle 4 tc) mnst be equal to the total number of the 
molecules. 

Find the value of the ratio defining the degree of magnetic saturation, viz. 

cr : c Q = magnetic moment of 1 gr. of gas 

: magnetic moment of 1 gr. of gas, when the dipole axes are all in the 
direction of the field, the temperature being T, and the intensity H, 

73. The result in the preceding question is given by “Langevin’s formula” 

— = coth d — 
c Q o 

■where a= 

Find the limiting value of o/o 0 for o <C 1> and for a 1 , and show that 
Curie’s result 0/2 1 (p. 133) is a good approximation to Langevm s wtrai 
a is RTrm. 1 T , How are p and connected with Curie’s constant C? Calculate e 
magnetio moment of a gramme molecule in terms of Curie’s constant. 

74. An iron sphere of radius a = 5 cm. is homogeneously monetized to 

saturation (an ideal hard magnet; for iron = 22 * 000 ). 1 5 ? 

moment. What axe the values of B and H in the sphere^ Find the 

of the surface divergence of I and the density of the free CUT 5 ^ 
surface of the sphere. What is the maximum value of the free current in amperes 

per cm.? 

76. Calculate the field in external space due to the magnetized iron sphere 
of question 74. # , 

76. The radius vector from one dipole m x to another m a is *■ Find e mu 

energy of the two dipoles. > , . 

77 . A magnetio needle of moment] m| = 100 magnetio * unstable 

tally on a cork in the sea. What are the positions of ^ejmdof unstable 

equilibrium? What is the difference of energy m ^ t cork 

Give the answers also for the case when the needle is stucK 

^Ahe earth’s magnetic field (as in question 70) as due to a dipole; the 
magnetic moment of the earth is 8*33 X 10 • « the 

78. The radius vector from the dipole m x to the dipo e m- 

force on ma? . QTnnT1 whr movable magnetic needles 

How does the force between two small, ireeiy mov b 

depend on their distance apart? . , on /Uamoter and 

79. A coil of 600 turns is wound round ® '■ wiien the 

10 sq. cm. cross-section; find the magnetic W ' 4 m Bn& 
current in the coil is 1 ampere. (T e p ■) ^ ^ gap ^ S , 

80. Suppose the iron nng of questionJIQ to _ ^ into account 

where S is so small that it is not neoess^y f ^ HoW does the magnetic 
the spreading of the lines of induction m r t fJ^. 1 E f <md 5 mm.! 

flux depend Spon 8 ? What is its value for 8 - 0 M -« ^ ^ gap> th# 

81. Calculate the field energy m h enrya ) of the divided iron ring 
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82. Find the force with which the poles of the divided iron ring of question 
80 attract each other. Discuss the energy balance of the process, supposing 
the poles to bo drawn apart slightly. (Neglect elastic energy in the iron.) 

83. Find the force (per cm.) with whioh the two wires of a twin circuit repel 
each other, when they are 30 cm. apart, and are carrying a ourrent of 50 amps. 

84. A suspended coil galvanometer has a square coil of 2 cm. side, and 100 
turns; the coil can rotate about a vertical axis; the restoring couple due to the 
suspension is 10" 2 gm.-cm./degree. The vertical sides of the ooil are placed in 
a field of 1000 gauss, which is directed radially relative to the axis of rotation. 
Find the angle of deflection per milliampere. If the instrument is used as a 
mirror galvanometer, what is the current corresponding to a defleotion of 1 mm. 
on a soalo at a distance of 2 m.? 

86. A string galvanometer oonsists of a thin stretched wire, set vertically 
and carrying a current in a homogeneous horizontal magnetic field. The de- 
flection at the middle of the wire perpendioular to the lines of force is observed 
with a microscope. Find its value when the current is 1*0 m illiam pere, the length 
of the wire 5 cm., the (elastic) tension of the wire 0*02 gm., and the magnetic 
intensity 200 gauss. The form of the wire when the ourrent is p assing is a parabola 
with the equation (referred to its vertex as origin) y = x i (pf2Z) y where p is the 
transverse force per unit length, and Z is the longitudinal tension. 

86. A straight wire of length and direction s moves with velocity u in the 
magnetio field B. Its ends are connected by means of movable contacts with a 
fixed conductor, which with the wire forms a closed circuit. Find (in volts) the 
electromotive force induced in this oirouit. 

87. The two rails of a railway track are insulated from one another and from 
the ground (say by sleepers impregnated with oil), and connected through a 
milhvoltmeter. What is the reading of the instrument when a train is passing 
at 100 km. per hour? The vertical component of the earth’s magnetic field is 
O’ 15 gauss, and the distance between the rails is 1435 mm. 

88. A ring of copper wire of 20 cm. diameter and 1 mm. 2 cross-section 
(sp. res. = 1*75 X 10~° ohm- cm.) rotates in the earth’s field about a vertical 
axis at 300 revolutions per minute. Find the Joule heat developed per seoond. 
Find also the average and maximum values of the necessary applied torque. 
(The horizontal component of the earth’s magnetio field is 0*18 gauss.) 

89. How does the current strength in the copper wire ring of question 88 
depend on the angle at between the earth’s field and the normal to the plane 
of the ring? Find the intensity (as a function of at) at the centre of the ring 
due to the current. 

90. In a suspended ooil galvanometer there are given: (1) the resistance H 9 
breadth b, height l, and number of turns n, of the coil; (2) the (radial) magnetio 
field strength H in the air gap; (3) the (half) period of osoillation on open circuit; 
(4) the deflection G in degrees, for a ourrent of 1 ampere. Calculate from these 
data the external resistance requisite for the non-periodio limitin g condition. 

91. An air choking coil of 0*3 henry self-induotance and 20 ohms virtual 
resistance is connected to an alternating pressure of 220 virtual volts at 50 oycles 
per second. Find the quantity of heat (in cal.) developed in the coil per minu te 

92. A resistance of 10 ohms, a ooil of self-induotance 0*5 henry, and a condenser 
of capacity 0*5 microfarad are joined up in series, and connected to a sinusoidal 
alternating pressure of 220 virtual volts and frequency 50 oyoles per seoond. 
Find the current in virtual amperes, its phase displacement relative to the 
pressure, and the power. 
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93. The pressure of an alternator is not purely sinusoidal, but besides the 
fu n da m ental of frequency v contains also its third and seventh harmonics 
(frequencies 3v and 7v). The amplitude of the third harmonic is 5 per cent, 
that of the seventh 1 per cent of the amplitude of the f undam ental. Find the 
amplitudes of the two harmonics (expressed as percentages of the fundamental 
amplitude) in the current, for the two cases when the generator is connected 

(a) through a choking coil of negligible ohmic resistance; 

(b) through a condenser. 

94. (a) Three conductors are connected with each other at a “ star-point 
In them flow sinusoidal alternating currents of the same frequency and equal 
amplitudes; but the phase in each conductor is displaced by 2tc/3 relative to 
the preceding conductor (star connexion in three-phase system). Prove that 
the sum of the currents reaching the star-point at any moment is zero. 

(6) Three coils are set up symmetrically in star formation about a central 
point in which their axes intersect, and the currents of a three-phase system 
flow through them. Each coil produces at the centre of the star a magnetio 
intensity of amplitude H which ohanges sinusoidally with the time, and has 
its direction along the axis of the coil; so that the fields due to the three coils 
are displaced by 2 tc/ 3 relative to each other, in phase with respect to time, and 
in direction with respect to space. 

Determine how the resultant intensity at the centre of the star varies with 
the time. 

95. A choking coil of self -inductance L— 1 henry and resistance R = 1 ohm 
is connected, at time t = 0, to a battery of constant electromotive force V. Find 
the current at any time t. How long does it take before the current acquires 
its stationary value within 1 per cent? 

96. A resonator (in the form frequently used to demonstrate electrical oscilla- 
tions in the earlier experiments) consists of a circular ring (radius R = 5 cm.) 
ol copper wire (diameter 2r = 1 mm.); the ring is not quite complete and has 
two parallel circular metal plates (diameter a — 5 cm.) attached to its ends; 
these represent the capacity of the cirouit, like the coatings of a plate condenser. 
When the resonator is plaoed in an alternating field, whose frequency agrees 
approximately with the proper frequency of the resonator, sparking occurs 
across the spark gap between the plates. 

Find what the distance between the plates must he to demonstrate electrical 
waves of wave-length X = 1 m. 

97. (cl) The energy, in the form of solar radiation, which is incident on an 
area of 1 sq. cm. perpendicular to the rays at the earth’s surface, has the value 
2*2 cal. (the “ solar constant ”). Calculate the root-mean-square values of the 
electric and magnetic intensities in sunlight, in volts per cm. and gauss respectively. 

(6) Find the root-mean-square values of the electric and magnetio intensities 
in the radiation from a 50-watt lamp at a distance of 1 m., assuming that the 
lamp emits all the energy supplied to it. 

98. A ring carrying a current produces at a great distance the same field 
as a “magnetic dipole”. Assuming this equivalence, and using Maxwells 
equations, deduce the field produced at a great distance by an alternating imrren 
in a coil, from the formulse for an oscillating electrio dipole. (Radiation from a 
“ frame aerial ”.) 

99. The plane wave 

E y = cl sin 27 rv(£ — x/c) 

H z = a sin 27 vj(t — xjc) 

falls on the plane surface x = 0 of a conducting body extending indefinitely 
towards the side for which x is positive. 
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Find the pressure of radiation (p) due to the wave. Deduce the pressure 
(in kg. /cm. 8 ) exerted by the sun’s radiation on the earth’s surface (at per- 
pendicular incidence, and neglecting reflection). (For the value of the solar 
oonstant, seo question 97.) 

100. In the interior of an absorbing body the E- vector of a light wave 
produces a current density i, which combined with the H-vector gives rise to 
a force density f — [iH]/c. 

Prove from Maxwell’s equations that the radiation pressure (p) in question 

/»00 

99 is identical with the volume integral of f. (p~J f x dx = a 2 /87r.) 


Additional Miscellaneous Examples 

101. Find a vector v such that diw = 0 everywhere, and curl v == 0 outside 
the cylinder x % + y a = a 2 , while inside the cylinder curl v is of constant magnitude 
o and iB in the direction of z . 

102. The radii of three oonoentrio thin spherical conducting shells are a , b t 
c (where a < b < c), and they carry charges Q v Q 2 , Q z respectively. Write down 
without proof the potentials of the three shells. 

If the outer shell is now connected to earth, find the ohanges in the potentials, 
and prove that the loss of energy ia + Q z -f Q s ) a /c. 

103. Find an expression for the capacity per unit length of a long cylindrical 
condenser. How must the dielectric constant of the medium between the 
cylinders vary with the radius in order to ensure constant elec trio intensity 
between them? 

104. A condenser is formed of three concentrio cylinders of which the inner 
and outer are connected together. Obtain a formula for the capacity, neglecting 
end effects, and show that if the middle plate is 10 cm. long, and the radii of the 
cylinders are 3*9, 4*0, 4*1 cm., the capaoity is approximately equal to that of a 
sphere of 4 m. radius. 

106, A long thin insulated wire, having a charge of 6 e.s.u. per metre of its 
length, is stretched parallel to, and 2 m. distant from, an earthed conducting 
plane. Find the force per metre of its length with which the wire is attracted 
to the plane. 

106. A conducting hemisphere of radius 3a is plaoed with its base in contact 
with an infinite conducting plane which is maintained at zero potential. If a 
point charge is placed on the axis of the hemisphere at a distance 4a from its 
centre and on the Bame side of the plane as the hemisphere, show that the total 
induoed charge on the plane is to the total induced charge on the hemisphere 
in the ratio of 7 : 13. 

107. Prove that the functions xy and xy/(x* + j/ a + z 2 )5/2 both satisfy La- 
place’s equation 0 2 7/&r a + d^V/dy* -f- d 2 V/dz 2 = 0. Electricity is distributed 
on the surface of the sphere x* -j- y 2 -j- 2 2 = a 2 so that the surface density at 
the point (a;, y, z) is xy. Using the above result, find the potential at any point 
inside or outside the sphere. 

108. If X is a given function of x 9 y, z % prove that a solution of Laplace’s 
equation exists in the form of a function of X, provided the ratio 

/a*x.8*x , «*x\ . im\» , my /ax\*i 
W + si,* + \dx) + \toj) + (si / 

is a funotion of X. Illustrate by the case X = a; 2 + y a + z\ 
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109. If X is the positive root of the equation x* 4- y* = lX(z -f X), prove 
that X satisfies the condition of Ex. 108. Hence show that confocal paraboloids 
of revolution form two families of equip otential surfaces. 

110. An infinite hollow circular cylinder of soft iron, of permeability ja, 
whose internal and external radii are a and b, is placed in a uniform magnetic 
field of strength H perpendicular to the axis of the cylinder. Show that the 
magnetic force within the cavity is 4 [Lb*H/{(\i* -f 1) (& a — a 2 ) + 2^(5* + a 2 )}. 

111. A Bmall spherical cavity is made in a magnet. Prove that the magnetic 
foroe at the oentre of the cavity is compounded of f H and JB, where H and B 
are what the magnetic foroe and induction at the same point would be if there 
were no cavity. (The magnet is ideally hard.) 

112. A very small magnet of moment M is placed at a height d above the 
horizontal plane face of a block of iron, which may be supposed to extend to 
infinity laterally and downwards. Show that the magnet is attracted to the 

block with a force | ^ where p, is the permeability of the iron, and the 

p, + 1 ar 

axis of the magnet is vertical. 

113. A sphere of soft iron of radius a and permeability p is placed in the 
field due to a single magnetic pole of strength m at a distance / from the centre 
of the sphere. Prove that if a is small compared with /, the sphere^will he 

attracted to the pole with a foroe approximately equal to 2 ~j— ^ 

114. Find the relative amounts of energy stored in a 2-volt accumulator 
which gives 100 ampere-hours discharge, and in a condenser of a mil l i on e.s.u. 
of capacity, charged to 100,000 volts. 

115. A copper cylinder of length 50 cm. and internal diameter 6 cm., having 
a glass bottom, is filled with copper sulphate solution, and has a copper wire 
of length 50 cm. and diameter 1 mm. plaoed down its axis. The specific resistance 
of the solution is 33 ohms per om. cube. Find the current passing through the 
solution if 2 volts potential difference is maintained between the cylinder and 
the wire. 

116. An infinite straight wire is coplanar with a wire in the form of a circle 
of radius a, the wires not meeting. Prove that the coefficient of mutual induction 
of the wires (in e.m.u.) is 4 *{h - V(fc a - a 2 )}, where h is the (hstance of the 
straight wire from the centre of the circle. 

117. Prove that the vector potential due to a circular current, at a Pph^ 
distant p from the axis of the circle and z from its plane, is directed at right 

angles to the axial plane through the point, and is of magnitude iaj^ cos0 d0/A 
•where i is the current in e.m.u., a the radius of the oircle, and D* = o* + p* 
+ z* — 2ap ooa0. . ... 

118. A circular wire of radius a and resistance R is spun m a ma^eiic fidd 
of streneth E with angular velocity <o about an axis winch is m the plane of 

-S And is perpendicular to the hues of force. Show that the average rate of 
S^ionof e^by electrie currents induced in the wire is approximately 

lit WoW/E. (-B is in e.m.u.) 

119 A condenser of capacity 5 microfarads has imperfect insulation, toe leak 

oondeMer 
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120. A circular coil of wire, of radius a and resistance B, is fixed in a plane, 
and a thin bar magnet, of moment M and length 2b, is perpendioular to this 
plane and moves along the axis of the coil. Show that, when the centre of the 
magnet is at a small distance x from the centre of the coil, the number of lines 
of magnetic induction passing through the coil is approximately (e.m.u. being 
used) 2nM{lfb — 1//+ Sa 5 ^ 3 ^/ 8 ), where/ 2 =* a 2 + 6 2 . 

Find the current induced in the coil if x = x 0 sinni. 

121. The length, l cm., of a solenoid is great compared to its diameter. The 
area of the section is A sq. cm., and the number of turns n. Prove that the self- 
inductance L is 47 in e.m.u. 

What is the frequency of oscillation in a circuit of negligible resistance, 
consisting of a straight solenoid of 1000 turns, of length 60 cm. and radius 3 cm., 
in series with a capacity of 0*2 microfarad? 

122. A conductor carrying a current i has the form of a plane curve, and 
two magnetic poles N, 3 of strengths m, —m lie in its plane. Prove that the 
couple tending to turn any portion AB of the conductor about NS as an axis is 
mi(oosAN3 + cos ASN — cob BN S — cos BSN). 

123. A circuit of self-inductance L and resistance B is connected at time x 
to mains of which the P.D. is given by E 8in27nzi. Find a general expression 
for the value of the current at any subsequent time t. What must be the value 
of a in order that no transient current shall flow in the oircuit? 

124. Two coils of negligible resistance each contain a oondenser of such 
capacity that the frequency of the electromagnetic oscillations in each coil is n, 
when the coils are apart; prove that, when the coils are close enough for the 
oscillations to be affected by mutual induction, the frequencies of the two principal 
oscillations become nftl ± Jc)b, where k 2 = M 2 /LN; L , N , M being the self- 
inductances and mutual inductance. 

125. Two precisely similar circuits each consisting of a condenser of capacity 
O short-circuited by a wire of eelf-inductanoe L and resistance B have each a 
period T when at a great distance from each other. Show that when they are 
brought near together so that the two circuits have a small mutual inductance 
M each circuit will have two periods given by T{1 ± ( MjL ) (1 — T 2 /Stz 2 LG)}. 

126. A oircuit contains two impedances connected in series . Each im- 
pedance consists of a self-inductance, a resistance, and a capacity connected in 
series, the values being Lj, B lt C t and B 2 , C 2 . Find the current due to a 
given sinusoidal pressure of frequency <o. 

127. Find the current, for the oircuit of Ex. 126, when the two impedances 
are connected in parallel. 

128. An alternating current runs through a non-inductive resistance B. 
Find how much the voltage drop down B is reduced if a capacity G is placed 
in parallel with B , and the same current is made to flow through the combination. 
If B = 30,000 ohms, and 0 = 300,000 e.s.u., find for what frequency the 
reduction is 5 per cent. 

129. Compare the effects of (i) an inductance and a capacity in series, (ii) 
the same in parallel, on the total current supplied by an alternating E.M.F. 
through each arrangement. Prove that when the oirouits are “ tuned ” the 
total currents will tend towards infinity and zero respectively as the resistances 
are indefinitely dim inished. 

130. Two conductors of capacities G x and G % have one plate of each earthed. 
Initially the first condenser has a charge Q 0 and the Beoond is uncharged. The 
two insulated plates are joined by a wire of resistance B and self -inductance L . 
Prove that if B 2 = 4L{1 /C t + 1/C 2 ) the current in the wire will be a maximum 
when t = 2L/B, the maximum value being 2Q 0 /(eO 1 B). 
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the values of the initial current, and of the total charge, sent 
a a circuit which is acted on by an electromotive impulse. 
thafJi ele ^romotive impulse acts in a primary coil of self-inductance L. Show 
indn + ^ w P reBence t hi the neighbourhood of a closed secondary of self- 
ctanceiv, and having mutual inductance M with the primary, the effective 
initial self-mductance is reduced from L to L - M*/N. 

near^'t* ^ helical coil (100 cm. long, 4 om. diameter, 1000 turns) is overwound 
circuital C6Dtr 6 ^ a secondai y ood (400 turns, 3 ohms resistance) which is short- 

(1) What charge will flow round the secondary on making a steady current 

f m the P rhna ^ ? 

enrr + current will be induced in the secondary by a simple harmonic 
em of root-mean-square 2 amps and frequency 60 cycles in the primary? 

and B are joined by two wires in parallel containing 
self-inductances L v L % respectively. Show that if a 
by joining its poles to A and B, the total amount of 
each wire is independent of and 

7? A dynamo supplies an electromotive force E sinntf to a circuit of resistance 
. self-inductance L. A circuit, also of resistance B and self -inductance L t 
naked to the first, and the coefficient of mutual induction is L. Show that, 
the ourrents in the two circuits are periodic, the current in the circuit 
containing the dynamo is 


133, Two points A 
resistances B lt B i} and 
condenser is discharged 
electricity discharged by 


E 

JR 


\JR 2 +4JL*nV ^ 


(nt — 


tan~ 


LJRn \ 
22 a + 2L*nV 


the mean rate at which the dynamo is supplying energy is 

E 2 (& + 2L*n*)/2B(B* + 4L*n*). 

136. If 7= {/(f — r/c) + Fit + r/c)}/?, where f and F denote arbitrary 
functions, show that 



a a F_ erv 

dx* dy 2 


a * e Possible values of the electric force in free space. Show also that V = 

S if l u t ^7 es a possible field inside a hollow perfectly conducting spherical 
snell of radius a and centre at the origin, if v is a root of cot (av/c) = c/av — av/c. 

136. A current flows in a straight wire of circular section, and the current 
density (i in e.m.u.) at time t at a distance r from the aria is of the form /(r, tf). 

Neglecting the displacement current, prove that 47 m = ~ ( Hr ), — u 

where E is the electrio and H the magnetic vector. 

137. In Ex. 136, assume that the variables involve the time only in the 
form of a factor ei“>t t The wire is of radius a , conductivity a and permeability 

p.. Show that ~~ = ( 47 r/pcG>)w. 


Ji Tcpucoa® is a small fraction, prove that an approximate solution is t = 
4- rc/pocor 2 ), where A is a constant. If J 0 is the effective total current, 
show that the heat developed in the wire per unit time and unit length is 
(V/ra** 2 ) (1 + i tc Vci a co a a<). 
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WITH HINTS FOR SOLUTION 


1. Components of A + B: —1*23, +6*97, +8*33; [ A + B J = 10-9; a = 96-5° 

p = 504°, y = 40*3°. * 

2. Work done by the force = —135 kg.-cm., i*.e. 135 kg.-cm. of work are 
done against the force. 

3. | ah | = 1; a = 70-5°. 

4. Scalar product = 1, angle = 60°; the six possible vector products are 
±(“i» h k), i(i, —h k), ±(i, h — k); area of face of tetrahedron = \ absolute 
value of vector product = V3/2. 

5. -V3, + V3, -V3. 

6. The equation represents a plane, since it is linear in the co-ordinates of P; 
the plane passes through the end of a, since it is satisfied by r = a; it is per- 
pendicular to a, since all other vectors which satisfy the equation, but have a 
different direction from a, must be longer, in order to give the scalar product the 
value assigned. 

7. 9*3, 9*3, 0. 

8. Follows immediately from the formula for [A[BC]]. 

9. — J, — +§• 

10. The components of the unit vectors are, in order: (0*816, 0*408, 0*408); 
(-0*566, 0*707, 0*424); (0*115, 0*577, -0*808). 

11. (11*4, 7*1, -2*9). 

12. The distance d is D/V(k 2 + l 2 + m 2 ), where 


D = 


a x a y Q'z 

K \ 6 * > 

c x c y G z 


k = (b v c z - b z c v ) + (c^a z - c z a v ) + (a v b z - a z b v ), 

l = (b z c x - \c z ) + (c z a x - c x a z ) + (a z b x — aj> z ), 

m = (b x c v - b v o x ) + (c* - Vx) + — «A)- 

289 
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Geometrically interpreted, the formula gives the height of a tetrahedron in 
terms of its volume and base-area. (Cf. questions 15 and 16.) 

13. 6-3. 14. (-43*1, -35 0, +58-1) cm./sec. 15. 21. 16. 13. 

17. Of all parallelepipeds having edges of given lengths, the one which is 
rectangular has the greatest volume. Of all triangles with two given sides, 
that one has the greatest area in which these two sides are at right angles. 

18. Since t 2 = 1, it follows that = ^ is the curvature, i.e. a vector 

\ as/ as 

to the centre of curvature, equal to the reciprocal of the radius of curvature. 

19. grad (ar) = a. 

20. The direction of the vector is that of the line of intersection of the two 
surfaces ^ = const., «p = const, which pass through the point in question. 

21. curl v = 2co. 22. « = kjr 2 . 23. /(r) = const. /r 2 . 24. f(r) — const./r 3 . 

25. A = [r . grad/], from which the results stated follow at once. 

26. 917 kg. 27. - eV/a 3 . 

28. (mE) = 4- | m | . | E | . cos a. If the dipole can rotate freely, put 
cosa = 1. 


29. (a) 6*4 X 10- 5 gr.; (b) 4-8 X 10" 5 gr. 

30. Metal sphere, <o — (3E 0 /4k) cos 6; dielectric sphere, co = -?^ 0 ?- * 

4tc K -j- 2 


31 e 2 E* 2d 2 — R 2 _ Ee 
‘ d 3 (d 2 -R 2 ) 2 d 2 ' 

33. r = 5 cm. 


32. 1667 e.s.u. = 5*56 X 10~ 7 coulomb. 


COS0. 


34. Co = 6*6 X 10 4 e.s.u. /cm. 2 ; F = 2*8 X 10“ 2 dyne/m. 2 . 

35. r = 11 mm. 36. V 2 = 32nrT. 37. E = E 0 ? D = KE 0 . 

38. (a) E; (5) KE = E + 4rtP; (c) E = E - 4 |P. 

39. In glass, | El = in air space, 1 E ) = 

40. (a) 44-3 dyncs/cm. 2 ; (b) 22-1 dynes/cm. 2 ; (c) 88-6 dynes/cm. 2 . 

41. (a) 44*3 dynes/cm. 2 ; (6) 177-2 dynes/cm. 2 . 

42. Factor = 1/47T. The rational units of charge, field strength, pressure, 
and capacity are respectively 1 / V 4k, V 4k, V 4k, and 1/4k times the corre- 
sponding Gaussian units. 

43. Q = 3-15 X 10~ 5 coulomb, 63 volts, 157 volts. 

44. £ ^ ~~ | F. 45. 9 x 10~ 4 coulomb = 2*7 X 10 6 e.s.n. 

xL -p 1 ‘ 

46. C = - — , / grad o . ds, per cm. 

4n(<p 2 - 9 j) J 
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47. Since 47tco = | dq/dn | | 8<p /$n |, we have the following construction. 

Draw the lines of force (the orthogonal trajectories of the equipotential lines) 
in such a way that the distance between two consecutive lines of force at any 
point is equal to the distance between two consecutive equipotential lines at the 
same point (i.e. so that the network of the two sets of lines consists of squares). 
We take a length 1 cm. of the cylindrical system; hence in a tube of force 
defined by two lines of force the area of the section made by one of the con- 
ductors is equal to the breadth b of the tube of force at that conductor. The 

charge on this area is therefore -L | ^ 1 b = /4tt; and if m tubes of force issue 

4tu I 6 l 

from the conductor, the total charge per unit length is m&cp/47r. If further the 
pressure V between the conductors is divided up into n parts by the equipo- 
tential lines, drawn as explained, we have Sep = V/n, so that the capacity C is 
(1/4 tu) (m/n) electrostatic units. 

48. Form the limit, (a) with real, ( b ) with pure imaginary z 1 — z , and 
equate the two results. We thus obtain the Cauehy-Riemann differential 

equations ~ = — ^ v . By differentiating these with respect to x 9 y 

dxdydydx 

respectively, and adding, we obtain Laplace’s equation for u ; and similarly 
for v. 

49. For the first part of the question it is sufficient to remark that, subject 
to the conditions stated, f{F(w)} is also a function of w with the requisite 
properties of regularity, and that its real part also is constant on the corre- 
sponding curves of A. The capacities of the original and transformed systems 
are equal, as may be proved as follows. Any complex number, and therefore 
in particular the derivative of F(w) at the point P of the w-plane, can be written 
in the form re i( l> 9 so that dz = re i( l> dw; this states that the transform dz of any 
infinitely small vector dw is derived from dw by a stretch in the ratio r : 1 and 
a rotation through the angle dcp. Hence the angle between two linear elements 
passing through P, and the ratio of their lengths, both remain unchanged; on 
this account this representation by means of a differentiable complex function 
is referred to as “ conformal ”. The network of squares formed by the equi- 
potential lines and lines of force in B transforms therefore into a network of squares 
in A; and the number of lines in each set is of course not changed. These two 
facts, taken along with the answer to question 47, prove the result stated above. 

50. To find an origin from which the circular sections of the two cylinders can 
bo transformed into the concentric circles of the cylindrical condenser, construct 
any circle cutting the two circular sections at right angles. Either of the points 
{“ limiting points ”) where this orthogonal circle cuts the line of centres of the 
sections will serve as origin. When d^>a, the value of the capacity of the twin 
circuit becomes l/{4 log (d/a)}. 

51. The potential / is produced by a dipole (-{-e at x = 0 and — e at x = l 9 
with el = a); g by two oppositely directed dipoles on the ar-axis, of moment a 
and at distance d 9 such that ad = b; h similarly by two dipoles on, bub 
perpendicular to the #-axis. 
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52. 99 cm. 

53. i =1*95 amperes; 8*6 times greater than the working current. 

54. 0*35 sec.; 0*7° C. 55. 23*8 volts. 

56. Current 8*1 amperes; load resistance 27*2 ohms; power 1780 watts; 
inserted resistance for 8-volt lamp 35*4 ohms. 

57. 79 per cent. 58. (a) .R/(n — 1); (b) ( n — 1)12. 59. k = V(nR x IR). 

60. The resistance of the coil must be equal to the external resistance. 

61. R = p/47 vC. 62. R = p/2t zr; if r = 10 cm., R = 159 ohms. 

63. R = p log bja -r iitfi. 

64. E x /Vg 2 = EJV g x = D 1 /Z' 1 Fa 2 = DJ K 2 Vg 1 = i/Vg^ = 1 !(d x G 2 + d 2 a x ). 
Density of true charge ±{Vl4:Ti)(K 1 Gz~K 2 G 1 )l(d l G 2> + d 2 G l ); density of free 
charge ±(F/4n) (a 2 — ^i)ld x G 2 + ^ 2 a i* If the conductivity g x of the first layer 
is zero, then there is no field in the other layer, and no charge on its plate; we 
have simply a condenser with plate distance d lf dielectrio constant K v and 
pressure F. 

65. 5T/47WJ. 

66. If e is the charge concentrated in the small sphere at time t = 0, 
this produces at distance r the field strength e/r 2 , which calls forth the 
current density i = ae[r 2 ; i is directed radially. The flow of electricity 
is therefore solenoidal; there is no condensation or rarefaction of conduc- 
tion electrons, and consequently no charge originates anywhere. While, 
therefore, in conduction of heat or in diffusion the dispersing entity tends to 
spread outwards, here the action at a distance of the electric charge acts on the 
conduction electrons at different distances with forces which are exactly such 
as to have no concentrating effect. From a mathematical point of view, the 
force which’ produces the flow in heat conduction or diffusion is the gradient 
of the density of the flowing substance; in electricity, on the other hand, the 
application of the gradient operator to the driving force E gives the density 
(divE = 47tp). 

67. In order to be able to give a signal at a definite moment, we must, 
until this moment arrives, prevent the charge which is concentrated on 
the small sphere from being dispersed, by means of an insulating envelope, 
which is withdrawn at the given moment. Before this, however, an induced 
charge equal and opposite to the charge on the sphere would appear on the 
external surface of the envelope, and at the same time an induced charge equal 
to the original charge would be produced on the surface of the large sphere. 
The withdrawal of the insulating envelope would merely cause the charges on 
its two sides to unite. 
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70. | m | = 8-37 x 10 25 ,* the vertical intensity at the poles is double the 
horizontal intensity at the equator. 

71. tarn = 2 tan (3. 72. See 73. 

73. For a 1, o/a 0 & 1 — 1/a; for a 1, a/cr 0 %a. 0 = a 0 p8/3& 

(8 = sp. grav. of the substance). The magnetic moment of a gramme-molecule 
is V (3MRC/S), where M is the moleoular weight and JR the gas constant. 

74. | m | = 916,000; | H | = —7,350; | B | = 14,700-. The surface divergence 
of I (“ surface density of magnetism”) is — | 1 1 cos 0; the surface density of the 
free current i' = c 1 1 1 sin 0, where 0 is the angle between the direction of 
magnetization and the spherical surface. The maximum value of the free current 
is 17,500 amperes/cm. 

75. H r = (8tt/3)<z* 1 1 1 cosO/r 3 ; H e = (47r/3)a 3 1 1 [ sin 0/r 3 . 

76. (m 1 m 2 )/r 8 — 3(01^) (m 2 r)/r 6 . 

77. The needle floating horizontally is in stable equilibrium at the magnetic 
equator, unstable at the magnetic poles; the energy difference at the two places 
is 32*3 ergs. The vertical needle is stable at that pole where its direction is the 
same as that of the earth-dipole, unstable at the other pole; the difference of 
energy is 129*2 ergs. 

78. ? | (n^r) m 2 -f (m 2 r) m* -f (Daim 2 ) r — r j . The force between 

two magnets which are free to rotate is — 6 1 mj | . | m 2 1 /r 4 (the negative sign 
indicating attraction). 

79. 60,000 maxwells. 

80. 55,500, 33,400, 12,100 maxwells, for 8 = 0-1, 1*0, 5*0 mm. 

81. Energy in iron 0*154, 0-055, 0-007 joules; energy in air gap 0*023, 0-044, 
0-029 joules; total energy 0-177, 0-099, 0-036 joules; self-inductance 0-354, 0-198, 
0-072 henrys— for 8=0*1, 1, 5 mm. 

82. Force 12-5, 4*5, 0-6 kg. for 8 = 0*1, 1, 5 mm. If the poles are drawn 
a small distance apart, so that the self-inductance L of the divided ring is 
decreased by A L, the field energy, when the current i is kept constant, diminishes 
by £i 2 A L. The magnetic flux decreases by A9 = ci A L, causing an E.M.F. of 

1 do 

self-inductance V = — — ^ in the same direction as the current, the total work 
c dt 

of which, viz. \Vi dt = (i A<p)/c = i 2 A L, is restored to the battery which feeds 
the coil. The mechanical work expended in the process is therefore ii 2 AL, which 
is equal to the decrease of the field energy, so that in all double this amount, i.e. 
t 2 A L, is restored to the battery. 

83. 1-67 dynes/cm. 

84. a = 4*1°; 1 mm. on the scale corresponds to 0-0031 milliampere. 

85. 0-032 mm. 86. s[uB] . 10~ 8 volt. 87. 0-6 millivolt. 

(B484) 


10 
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88. 3-4 X 10~° caL/sec.; average torque 4*6 X 1(H gm.-cm.; maximum torque 
8*2 X 10~ 6 gm.-cm. 

89. If B is the resistance of the ring, i = /B)10~ 8 sinco# = 1-62 since# 

m i l l i a mperes; the intensity perpendicular to the plane of the ring is 
H'= (2Tc 2 corjS r /I2)I0'" 9 since# =1*02 X 10"" 4 since# gauss. 

90. External resistance in ohms = (tc 2 C /360t)6MT . 10~ 8 — B, 

91. 1490 caL/min. 92. 0-0354; 89° 64-5' ahead; 0-0125 watt. 

93. (a) 1*7 per cent; 0*14 per cent; (6) 15 per cent; 7 per cent. 

94. (6) The magnitude of the intensity is constant; its direction rotates 
with angular velocity co. 

95. i = i 0 (l — ert!6) ; i Q = y/B; 6 = L/B. Time = 6-9 sec. 

96. d = 3-7 mm. 


97. (a) 7*5 volts/cm.; 2-5 X 10~ a gauss: (6) 0-39 volt/cm.; 1*3 X 10~ 3 gauss. 


98. If E and H are solutions of Maxwell’s equations for a vacuum, then these 
equations are also satisfied by the vectors E' = — H, and H' — +E. In equations 
(44a) and (446), p. 225, replace the vector E by H, and the vector H by — E; 
we thus obtain the radiation from a magnetic dipole p. For a flat coil of n turns 
and area S, carrying a current i, the value of p is nSi/c. 


99. a 2 J8iz, i.e. for the sun’s radiation, 5 X 10~ u kg./cm. 2 . 


100. From -1 and = -± U 

8x o 8t ’ 8x c v 


- , it follows that 

c 8t 


fx — — 

c 




.as, 

' dx 


+ ; 2 - 


8F, 

8t 


) 


1 1 „ 8H, . 1 8 , 

~ 4 k c E * S f + 5 8t {HA) )’ 


so that, for the time average, 

8 n dx ^ H>t + &0 ‘ 

101. Inside, v a = — %u>y, v y = Jcoz, v z = 0; outside, v x ~ — Jo ^a 2 y/(x 2 + t/ 2 ), 
= Jcoa 2 xl(x 2 4- 2/ a ), v z = 0. 


102. Vi-QJo+QJh+QJc, V 2 = Qifb J r Q 2 /b-{-Q s /c, F 3 = QJc+Q z /c+Q z /c, 
New potentials are Fj - F s , F 2 - F s , 0. Loss of energy = m F-, + QoV 2 
+ Q*V s) ~ i{Qi(Vi - Vz) + <3 2 (F 2 - F s )} = J(Q 1 + Q z + Q 3 )F 3 f 

103. (i) If K = 1, E r , 2rcr = const., 9 = A log(r/r 0 ), charge per unit length 

*= i A > capacity per unit length = 1 21og(r 1 /r 0 ). (ii) If E r is constant, then 

Kr = const. 
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104. Let radii be a 9 b, c with, a < b < c. Take F = 0 on outer and inner, 
V — V Q on mid cylinder. Between a and 6, V ~ V 0 log(r/a)/log(6/a); between 
b and c, V = F 0 log(r/c)/log(6/c). On inner side of b 9 4tcco! = dV/dr = F 0 ~ 
{6 log(6/a)}; on outer side of b, 47tco 2 = — dV/dr = F 0 {& log(c/&)}. Capacity 
= 27 t6Z(co 1 + cd 2 )/F 0 = JZ{l/(logt/a) + l/(logc/6)}. In numerical case, capacity 
is rather over 400 *e.s.u.; capacity of sphere is 400 e.s.u. 

105. Attraction is equal to that of image of charged line in the plane 

— 2(linear density on image) X (charge attracted) — (distance between the 
lines) = 2x (6/100) x 6 400 = 18 X 10~* dyne. 

106. The image system consists of three charges, — e at height —4a, — £e 
at £a, and +£e at — £a. If co is the induced density at any point of the plane, 
then 4 ttcl> = normal force due to the four charges. Now normal force due, say, 
to q at height Ji and —q at —h, is — 2g7i/(p 2 + h 2 ) zl2 9 and the corresponding 

rco 

induced charge on the plane is ( — 1/4tc) / 2rcp dp 2qh/(y 2 -f 7t 2 ) 3 ' 2 or 

—qh/V(9a 2 + h 2 ). Thus total induced charge onplane is — e. 4a/ V (9a 2 + 16a 3 ) 
+ . 2a/V(9a 2 + 81a 2 /16) = — and, since the total 

induced charge is — e, the charge on hemisphere = — ■ e -j- 

107. (i) may be proved by differentiation; it is a case of the general theorem 
that E n (x , y, z)/r 2n + x satisfies Laplace’s equation when E n (x, y, z) does so; 
where r — V(x 2 -f y 2 + z 2 ), and E n is a polynomial of degree n . (ii) Assume 
that the potential inside is Axy, then that outside is AxyaP/r 5 . Hence, just 
inside, dV/dr— 2V/r (since F is r 2 X a function independent of r); just outside, 
dV/dr = — 3F/r. Then 4 r:cc = (5F/5r) inside — (dV/dr) outside — 5 F/r = 
5Axy/a . The conditions are all satisfied if we take A = 4k a/5. 

108. (i) Try F = /(X); dV/dx = f'(\)dl/dx; 8 2 V/dx 2 = f'(X)d 2 \/dx 2 + f"(\) 

(dl/dx) 2 . AF = 0, if (3 2 X/fo: 2 4- ^X/fy 2 + 8 2 y/dz 2 )f'(l) + {(3X/3a;) 2 + (SX/fy) 3 
+ (dX/32) 2 }/"(X) = 0. If the ratio referred to in the question is F(X), then AF 
will be zero if -F(X)/'(X) + /"(X) = 0, from which /(X) can be found, (ii) Thus, 
if X = x 2 + y 2 + z 2 > we have J^(X) = 6/(4x 2 + Ay 2 -f- Az 2 ) = gX” 1 . Hence 
rw/rw * | X- 1 , log /'(X) = - f log (X/a), / (X) = Art + B = A/ 

V(x 2 + y 2 + z 2 ) + 2?. 

109. x 2 + y 2 + z 2 = (z + 2X) 2 , 2X = r — z. Hence, as in Ex. 108, F(X) = 1 /X, 
log/'(X) = log (A /X), /(X) = A logX + B. The second family is found by taking 
the negative root, say 2 p, = — r — z. 

110. If the magnetic potential is 9 we may take (cf. Ex. 107): (r > b) 9 
9 3 = — Hx + Cx/r 2 ; (b >r > a), 92 = Ax + Bx/r 2 ; (r < a), 9 X = Dx ; where 
A, B, C 9 D are constants, of which D is to be determined. The conditions are: 
9 is continuous, and the radial component of the induction is continuous. Hence, 
at r= 6, -H + C/b 2 = A + B/b 2 9 and y. (A/b - B/b 2 ) = -H/b - C/W; at 
r = a, A + B/a 2 = D, and p.(A/a — B/a?) — j D/a. The first two of these four 
equations give A + B/6 2 + \4(A — B/b 2 ) = —2H; and the last two give A 
and B in terms of D, whence D is found. 

111. It follows from the theory of p. 137 that, when the cavity is made, the 
force H is augmented by the force due to a layer of surface density on the small 
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sphere, equal to the inward normal component of I. We may suppose I to be 
in the direction of Oz, and take 0 at the centre of the cavity; the density is then 
—Iz/r. The force at the centre due to this is, by symmetry, along Oz, and is 
JJ (—Iz/r) (—z/r) (1/r 2 ) dS = 4tc 7/3. Hence, if H 0 , Hi are the original and final 
values of H, we have H x = H 0 + 4tcI/3 = H 0 + J(B — H 0 ). 

112. Let the face be the plane 2=0, and let the magnet be placed at 
(0, 0, d). Potential due to magnet is M (z — d)/B^, where B x 2 = x 2 + y 2 + ( z—d ) 2 . 
We add to this a potential continuous at z = 0, and regular everywhere else; 
and so chosen that the whole normal induction is continuous at z = 0. We may 
take the added potential to be A(z + d)/B 2 * in the space z > 0, where 
B 2 2 -a a;2 y% (3 _|_ <2)2. and — A(z — d)/B x 3 in z < 0. Then, in z > 0, 
dy/dz = {x 2 -f y 2 - 2 (z - d) 2 } M/B x 5 + {a; 2 + y 2 - 2 (z + d) 2 } A/B 2 *; and, in 
z < 0, d<p/dz = (a; 2 + y 2 — 2 (z — d) 2 } (. M — A)/B x 5 . At z = 0, we are to have 
the former of these = p, times the latter; or, M + A = \i(M — A), so that 
A = M([i — l)/([i + 1)- Then, at (0, 0, d), part of Md 2 ^/dz 2 due to the A term 

‘ is M . 6A/(z + d)* — %MA/d*. * 

113. Potential, within and near the sphere, due to pole alone, is 
m{x 2 + y 2 + (z — /) 2 }"* = m// + mz// 2 approx. As in Ex. 112, we have to 
add a potential continuous at the surface of the sphere, and regular elsewhere; 
say 9 2 (outside) = Az/r 3 , <p x (inside) = Az/a 3 . Then, at the surface (cf. Ex. 107), 
3cp 0 /Sr = mz/af 2 , dq> x )dr = Az/a 4 , dcpjdr — —2 Az/a 4 ; and \i(d^ 0 /dr -|- d<p x /dr) 
= dcp 0 /dr -\-d(p 2 /&r. Hence A = — {(^ — l)/(jx + 2 )}ma 3 // 2 ; and force on pole 
= mdtpjdz — mA(r 2 — 3 z 2 )/r 5 = —2 Am// 3 . 

114. Energy = %QV ergs, where Q, V are in e.m.u. or e.s.u. In accumulator, 
Q = 100 X X 60 X 60 e.m.u., V = 2 X 10 8 e.m.u., QV — 72 X 10 u ergs. 
In condenser, V = 10 5 X 10 8 e.m.u. = 10 5 X 10 s -r (3 X 10 10 ) e.s.u., Q = GV 
in e.s.u., QV = 10 6 F 2 = 10 8 X (10 6 /9) = 10 12 /9 ergs. Energy of accumulator /that 
of condenser = 64*8. 


115. If B is the specific resistance, i the radial current, then, applying Ohm’s 
law to an element of volume drdS, we find (—dV/ dr) dr = B(dr/dS)idS, or 
i — —(dVJdr)JB. But i = A/r, where A is a constant; hence (—dV/dr) = AB/r , 
V = AB log {rjr). To find A, we have 2 = A X 33 log e 60. Current required 
= i X 2izr x 50 — 4*65 amperes. 


116. Eor an infinite straight current of i e.m.u. we have (p. 126) H — 2i/r. 
Hence, flux through circle = J Jdxdy2i/(x + h) = 2ij p dp J 2 * d0/(p cosO + h) 

= 2i fo p dp . 2n/Vh 2 — p 2 . 

117. As at p. 129, A = i Jds/r. Take origin at centre of circle, and the point 
at (p, 0, z); then r 2 = (p — a cos 0) a + a 2 sin 2 0 + z 2 = p 2 — 2ap cos0 + a 2 + z 2 , 
so that r—D. Also A x — i J d(a cos 0)/D = — ia J 2 * sin 0 dO/D = 0, since 
J V = — J 2w ; A y — ij d(a sin 0)/Z> = ia J 2 * cos 0 d0/D; A z = 0. 
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118. Elux (in e.m.u.) at time i = H . t xa 2 coscof, so that E.M.E. = — E . Tca a o> 
sin co current i — — (H . Tca 2 <o/B) sincotf; average rate of dissipation = §Ri 2 dtJT 
= iHWaW/R. 

119. After t sec., let potential across condenser he V volts. Then leaking 

current =Fr(2x 10 8 ) amperes, and total leak to time t= f V dt (2 X 10 s ) 

rt 

coulombs; residual charge at time t—txSx 10~ 6 — I Vdt-Z- ( 2 X 10 8 ), which 

must be equal to 7 X 5 X 10“ 6 . Differentiate; then 3 X 10~ 6 — V -f- (2 X 10 8 ) 
= 5 X 10 r*dV/dt. Hence F= (1 - «r*/i000) 600, which is to be 500; «= 1000 
log e 6 = 1792. sec. = 30 min. 

120. Elux from a pole of strength m at height h above coil is (downwards) 
J { m/(h 2 + r 2 )} {h/Vh 2 -4- r 2 } r dr = 2twi(1 — h/Vh 2 -\- a 2 ). Hence total flux, 

in question, = 2 t an [2 — (6 + x)/V(b + a;) 2 -f- a 2 — (6 — x)/V ( b — x ) 2 + a 2 ]- 
Now (b + x)/V(b + x) 2 + a 2 » (6 + x) (1 //) (1 + 2bx/f 2 + s 2 // 2 )”*, the part of 
which, even in a;, is b/f— 3a 2 &a; 2 /2/ 5 . Total flux = 2TcM{lfb — 1/jf-f 3a 2 x 2 /2f 5 ). 
E.M.E. = —dB/dt~ —2 kM(2ci 2 /2P)2x dx/dt = -~7zM{3a 2 lf)nx 0 2 sin 2^; for the 
current, divide by B. 

121. Eor first part, cf. p. 171. Eor second part, L = 4tc X 10 6 X 9tu -r 50 
= 72 tt 2 x 10 4 e.m.u. C = 2 X 10“ 7 farad = 2 X 10" 16 e.m.u. T = 2kV (LC) 
= 236-9 X 10“ 6 sec. Erequency = 4220 cycles per second. 

122. Let RT be the tangent at a point P on the curve. Force on element 
ids at P, due to N is i ds(m/NP 2 ) sin NPT, perpendicular to the plane; moment 
of this about NS — mids(l/r 2 ) ( rdd/ds)r sin 6; where r = NP, 0 — PNS. This 
moment = mi ds sin 0 dO/Ps = — mi d(cos0); its integral over the length of the 
curve = — mi {cos BN S — coa ANS). Similarly with (— m) at S. 

123. Ldijdt + Ri= E Bm2imt; i == A cos 27 xnt -f B sin2?u nt + Ce-RtIB, where 
G is arbitrary; and A , B are given by L . 27rnP + RA = 0, with L(— 2txuA) + RB 
= P. At time t = x, i = 0; hence, if C=0, 0 — A cos27ma; 4“ B sin27ma;, or 
0 = (cos2t tnx + 0), where tan0 = Rj{2-mL); x = (Ntz + in — 0)/27W, where 
N is any integer. 

124. If C l9 C 2 are the capacities, then LG^eJdt 2 -f 31C l d 2 eJdt 2 4~ ^ = 0, 
and MG 2 d\/dt 2 + NG 2 d 2 ejdt 2 + e 2 — 0. Here LG X — NG 2 = (1/v 2 ), say. 
Try e x — A cos ot, e 2 ~ B cosc *t; on eliminating A , B, we find (1 — LG x <x> 2 ) 
(1 _ NG 2 <o 2 ) = IW^co 4 , or (1 - co 2 /v 2 ) 2 = & 2 co 4 /v 4 , or 1 - o> 2 /v 2 = ± &co 2 /v 2 , 
or co 2 /v 2 = 1/(1 ± &)• 

125. LCdHJdt 2 + MCd 2 eJdt 2 + RCdeJdt + ^ = 0, and MG d 2 ejdt 2 + LCd\ 
/dt 2 + RCdeJdt + e 2 = 0. By addition, (P + M)Cd 2 {e x + e 2 )/dt 2 + POd(«! + e 2 ) 
/dt + (e x + e 2 ) = 0. Put e a + e 2 = e'**; then (P + M)Gn 2 --RGjn - 1 «= 0; 
n = (PO?* ± Va 2 4- 4oMC)/{2(L + Af)0}; where a = V4PO — R 2 GK Since 
M is small, this gives (if n = n x 4 - jn 2 ) 7i 1 = a(l 4- 2MO/a a — M/L)/(2LG); 
also, by putting 31 = 0 in this, 2v:jT = ql/(2LC). Hence 2 tc /T' = (2tt/P) 
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{1 + {MIL) (—1 + T 2 /8t: 2 LC)}. The second period is obtained by subtracting 
instead of adding the original equations; e x 4- e 2 has the one period, e 1 — e 2 the 
other; so that e 2 have the two periods. 


126. Let pressure across the circuits be e& e 2 ; each involving the factor 
ejW if given pressure is e, then e—e 1 J r e 2 . The current i is the same in both 
circuits. Hence i {j^ -j- j (co L t — 1 /coC^)} = and i {R 2 + j (<*L Z — 1 /co<7 2 )} = e 2 , 
so that, by addition, i {(1^ -j- R 2 ) + j(X 2 + X 2 )} = e; where X l9 X 2 are the two 
reactances X x = <oL x — 1 /(oo0' 1 ), X 2 = c oL 2 — I/(co0 2 ). This gives i as at p. 173 
(cf. Ex. 127). 


127. Here ^ 1 (jR 1 + jX x ) = e, i 2 (R 2 + jX 2 ) = e (cf. Ex. 126). In this case 

h +»*=*• Hence i = e/(R l + jX x ) + e/(R 2 + jXJ, or i = 

j~X ) "*"1 “T •‘*■1 

% \ • If e = Eei at 9 where E is real, the real part of this expression 

for i gives the current for the pressure E coscotf, and the coefficient of j in the 
expression gives the current for the pressure E sinco£. 


128. If /, E denote root-mean-square values, then before the condenser is 
inserted, E x — BI. Afterwards (Ex. 127), i= e/R+ e ~ (— j/co<7) = e(l/B + jc*C); 
from which, on taking the moduli, we get / = E 2 V(l/R 2 4- <o 2 <7 2 ). Hence 
reduction in the voltage drop = E x — E 2 = ZP[1 — 1/ V (1 + o d 2 C*R z )]; and 
(Ei - E 2 )!E x = 1 - 1/V(1 + 6> 2 C 2 P 2 ). Thus V(1 + 6> 2 C 2 P 2 ) = 20/19. But 
C = 3 x 10 5 e.s.u. = 3 X 10 5 -f- (9 X 10 20 ) e.m.u. = 1/(3 X 10 15 ) j 5 .m.u.; CR = 
1/(3 X 10 16 ) X (3 X 10 4 ) X 10 9 = 1/100 sec. Then co CR - V39/19, <o = 33 
cycles per second. 

129. See Examples 126, 127. We have here only L v C 2 . In case (i), 
V(<»Li — l/wC'a) = e; in case (ii), i = e/jX x + e/jX 2 = (e/j) (X x + X 2 )/X x X 2 
= (e/j) (coL a - l/coC 2 ) - (—LJCJ. 


130. Let Q be charge of first condenser at time t, Q 0 — Q charge of second; 
potential of first = Q/G v of second (Q 0 — Q)/C 2 . Pressure from first to second 
= Q/O l - (Q 0 - Q)/G 2 ; so that Ldi/dt + Ri= <3(1/^ + 1 /G % ) - Q 0 /G 2 ; and 
LdH/dt 2 4- Rdi/dt i(l/C7i + 1/C 2 ) = 0. If we try i = e~ pt , we find that the 
two values of p are equal, viz. p = R/2L. Solution is Ae~ pt -f Bte~ pt ; but A = 0, 
since 4=0 when t = 0. The differential equation now gives, when t is put equal 
to 0, BL = Qq/G v Current is a maximum when e~ pt — pt er pt = 0, or t = 1/p 
= 2L/R. 

131. Integrate the equation Ldi/dt + Ri= E from t = 0 to t = t; then 
Li r -f- R^ idt = J E dt . The value of the latter integral when t becomes in- 
definitely small, is the impulse , P. Now, when t is small, i is of order t, but 

idt of order t 2 , as we easily see from the formula for the case of constant 

E, viz. i = A( 1 — e~ Rt IL). Hence, passing to the limit, we find Li = P, where 
i is now the initial current due to the impulse. By integrating from 0 to oo , we 
find: total charge —E/R. (ii) Equations are: Ldijdt + Mdi 2 /dt 4- R x i x = E , 
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N di 2 /dt 4 Mdiyjdt + R 2 i 2 = 0; so that, by preceding argument, Liy 4 Mi % = P, 
and Ni 2 + Mi x = 0; and therefore (L — M 2 /N)i x = P. 

132. By Ex. 121, self-inductance L of first coil = X 10® X 4^/100 = 
167T 2 x 10 4 e.m.u. The mutual inductance M = ^izn^n^A/l, in e.m.u. = 64tc 2 
X 1000 e.m.u. The self-inductance N of the second coil may be taken as equal 
to M. Equations are: 

Ldijdt -f- M dijdt -f- R x i x = E 9 M di x jdt 4 Mdijdt 4 R 2 i 2 ^ 9. 


(1) Integrate latter equation from t — 0 to t = oo ; then Mi x + E 2 J i 2 dt = 0; 
that is, charge passing = —Mi x /R 2 = 1-4 X 10 -4 coulomb. (2) In same equation, 
if i x varies as e/«*, M dijdt 4 R 2 i 2 = — Mjc*i lt or i 2 = — {Mj<*j{R 2 + Mjo)}i lt 
or, for root-mean-square values, I 2 = J 1 Mco/V(E 2 2 4- MW) = *066 amperes. 

133. Let potential of plate joined to B be 0, and charge of other plate Q 
at time t. Then total current from A to B— —dQ/dt = i, and pressure = QJC. 
If partial currents are i l9 i 2 , then L x di x /dt 4 R x i x — Q/G t L 2 di 2 /dt 4- R 2 i 2 = Q/C> 
i x 4. i 2 = i. When we integrate over the whole time of discharge, the terms 
in L X9 L 2 disappear, and we get R x \i x dt = jR 2 J i 2 dt. Hence J i x dt : J i 2 dt : initial 
charge = R 2 : R x : R x 4 R 2 . 

134. L dijdt 4 Ldijdt 4 Rh — E sin nt 9 Ldijdt 4 Ldijdt 4- Rh = 9. 
Add and subtract; then 2 Ld(i x 4 h)jdt 4 R(i x 4 i 2 ) — E Burnt, and R(i x — i 2 ) 
— E sinwtf. These give i x -\-i 2 and i x —i 2 . We find 2 iJE — {R/(R 2 -\-4JL> 2 n 2 )-{- 1/i?} 
Burnt •—{! 2Ln/(R 2 4 4=L 2 n 2 )} cos nL Mean rate of energy supply = J coefficient 
of sin 2 wtf in i x E siant. 

135. (i) As in § 11, p. 223, V satisfies the equation d 2 V/dt z ~ c a AF. Hence 
E x , E y9 E z , in the forms given, all satisfy a similar equation; also dEJdx 4 
dEy/dy 4 dEJdz = 0; and there are just the four equations obtained by 
eliminating H x9 H y , H z from Maxwell’s equations. 


(ii) The surface condition for a perfect conductor is that the electric 4orce 

Q2V d*V\ 

must be in the direction of the normal, or that - : 7 — ^ : ( — ) ( 4 -tt-t ) 

dxdz dydz \dx 2 dy 2 1 


x : y : z, at r = a. Since V is a function of r, we find 


8*V 

dxdz 


d 2 V = yz d ^1 dV\ 


dydz r dr \r drJ’ 


d 2 V d 2 V 
dx 2 dy 2 


___ xz d_ (l dF\ 
r dr \r dr/ 
z 2 d (l dV\ 1 dV v a Tr 
“7 dr\r dr) ~ r dr~c^ ^ 


d*V , 2 dV 


the fact that w r 4 
dr z r 

= 0 , at r = a. 


4 ? V = 0. Hence the condition is that - ^Y- 4 V ~F 
c 2 r dr c 2 


dr 


136. The electric vector is parallel to the axis, and the lines of magnetic force 
are circles round the axis. As at p. 126, 2 tt rH =J 4tc i . 2tt rdr 9 or d/dr{rH) = 
Again, apply Faraday’s law (p. 141) to the rectangle with two sides parallel 
to the axis, at distances r and r 4 dr from it, and with its other sides at unit 
distance apart. This gives {E 4 ( dEjdr)dr } — E == y.(BH /dt)dr. 
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IS 1 ?. The two equations of Es. 136 become (since i = <j E) 4m = dldr(Hr) 9 
di/dr — and, on eli m ination of H, d/dr(rdifdr) = (4n:jp.<jG>)n. Write 

e 2 for the small fraction 7 r^cjtoa 2 , and put u for er/a. Then d/du(udi/du) — 4 jui. 
The solution of this equation can be written as a series of ascending powers of 
u 2 of which, since u is small, we need only retain the first two terms. Thus 
*=*(! + ju 2 )AeM = Aei“*(l + 7cjp.acor 2 ) = AeM ( i _|» jeV/a 2 ). If the root- 
mean-square current at the distance r is /, this gives I 2 = £A 2 ( 1 + e¥/a 4 ); 
and the mean rate of development of heat is I 2 /a per c.c. per second. Hence 

rate of development of heat per unit length of the whole wire = f (/ 2 /<j) 2tw dr 

= {A 2 7za 2 /2a) (1 + -Je 4 ). Again, integral current = / 2m dr — Aefat . jza 2 

(1 + and, if r.m.s. integral current = J 0 , then J 0 2 = £A 2 7 t 2 a 4 (l + Je 4 )* 

Hence heat per unit length and time = (7 0 2 /Tcaa 2 ) (1 + ^s 4 ). 
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Absorption, as test of theory, 19 1. 

— coefficient of, 185. 

— in wave motion, 188, 189, 191. 

Action and reaction, in space, 242. 

— at a distance, 55, 146. 

Activity, in alternating circuit, 174. 
Adiabatic changes, 231-233. 
iEther, force on, 244. 

After-effect, dielectric, 144. 

Alternating circuit, general, 176. 

— circuits (transformer), 175. 

— currents, calculation of, 1 71-177. 
Ampere, on magnets as currents, 138. 

Area, directed, 8. 

Atoms and light emission, 228. 

Axes, right-handed, 5. 

Axial vectors, 51. 

Bessel function, 199, 200. 

Biot-Savart law, 128. 

Boundary conditions for D and E, 76, 78, 

— conditions for E and H, 191, 218. 

— conditions for E in steady current, 113. 

c, the critical velocity, 154. 

Cable, concentric, 206. 

— simple-core, 203. 

Capacity, circuit with, 176. 

— of condenser, 61. 

— of prolate ellipsoid, 62. 

— of rod-shaped conductor, 65. 

— of twin circuit, 201, 204, 208. 

Cell, concentration, 122. 

— voltaic, 122. 

Charge, electric, 54. 

Charges, free, 74. 

— true, 74. 

Circuit, linear, calculations for, 120. 

— voltaic, 120. 

— with R and L, 17 1. 

— with R, L , and C, 176. 

Circuits and magnets, moving, 150. 
Coercive force, 135. 

Complex index of refraction, 188, 189. 

— notation, for periodic fields, 195, 396. 
Concentration cell, 122. 

— gradient, and impressed force, 118. 
Condenser, and displacement current, 113. 

— capacity of, 61. 

— circuit with, 176. 

— energy of, 84, 232. 

— plate, short-circuited, 1 13. 

— plate, with dielectric, 70. 


Condenser, semi-infinite, 76. 

— semi-infinite, and point charge, 77. 

— spherical, 76. 

— with battery, 237. 

— with dielectric, 232. 

— with liquid dielectric, 237. 

Condensers, plate and spherical, 60. 
Conduction current, 112. 

— current, and waves, 187. 

— current } complement of, 143. 
Conductivity, 144. 

— and absorption, 185. 

— specific, no, 113-116. 

Conductor, potential within, 58. 
Conductors, 58. 

— motion of, and flux, 163. 

— moving, 160. 

— waves in, 187. 

Conservation of energy, 161. 

Constitutive equations, 144. 

Contact of metals, and impressed force, 
1 19. 

Co-ordinates, curvilinear, 40. 

— cylindrical, 42. 

— spherical polar, 43, 225. 

Coulomb’s law, 123. 

Couple, on conductor, 166. 

Crystal optics, 186. 

Curie point, 135. 

Curie’s law, 133. 

Curie-Weiss law, 135. 

Curl in curvilinear co-ordinates, 42. 

— of magnetic field, 126. 

— of vector field, 32. 

Currency of area, 8, 9, 

Current, and boundary conditions for E, 
ir 3* 

— conduction, 112. 

— conduction, and waves, 187. 

— density, hi. 

— displacement, 112, 113. 

— due to double stratum, 32. 

— polarization, 112. 

— steady, 109. 

— steady, is solenoidal, 1 12. 

— steady, magnetic field of, 125-131. 

— total solenoidal, 113. 

Currents, alternating, calculation of, 171- 
377- 

— energy of system of, 159. 

— in moving conductors, 160. 

— parallel, magnetic field of, 130. 

— quasi-steady, 159. 
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Currents, slowly varying, 146. 
Curvilinear co-ordinates, 40. 

Damping, 1^8, 180. 

— of waves in wires, 211-217. 

Decay, magnetic, 139, 142. 
Diamagnetism, 132, 139. 

Dielectric constant, 70, 144, 232, 236. 

— constant, infinite, 79, 80. 

— constant, in metals, 190. 

— constant, tensor, 75. 

— effect of, 85-87. 

— polarization, 72. 

— sphere, in any field, 90. 

Dielectrics, 70. 

— and Faraday’s discovery, 70. 
Differentiation of vectors, xz. 

Dipole, Hertz’s, 224. 

Directed area, 8. 

Discharge, across spark gap, 180. 

— non-periodic, 178. 

— periodic, 178. 

Displacement and charge, 75. 

— and intensity, 75. 

— current, 112-116, 143, 146. 

— current and condenser, 113, 180. 

— current, neglect of, 216. 

— electric, 74. 

Distribution of electricity, 59. 
Divergence, 18. 

— in curvilinear co-ordinates, 41. 

— of E, 56. 

— of H, 132. 

— surface, 28. 

— surface, of E, 56. 

Double circuit, 201-220. 

sources, 22. 

— strata, 27. 

— stratum, current due to, 32, 

— stratum, moment of, 28. 

— stratum, uniform, 30. 

Electric charge, 54. 

— energy, in waves, 219. 

— field, 53. 

— intensity, 53. 

— intensity, within conductor, 109. 
Electricity, frictional, 53. 
Electrodynamics of media at rest, 143. 
Electrolyte, impressed force in, 117. 

— with metal, impressed force in, 119. 
Electrolytes, optical behaviour of, 193. 
Electromagnetic field, 123. 

— units, 155. 

— waves, 182. 

Electromotive force, 116, 121. 
Electrons, theory of, 185. 

Electrostatic potential, 57. 

— system of units, 55, 251. 

— units, 156, 251. 

Electrostatics, problem of, 59. 
Electrostriction, 95-100. 

— thermodynamics of, 237-241. 
Ellipsoid of revolution, capacity of, 62. 

— of revolution, potential of, 64. 
E.M.F. round circuit, 141. 

Emission of light, 228. 

Energy, conservation of, 16 1. 

— density, 145, 235. # 

— density, electrostatic, 147. 

— density, magnetic, 1 47-1 52. 


Energy, electric, as potential energy, 89. 

— flow of, 193-196. 

— flow of, along wire, 210, 219. 

— free, 122, 148, 232, 233. 

— from cell or accumulator, 160. 

— in alternating circuit, 174. 

— in electrostatic field, 81, 82, 83. 

— in magnetic field, 146-152. 

— in Maxwell’s theory, 231. 

— integral, from Maxwell’s equations. 145* 

— in terms of currents, 164. 

— in wire carrying current, 170. 

— magnetic field, 159-165. 

— of condenser, 84. 

— of electrostatic field, 84-87. 

— of field, and work done, 163. 

— of system of currents, 159. 

— radiation of, 226-229. 

— ratio of electric to magnetic, 190. 

— source of, in circuit, 122. 

— stream of, 145. 

— transmitted by wave, 186. 

— with insulators present, 84. 

Entropy, 233, 239. 

— maximum, 238. 

Equation of telegraphy, 188. 

Equations of state, 238. 

Equilibrium, thermodynamic, 238. 

Faraday, and dielectrics, 70. 

— and magnetism, 123. 

— and Maxwell, 55, 56. 

Maxwell conception, 116. 

Maxwell theory, 104. 

Faraday’s law for moving media, 141. 

— law of induction, 139, 160. 
Ferromagnetism, 133, 135, 139, 144. 

Field action, 55. 

— electric, 53. 

— energy, and Joule heat, 112. 

— energy, electrostatic, 84-87. 

— energy, in complex notation, 196. 

— energy, rate of change of, 1 1 2. 

— energy, thermodynamics of, 23 1-24 1. 
Fluid dielectric, electrostriction in, 95. 

— dielectric, force at surface of, 100. 

Flux, and motion of conductors, 163. 

— of electric force, 55, 56. 

— of magnetic induction, x 60-165. 

— through moving area, 39. 

— time rate of change of, 139, 140, 14 z. 
Force, applied, 116-122. 

— at surface of dielectric, 100. 

— between charges, 104. 

— density, 243. 

— impressed, in electrolyte, 117. 

— in electromagnetic field, 151, 162, 165. 

— in varying fields, 242-245. 

— on conductor, 165. 

— on wire carrying current, 15 1. 

Forces, between currents and magnets, 

148-151. 

— electrical, surface, 240. 

— electrodynamic, 163. 

— equivalent body and surface, 104. 

— in electrostatic field, 81. 

— in Maxwell’s theory, 231. 

— mechanical, in electrostatic field, 91- 

r, 9S t* 

Free charges, 74. 

— energy, 122, 148. 



Free magnetism, 15 1. 

Frequency, proper, of circuit, 177. 
Fresnel’s formulae, 186. 

F undamental vectors, vector product of, 9. 

Galvanometer, ballistic, 140. 

Gases, polar, 186. 

Gaussian system of units, 153, 2s 1. 
Gauss’s magnetic measurements, 124. 

— theorem, 18, 105. 

Gradient, 14. 

— field and source, 23. 

— in curvilinear co-ordinates, 41. 

— of potential, 57. 

Green’s theorem, 18, 59. 

Hagen and Rubens, experiments of, 192. 
Heat, absorption of, 236. 

— and polarization, 233, 234. 

— conduction and skin effect, 197. 

— in dielectric, 23 1 . 

— Joule. Set Joule Heat . 

— specific, 235, 236. 

— with steady current, 121. 

Heating, high frequency, 201. 

Hertz, and force on aether, 244. 

Hertzian waves, 185. 

Hertz’s oscillating dipole, 224. 

— solution of Maxwell’s equations, 223. 
Homogeneous electric field, sphere in, 79. 
Hysteresis loop, 134, 135. 

Images for plane, 77. 

— method of, for plane, 65. 

— method of, for sphere, 67. 

Impedance, 172, 174, 177. 

Impressed E.M.F.s, 116. 

— force, in contact of metals, 119. 

— forces, 1 16. 

— forces, in circuit, 120. 

— force with metal and electrolyte, 1 1 9. 
Index of refraction, 185. 

— of refraction, complex, 188, 189. 
Induced charge (point and plane), 65. 

— charge (point and sphere), 67. 
Inductance and magnetic energy, 196. 

— calculation of, 166. 

— effect of, in metal, 214. 

— mutual, of circles, 167. 

— self- and mutual, 164. 

Induction, electrostatic, 66. 

— Faraday’s law of, 139, 160. 

— in transformer core, 175. 

— in use of proof body, 66. 

— law of, 23 1 . 

— law of, differential, 141. 

— lines of (diagram), 137. 

— magnetic, 136. 

— magnetic, flux of, 160-165. 

— self- and mutual, 163. 

Inductor, earth, 140. 

Inner product of vectors, 7. 

Insulators, 58. 

Integral, line, 14. 

— surface, 17. 

— volume, 17. 

Intensity, electric, 53. 

International units, 158. 

Irrotational vector E, 75. 

— vector field, 14. 

Isothermal changes, 232, 233. 


Isothermal processes, 148. 

Joule heat, m, 122, 145, 147, 160, 163, 
180, 194-196, 201, 205, 219, 229, 231. 

— heat, and field energy, 112. 

— heat, and ohmic resistance, 196. 

— heat, in alternating current, 174. 

— heat, in skin effect, 198. 

Joule’s law, 109, 11 1. 

Lag of current, 172, 174. 

Laplace’s equation, 38, 59. 

— operator, in curvilinear co-ordinates, 

42. # 

Leyden jar, discharge of, 179, 180. 

Light, electromagnetic theory of, 185. 

— velocity of, 184, 204. 

— waves, 184. 

Line integral, 14. 

Liquid dielectric, charged conductor in, 103. 
Logarithmic decrement, 179. 

Magnet, cylindrical, 136. 

— ideal hard, 123. 

Magnetic decay, 139, 142. 

— energy and inductance, 196. 

— energy in skin effect, 198. 

— energy in waves, 219. 

— field, curl of, 126. 

— field energy, 159-165. 

— field, in solenoid, 127. 

— field, measurement of, 124. 

— field of parallel currents, 130. 

— field of steady currents, 125- 1 31. 

— induction, 136. 

— intensities in vacuo, 123. 

— moment, 128. 

— needle, as test body, 124. 

— shell and current, 127. 

— vectors, 123. 

Magnetically hard substances, 134, 

— soft substances, 134. 

Magnetism } free, 151. 

Magnetization, 13 1. 

— curve, 134, 148. 

— Gauss’s measurements of, 1 24. 

— residual, 135, 148. 

— reversible, 136. 

Magnetized cylinder (diagrams), 137. 
Magnetostatics, 123. 

Magnetostriction, 149. 

Magnets, permanent, 135. 

Matrix, 46. 

Maxwell’s equations, 143. 

— equations, energy integral from, 145. 

— equations, for waves, 182. 

— equations, Hertz’s solution of, 223. 

— equations, optical test of, 185. 

— equations, solution of, 222. 

— equations, tabulated, 144. 

— equations, when Hz = Ez — o, 206. 

— relation, w a = K> 185, 186. 

— stress tensor, 105. 

— theory, 55, 56, 81, 82, 231. 

— theory, energy and forces in, 231. 

— theory of light, 185. 

Maxwell stresses, 104, 242. 

— stresses, example of, 107. 

— stresses, in magnetic field, 146, 151. 
Metal in electrolyte, and impressed force, 

119. 
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Metals, . contact of, and impressed force, 
1 19. 

— optical behaviour of, 187-193. 

— reflecting power of, 191. 

— waves in, 187-193. 

Mirror, waves incident on, 244. 

Modulus of decay, 115. 

Moment, magnetic, 128. 

— of double stratum, 28. 

— of source system, 22. 

— of vector, as vector product, 9. 
Momentum of energy, 245. 

Moving circuits and magnets, 150. 

Mutual inductance, 164. 

— induction, 163. 

Oersted’s discovery, 123, 125. 

Ohmic effect in waves in wires, 214. 

Ohm’s law, 109-1 11, n6, 140. 

— law, differential form of, hi. 

Optical behaviour of electrolytes, 193. 

— behaviour of metals, 187-193. 
Oscillations, in circuit, 177-181. 

Oscillator as dipole or filament, 227. 

— radiation from, 227. 

Outer product of vectors, 8. 

Parallel conductors, 201-220. 

Parallelogram law, 3. 

Paramagnetism, 133,. 135, 139. 

Peltier heat, 231. 

Penetration of wave, 189, 190, 191, 215. 
Period of oscillatory discharge, 179. 

— proper, of circuit, 177. 

Periodic E.M.F., circuit with, 172. 
Permeability, magnetic, 139, 144. 
Phase-displacement of E, H, 188, 189. 
Plane conductor, charge induced on, 65. 

— of polarization, 186. 

Plangrosse, 8. 

Point sources, 19. 

Polar gases, 186. 

— vectors, 51. 

Polarization and heat, 233, 234. 

— and temperature, 236. 

— current, 112, 115. 

— definition of, 73. 

— dielectric, 72. 

— dielectric, and heat, 231. 

— for waves in wires, 209. 

— magnetic and electric, 123. 

— plane of, 186. 

Polarized conducting sphere, 69. 
Ponderomotive forces, 231. 

Potential, at great distance, 21. 

— deduced from sources, 24. 

— electrostatic, 57. 

— electrostatic, gradient of, 57. 

— of simple and double strata, 29. 

— scalar, 16, 220-222. 

— vector, 38, 129, 136, 166, 220-229. 

— velocity, 16. 

— within conductor, 58. 

Potentials, retarded, 221. 

Power in alternating circuit, 174, 176. 
Poynting vector, 146, 193,243. 

— vector, and skin effect, 198. 

— vector, complex, 196, 201, 217. 

— vector in conducting wire, 188. 

— vector in twin circuit, 205. 

— vector in wave motion, 226. 


Practical units, 156. 

Problem of electrostatics, 59. 

Products of three vectors, 10. 

Proof body, 53. 

— body, conditions for use of, 91. 

Proper frequency of circuit, 177V 

— vibrations of circuit, 177. 

Radiation from oscillator, 227. 

— in oscillatory discharge, 180. 

— momentum of, 245. 

— neglect of, 229. 

— of energy, 226-229. 

— pressure of, 245. 

Range of wave in metal, 189, 190, 191. 
Ratio of units, electrostatic and electro- 
magnetic, 155. 

Reflecting power of metals, 19 1. 

Reflection at metal surface, 191. 

— solution of problem of, 191. 

Refraction, complex index of, 188, 189. 

— index of, 185. 

Relaxation, time of, 187. 

Residual charge, 144. 

Resistance and Joule heat, 196. 

— and self-inductance, circuit with, 171, 

— in skin effect, 198. 

— of circuit, 121. 

Resonance, 177. 

Retarded potentials, 221. 

Reversible processes, 233. 

Right-handed axes, 5. 

Rubens and Hagen, experiments of, 192. 

Saturation, magnetic, 133. 

Scalar, 1. 

— potential, 16, 38, 220-222. 

— product of vectors, 7. 

Screw, right-handed, 51. 

Secular equation, 49. 

Self-inductance, circuit with, 171, 175, 176. 

— external, 204. 

— in skin effect, 198. 

— in twin circuits, 201, 208. 

— of circular wire, 169. 

— of coil on ring, 170. 

Self-induction, 163, 164. 

Sinks and sources, 16. 

Skin effect, 170, 190-201. 

— effect and heat conduction, 197. 

— effect in waves, 216. 

Solenoidal total current, 113. 

— vector D, 74. 

— vector field, 36, 37. 

Solid angle and potential, 31. 

Sources and sinks, 16. 

— and surface integral, 21. 

— continuous, potential of, 24. 

— double, 22. 

— of vector field, 37. 

— point, 19. 

— strength of, 16, 20. 

— surface, 26. 

Spark gap, 180. 

Specific inductive capacity, 70. 

Sphere, dielectric, in any field, 90. 

— 1 in homogeneous field, 79. 

Spherical conductor, charge induced on, 
67. 

— polar co-ordinates, 225. 

Steady current, 109. 
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Steady current, boundary conditions for E 
in, i 13. 

Stokes’s theorem, 35, 141. 

Strain as tensor, 49. 

Strata, simple and double, 26. 

Strength of source, 20. 

— of sources, 16. 

Stress as tensor, 44. 

— tensor, Maxwell’s, 105. 

Stresses, Maxwell, 104. 

— Maxwell’s, in magnetic field, 146, 15 1. 
Surface and volume integrals, 17. 

— density of electricity, 59. 

— electric forces, 240. 

— integral and point sources, ax. 

— sources, 26. 

Susceptibility, 241. 

— dielectric, 74. 

— electric, 236. 

— magnetic, 13 1, 132. 

Telegraphy, equation of, 188, 217-220. 
Tensor, components of, 45. 

— invariance properties of, 47. 

— Maxwell’s stress, 105, 242. 

— skew-symmetric, 47. 

— symmetrical, 45. 

Tensors, 43. 

— stress and strain, 52. 

Thermal effects in dielectric, 234. 
Thermochemical activity, 145, 150, 160, 

194, 231. 

Thermodynamical equations, 233. 
Thermodynamic equilibrium, 238. 
Thermodynamics of electrostriction, 237- 
241. 

— of field energy, 231-241. 

Thomson’s theorem, 87. 

Time of relaxation, 115. 

Transformer, 175. 

True charges, 74, 78. 

Twin circuit, 201-220. 

Uniqueness of vector field, 25. 

Units, and velocity of light, 184. 

— electric and magnetic, 152-158. 

— electromagnetic, 155. 

— electrostatic, 156. 

— Gaussian, 153. 

— international, 158. 

— of charge, ratio of, 184. 

— practical, 156. 

— relations between, 152-158. 

— table of, 251. 

Variable fields, forces in, 242-245. 

Vector as skew-symmetric tensor, 51. 

— component of, 4. 


Vector, definition of, 1. 

— diagram, 172, 176, 177, 209. 

— field, 13. 

— field, curl of, 32. 

— field, derivative of, 46. 

— field, hydrodynamical picture of, 13. 

— field, irrotational, 14. 

— field, solenoidal, 36. 

— field, sources and vortices of, 37. 

— potential, 38, 129, 136, 166, 220-229. 

— product, components of, 9. 

— product, non-commutative, 9. 

— product of vectors, 8. 

— test for, 6. 

— unit, 4. 

Vectors, addition of, 2. 

— axial, 51. 

— differentiation of, u. 

— fundamental, 5. 

— H and E in wave motion, 226. 

— inner product of, 7. 

— magnetic, 123. 

— outer product of, 8. 

— polar, 51. 

— scalar product of, 7. 

— vector product of, 8. 

Velocity, critical, 154. 

— of light, 204. 

— potential, 16. 

Vibrations, proper, 177. 

Voltaic cell, 122. 

— circuit, 120. 

Volume and surface integrals, 17. 
Vortices of vector field, 37. 

Wattless component, 174, 176. 

Wave, absorption of, 188, 189, 191. 

— equation for E and H, 182, 183. 

— motion, H and E in, 226. 

— range of, in metal, 189, 190, 191. 

— transmission of energy by, 186. 
Waves along wires, 206-217. 

— and conduction current, 187. 

— electric, generation of, 223. 

— electromagnetic, 182. 

— Hertzian, 185. 

— in conductors, 187. 

— infra-red, 185, 190. 

— in metals, 187-193^ 

— in wires with damping, 211-217. 

— longitudinal, 185. 

— of light, 184. 

— plane, 183. 

— transverse, 184. 

Wireless telegraphy, 227. 

Work done, and energy of field, 163 

— electric or magnetic, 234. 

— in electromagnetic field, 161. 

— in electrostatic field, 81. 



